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Let f(z) € Ly[—1,1]; E? [f] is the best approximation to f(z) on [—1,1] by
algebraic polynomials of degree not exceeding n in the metric L,.

Denote

fh(a:):l/ f(zcosh+ V1 —a?sinhcosf)db.
T Jo

The article considers the question of the structural properties of the class of
functions satisfying the condition

Ef)[f]SM/nS”, n > s, n =12,.., 0<vy<1,

where M is a constant independent of n.

Theorem 1. In order that the inequality
EZ(f] < M/n*+)

hold, it is necessary and sufficient that

([1a- e wmra) son

where ¢ is a constant independent of A >0, n > s, 0 <~y < 1.

It should be noted that the question of approximation of functions in the met-
ric L, by algebraic polynomials with a certain fractional-rational weight was
considered by M. K. Potapov and G. K. Lebedev (%).

In proving the lemmas and theorems, the article uses the classical method of

2"-summation of S. N. Bernstein (},2).
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Lemma 1. For the Legendre polynomial P (cosh), for any h and k the inequal-
ity
1 — P,(cosh) < k*h?/2 (1)

holds, and respectively

1 — Py(cosh) > 4k?h? /373, 0<kh<m. (2)

Proof. We use the expression for the Legendre polynomial (3)

2k — 1!l 2k —3)I1'1
( ) coskh—i-Q( 3)”5(:0s(k—2)h+...

Pileosh) =250 (2k — 2)

(2k —2m — D!! (2m — )N

TGt 2l

cos(k —2m)h + -

Since 1 = P, (1), it follows that

- S VL R N O Sk LS PRCYMY
L Pyleosh) =4 s byt G g k=25
(2k—2m—1DI 2m -1 _ , "
+4 2k —2m)! @m)! sin (k‘—2m)§+... 3)

Hence, from the equality 1 = P, (1), taking into account the inequality sinz <

z?, we obtain (1).

On the basis of the inequality

emll 1% 1 - em)l 1% 1
[(2m—1)!!] omil 2" [(Qm—l)!!} 2m )
we have
(2k —2m — D! 2m —1)!! _ 2 1 2 )

Ck—omll  @mll T /(2k—2m + 1)(2m + 1) 7wk 1)

Since 0 < kh < m, it follows from (3), (5), and the inequality sinz > 2z /m,
where 0 < z < 7/2, that

8h? 4k*h?
>

1— P,(cosh) > e D) K2+ (k—2)2 4+ (k—2m)* + | > e (6)

Let f(cos 8)+/sin 5 be a square-summable function on [0, 7]. Denote
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/07r f(cos B) Py (cos 3) sin B dB, a; = T_{fl (7)

2k+1

bk:

Under these assumptions, the following assertion is valid.

Lemma 2. In order that the inequality

- 1/2
(Z ai) < M/n*+ (8)
k=n

hold, it is necessary and sufficient that

T ds
{/0 {dcosﬁs / f(cosR)df — Cosﬂsf(cosﬂ)]

where cos R = cosfcosh +sinSsinhcosf, n>s, 0<vy<I1.

9 1/2
sinZ*t1 ﬁdb’} < ch?,

9)
Proof. Suppose that (9) holds. From the relation

f(cosB) ~ Zbkpk‘ cos ),

applying the addition theorem for Legendre polynomials

k
P,.(cos R) = P, (cos )P, (cosh) + 2 Z MP,T(COS B) P (cos h) cosmd,

m=1

we obtain

[dsl /Tr f(cos R) df — f(cos B)| sin® B ~
0

dS
dcos B d cos 3%

~ Z[Pk(cos h) — 1]P¢(cos )by,
k=s

By Parseval’ s equality, taking into account (7) and the fact that

2 (k+s)!

/ {P? (cos B)}2sin BdB = 2k+1m7
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we shall have

2

™ ds 9s & !
/0 [dcosﬁ“ / f(cos R) df — dcos B° f(cos ﬁ)] sin* Bdf = ;[Pk(cos h)—1]? = aj.
(10)

For any n > s, from condition (9) we have

'2n ! o (k+s)! 272y
!;Pkcosh ) —1]? <kZPkcosh)—1] (kis)!akgch .

Putting h = 1/n and taking into account here that 1 < kh < 2, on the basis of
inequality (2) we obtain

2n1 9

Z S 9l Z k*ha? = 1—67r602 (11)

Since n > s, for i = 1,2,...,s — 1 we have n—1i> —n Hence, also from the
inequality (n+ 1)(n + 2) - (n + ) >n®, it follows that
(n—s)! < s* 1 .
(n+s)! = sln2s
The last inequality and (11) give
2n—1 c §5
2 2 —
2 4 < 5y =1y (12)
Therefore
20tin—1

o ) n—
2 _ < 25(s+7)
D =2, > —n%mEZ?

k=n j=0 k=2in
Taking into account the convergence of the series on the right, we obtain (8).

Let us show that (9) follows from (8). The inequality holds

(k+s
=

M8

[P,(cosh) —1]? % <2 Z Py (cosh) — 1]*k*a3.
k—s

>
I

S
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Represent the following sum by two terms:

[e%s) n—1 0
1
[P ( h—12k252— :[f].
;::S . (cos ] kz_:s—i—; n .
Put
Vi = Z m2$aZ, < My/k*. (13)

Inequality (13) follows from (12) and is equivalent to (8). Taking inequalities
(1) and (13) into account, we shall have

,_.

n— n

[Py (cosh) —1]%k*a2 < Z k*h*k*saj = h* Z K (Ve = Y1) <
s k=1

Bl
I

<hHy + (20 =1 + B =29+ 4 [ — (n— 1)y, } <

n n
<6ht Yk, < 6Muht Y KPR < Mgh?, (14)
k=1 k=1

Since | Py (cosh)| < 1, we have

> [Py(cosh) — 112k*a} < 42 ka2 < 4AMyh®. (15)
k=n k=n

Combining the estimates (14) and (15), we obtain (9).
Theorem 1 follows from Lemma 2, if we put £ = cos 8 and take into account

that
1 n—1 2 [e%s) 1/2
{ / [ﬂx)—Zkak(m] dx} —(Zai) = E[f).
—1 k=0 k=n

Next we shall prove a theorem on the absolute convergence of the series in
Legendre polynomials, which is an analogue of S. N. Bernstein’ s theorem on
the absolute convergence of the trigonometric Fourier series (1).

Theorem 2. If the function f(x) satisfies the condition |f},(z) — f(z)| < ch?,
—1<z<1,h>0,~v>1/2, then the series ZZiz |a;| converges.

1/2

Proof. For s =0, from (10) we obtain
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/OW { /OW f(cos R) dfl — f(cosﬁ)} i = S [Py(cosh) — 1172,

k=0
Putting x = cos 3, from the condition of Theorem 2 we shall have

Z Py (cosh) —1]%a? < 2¢h™.

00
[
k=0

Choose an arbitrary natural number N and put h = 1/N. Then

N
Z [P, (cosh) —1]%a? < 22N,
k>N/2

Hence, and from inequality (2),

N
Z ai < 201N’2”’.
k>N/2

In particular, if we put N =2, v =1,2,..., then
ov
S <2027,

k=2v-141

Hence, and from Bunyakovsky’ s inequality,

. . 2 . 1/2
S e 32 ) (3 1) evmrenn
k k

k=2v—141 =2v-141 =2v—141

Consequently,

o o ov -
ZW:Z Z |ag| g\/a22<1/2*7)1’<00.
=2 s

v=1 k=2v-141
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