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Let the function F(z) belong to the domain of normal attraction of the stable
law G, (z). This, as is known, means that, with a suitable choice of centering
coeflicients A, and normalizing coefficients of the form

B, = ant/® (1)

the relation

Fo(z) = (B, + A,) = G () + o(1).

n

holds.

The stable law G (x), as usual, is specified by the canonical form of the loga-
rithm of the characteristic function as follows:

log p,,(t) = iyt — C[t|*{1 +ifsgntw(t, a)}, (2)

where

tan ga, (a # 1),
w(t,a) =< 4 (3)
Z1ogll, (0=1)

and the constants «, C, 8 satisfy the inequalities 0 < « <2, C >0, -1 < 5 < 1.
The constant ~, which may be any real number, is taken in this note to be equal
to zero, which, of course, does not restrict generality in the study of convergence
to the laws G ().

The rate of convergence of the functions F, () to the stable law G (x) under
conditions of normal attraction is studied. This problem was considered by G.
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Kramer (!) under rather particular assumptions concerning the function F(x).
The form chosen here for estimating the remainder term in relation (2) makes
it possible, in the cases 0 < a < 1 and 1 < a < 2, to obtain universal estimates
of the rate of convergence without any additional assumptions concerning the
function F'(x), apart from the assumption that it belongs to the domain of
normal attraction of the stable law G (z). Less general estimates are obtained
under a small restriction.

The principal source of information for obtaining estimates of the rate of conver-
gence will be for us the following auxiliary proposition, due to B. V. Gnedenko
(3, p. 195):

Lemma 1. In order that the function F(x) belong to the domain of normal
attraction of the stable law G, (x), it is necessary and sufficient that the following
conditions be satisfied:

for x > 0, (4)

where C, Cy are constants, by means of which the constants C' and g of the
limiting law G, (z) are determined in a certain way; a has the same mean-
ing as in (1); the functions ¢;(x) and @,(x) are such that lim, ,  ¢,(z) =
hmx%oo P2 (CL’) = 0.

We shall give one more auxiliary proposition, due to Esseen:

Lemma 2. Let F(z) be a distribution function with characteristic function
f(t), and let G(z) be a function of bounded variation satisfying the conditions
G(—o0) =0, G(+00) = 1, and having everywhere a bounded derivative G’ ().
Suppose that, for some positive constant 7" and € > 0,

T

/,

then
sup |F(x) — G(z)| < Ae + B/T,

where A and B are absolute constants.

Introduce the following notation
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) = o1 (=2)| + [ o (@)]

> 0),
= (o> 0)

ae) = [ xwdn L= [ " (e,
w2<x)=/:oxad¢>(x), M, = Bl/OB" wy () da,

ws(2) z/:o dd(z), N, = Bl/OB" ws(z) da.

3

In these terms the following theorems are formulated:

Theorem 1. If the function F'(z) belongs to the domain of normal attraction of
the stable law G (z) for 1 < a < 2, then for all sufficiently large n the estimate

1

sup |F,(z) — G, (2)] < K, {nml)/o‘Ln + B} .

n

holds.

Theorem 2. If the function F'(z) belongs to the domain of normal attraction
of the stable law G, (x) for 0 < a < 1, then for all sufficiently large n

sup |, (x) — G (z)] < Ky{N,log N,, + n~"}

provided the centering coeflicients A,, are chosen in the following way:

A /Oand{%(xlasoQ(x)}.

Theorem 3. If) in the conditions of Theorem 2, one additionally requires the
fulfillment of the condition
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— /00 x®d®(z) < 400 (a > 0 arbitrary),
a
then
sup |F,(z) — G, ()] < Ks{M, +n~1}
for all sufficiently large n.
Theorem 4. If F(x) belongs to the domain of normal attraction of the stable

law G, (z), for which & = 1, 8 = 0 (the Cauchy law), then for all sufficiently
large n

sup |, (x) — G (2)] < Ky {N,log N,, +n~'},

whereas if, in addition, one requires that the condition

oo
—/ xd®(z) < +o0 (a > 0 arbitrary),
be fulfilled, then the estimate
sup |Fn(x) - Ga(x” < K5{Mn + nil}'

holds.

In the formulations of the theorems K, Ky, K5, K,, K5 are constants not de-
pending on n.

An idea of the method used in proving all the theorems stated above is given
by

Proof of Theorem 1. Since, under the conditions of Theorem 1, F(z) has a
finite mathematical expectation, we may, without restricting generality, put

/xdF(m):‘z (1—F(x)—F(—x))dz =0, A, =0,

which corresponds to the convention adopted earlier that v = 0, and, since in
this case

f)=1 —t/oo(l — F(z) + F(—x))sinta de+
0
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—|—it/0 (1—F(z)— F(—x))(coste — 1) dz,

taking (2) into account we obtain

n {f <t> - 1] = log (1) + tn/ooo 200 T op(@) Bia:d:c+

(0%
Bn T n

t ° — (= t
+iBn/O W (cos Bxl) dz.

n n

Here, in separating out in the right-hand side the term log ¢, (), the notations

> sinz C, —C,

Cc=(C,+C dz, = —>=.
(C 2)/0 S z B C,+C,

have been introduced.

Estimating the integrals on the right, using the known inequalities for trigono-
metric functions, we obtain

t
n [f (3) - 1} - logsoa@)’ <202 + 30|17, (5)
n
where
n n

B!L
1Y / eX(z)de, TP =—w(B,).
| B

n

= Bi”%
By virtue of the obvious inequality

‘f (;ﬂ) - 1’ < J_;*l |z| dF (x)

n Jtf

we can choose €; > 0 such that, for |¢| < e,v,,, where v,, = min{B,,, 1/17(11), 1/[5,2)},

the inequality
t 1
-1 Z
/()1

is satisfied and, as a consequence, the inequality
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2 2

(7))

s o () sop 3)-

Consequently, on the basis of (5), for |t| < &7,

}2.

In connection with the fact that the third term on the right, when estimating
the remainder term in (2), gives a term of order O(1/n) (and here (5) is again
taken into account), in order to avoid cumbersome notation we shall henceforth
discard it, and easily arrive at the conclusion that in the interval |¢t| < eyv,

1 t
3, = |log f,,(t) —log @, (t)] < 2t217<11> + 3|t|IT<LZ) + = {n ’f (B) —1
n n

[fa(t) = @a(t)] < e 76, e% =

= (2215 + 31t 12) exp{—CJt|*(1 — 2C1|¢| 2T V) + 3[¢| 1121

It is obvious that the quantity €; > 0 could have been chosen from the
very beginning so that, in the interval under consideration, the inequality

1 - 2C*1|t|2’af,(11) > 1/2 would also be fulfilled (which we do). Since
eXp{3|t|I,(L2)} is bounded for |¢| < &,v,,, we obtain the estimate

£ (t) — 0o ()] < DERELY + 3J| 17 )e 21",

where D is a constant independent of n.

Putting now in Lemma 2

we easily arrive at the estimate

1
sup |y (2) = Ga(o)] < K, {alt) + 1) 4 -}

n

The validity of Theorem 1 follows from the fact that
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a(lV) + 17y = pleV/og,

Examples show that the obtained estimates of the rate of convergence to stable
laws are essential and, generally speaking, cannot be improved by means of a
factor having a power order of smallness. The estimates of Theorems 1, 3, and
the second estimate of Theorem 4 cannot be improved even by means of factors
tending to zero arbitrarily slowly.
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