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Let A(a;,) (i =1,2,...,n; n = 1,2) be an infinite triangular numerical matrix
satisfying the condition —1 < a;, < 1; let f(z) be a function continuous on
[-1,1], and let 8 > 0 be an arbitrary number. Denote by L, (f,z,A) the
Lagrange interpolation polynomial of the function f(z) with interpolation nodes
a;, (1t =1,2,...,n), and by M(S) the class of matrices A for which, for every
positive € < 3,

= L (f, 2, A 7 1Ln(f, 2, A
A ae - <al), lim e

> CQ(E)a

where ¢, (¢) and c,(g) are certain nonnegative constants,

IL,(f,2,A)| = max sup |L,(f,x,A)
ze[-L1] | f(p)|<1

Considering the case when 0 < 8 < 1 and the classes Lip a of functions satisfying
the Lipschitz condition of order «, P. Erdés and P. Turan (!) showed that,
for B/(B 4+ 2) < a < B, there exists an interpolation process with a matrix
A, € M(B) that is uniformly convergent on the whole class Lip t, and also an
interpolation process with a matrix A, € M(5) and a function f,(z) € Lipa
such that the sequence

maxl] |Ln(f17xa A2>|

z€e[-1,

diverges without bound as n — oco. P. Erdds and P. Turan called the inter-
polation theory corresponding to this case “fine,” in contrast to the “coarse”
theory, where convergence of the process depends only on the growth rate of
the sequence of its norms.
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In (}) an essential role was played by the restriction 0 < 3 < 1, naturally
connected with the Lipschitz condition. In this note arbitrary positive values
of B are considered, and a generalization is given of the aforementioned results
on fine and coarse interpolation for classes of functions defined by the behavior
of the modulus of smoothness of the corresponding order; analogous results
relating to the theory of mechanical quadratures are also presented.

Let, for a function f(z) continuous on the interval [—1, 1],

T

Sy (] ) o)

v=0

w,(fit) = sup
z, z+rhe[-1,1], |h|<t

be the modulus of smoothness of this function of order r.

Denote by Hf{” the Banach space of functions f(z) satisfying the condition
w,(f;t) < kt®, where k is some constant and « > 0, with norm

w(f,t)

Il = mase |f(a)]+ sup <23

ze[—1

For 8 < r the following assertions hold.
Theorem 1. Whatever the matriz A € M () and positive-

value a < B/(8+2), there exists a function f;(x) € HY for which the sequence

max |Ln(f17x7A)|

ze[—1,1]

is unbounded.

This theorem is a consequence of the fact that, for any matrix A € M (), from
the sequence

HLn(f,.’L',A)“H(Qm: max  sup |L,(f,x, A)]

ze[—1,1
FL <1
one can extract a subsequence satisfying the relation

[B=(B+2)]/(1+c)

||Ln1_ (f,z,A > c3n; .

)”HE;’

Theorem 2. There exists a matrix A; € M () such that, for any o > 5/(5+2),

the sequence L, (f,x, A;) converges uniformly to f(z) for all f(z) € 1.

Theorem 3. If o < 3, there exist a matrix A, € M(8) and a function f,(z) €
H such that the sequence
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L A
e L (fz 2, Ag)l

is unbounded.

In this case, as for Theorem 1, one can give an equivalent formulation: there
exists a matrix A, € M () such that

| L, (s 2, A g > cyn\P2,

Theorem 4. For any matrix A € M(B) and f(x) € H&”, the sequence
L,(f,x,A), for a > 3, converges uniformly to the function f(z).

Results of an analogous character also hold for mechanical quadrature formulas.

Let the quadrature process be constructed on the basis of the interpolation
polynomials L, (f,x, A). Denote by A(fS) the class of matrices A for which, for
every positive € < 3,

= 10,4

n—oo nﬁ+5

o 12u(7,A)]

< ¢ (6) ) nB—<

> 06(6)5

n—oo

where ¢;(€) and c¢4(¢) are nonnegative constants,

1

1Qu(f. A) = sup / L(f.2, A) da
1

[f®)I<1

In this case, for r > 3, the following assertions hold.

Theorem 5. For any matrix A € A(f) and function f(x) € HY for o > B
the sequence Q,,(f, A) converges to

Theorem 6. There exists a matrix A3 € A(B) such that, for a« > 8/(8 + 4),

n—00

lim Q,(f, A) = / f(z) da

for all functions f(z) from HY.

Theorem 7. If @ < 8, then there exist a matrix A, € A(f) and a function
falz) € HY such that the sequence Q,,(f4,A,) is unbounded.
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Theorem 8. Whatever the matrix A € A(fS), whose elements satisfy the
condition

|ajn - ain‘ > 07(5)”’7574767 { 7& ]
(¢ is an arbitrary positive number), for any oo < 3/(8+4) there exists a function
fa(x) € H.” such that the sequence Q,,(f5,A) is unbounded.

In conclusion I express my gratitude to Prof. A. F. Timan for his help and
constant attention.
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