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1°. Everywhere in what follows, by the letter T" we shall denote the real line.

Let R be a metric space, r the distance in it, and ¢ a continuous mapping from
T into R. Following the definition of recurrent motions introduced by G. D.
Birkhoff (1), we shall call the mapping ¢ recurrent (completely recurrent)
if for every € > 0 (for every segment S and every € > 0) there exists an [ > 0
such that for every 7, € T', on any interval of length [ there is a number 7 for
which

(1), 0(19)) < € (Stlelsp (ot +7), 0t + 1)) < E) :

It is clear that every completely recurrent mapping is recurrent. The converse
assertion is not true. However, if a recurrent mapping ¢ is a motion in some
dynamical system, then it is completely recurrent. In this case ¢ is a recur-
rent motion in the sense of G. D. Birkhoff. Certain problems in the theory of
recurrent functions were considered by V. 1. Zubov (?3).

G. D. Birkhoff showed that in every compact dynamical system there exists a
recurrent motion. This result is one of the fundamental ones in the topological
theory of dynamical systems (*®). The question of the existence of recurrent
solutions of differential equations is also of interest. The problem of finding such
solutions was posed by V. V. Nemytskii (see (°), p. 101).

In the present note some criteria are established for the existence of completely
recurrent solutions of the differential equation

dz/dt = f(x,t), (1)

defined in a Banach space. These criteria show that, along with differential
equations defining compact dynamical systems, a broad class of equations of the
form (1), which, generally speaking, do not define dynamical systems, possess
completely recurrent solutions.
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V. M. Millionshchikov () showed that if the set of all solutions of equation
(1), specified in a separable locally convex space and defined on infinite inter-
vals of the form (t,,+00) and lying in some compact set (this set is assumed
nonempty), is completed by all possible left shifts of them and then closed in
the sense of uniform convergence of continuous mappings on segments, then in
the completion constructed in this way there is a recurrent mapping. This map-
ping, generally speaking, is not a solution of the given equation and is not even
a limit of such solutions. However, as Theorem 1 of the present note shows, if
the right-hand side of equation (1) is uniformly, with respect to the variable x,
completely recurrent, then in the completion of the solutions of this equation,
constructed as indicated above,

method, there will be found a completely recurrent mapping that is its solution.

2°. Let us consider some characteristic properties of completely recurrent map-
pings. First we introduce the concept of a system of shifts, which will play an
essential role in what follows.

Let R be a metric space, and let r be the distance in it. By a system of shifts
in R we shall mean the dynamical system (®,A), where ® is the space of all
continuous mappings 7" into R, in which the distance p is defined by the formula

plp, ) = SUPmin{ sup r(@(t%i/)(t));&}
e>0 [t|<1/e

for any ¢,9 € ®, and A is a mapping of the product ® x T into ®, which for

all p € ® and t € T is defined by the condition A(p,t) = ¢!, where ¢' is the

shift to the left of the mapping ¢ by t (we shall use this notation for left shifts

of mappings also in what follows).

Let ¢,1 € ®. The inequality p(¢,1) < € holds if and only if

sup r(p(1),9(t)) <e.
It|<1/e

It follows from this that convergence in the space ® is uniform convergence on
every interval. Moreover, ® is complete if and only if R is complete.

The system of shifts (®,A) defined above is a generalization of the universal
dynamical system of M. V. Bebutov (®), which is a system of shifts for 7. The
motion in the dynamical system (®, A) determined by an arbitrary point ¢ € ®
will be denoted by the symbol A,

Lemma 1. A continuous mapping of the real line T into the space R is com-
pletely recurrent if and only if, in the system of shifts (&, A) over R, the motion

A(p s recurrent.
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Remark 1. In the topological theory of dynamical systems, along with the re-
current motions introduced by G. D. Birkhoff, stationary, periodic, and almost
periodic motions are also of great interest. It can be shown that in the dynam-
ical system (®, A) defined above the motion A, is stationary (periodic, almost
periodic) if and only if the mapping ¢ is constant (periodic, almost periodic*).

Lemma 2. Let the space R be complete, and let ¢ be a continuous mapping of
T into R. The following conditions are equivalent:

1. The mapping ¢ is completely recurrent.

2. The set {p(t); t € T} is completely bounded, and the mapping ¢ is uni-
formly continuous and has the following property: for every € > O there
exists a relatively dense set A such that for each T € A the inequality holds

sup (p(t +7),9(t)) <e.
It]<1/e

3. For any sequence of numbers T,, one can choose a subsequence T, s @
completely recurrent mapping 1 : T — R, and a sequence T, such that the
equalities

lim supr(e(t + Tmn)a p(t)) =0,

Nn—00 teg

lim supr(y(t+7,),¢(t) =0

N—00 teg

hold, whatever the interval s may be.

Lemma 2 can be proved without particular difficulty if one uses the concept of
a system of shifts and some facts from the theory of dynamical systems.

* The definition of an almost periodic function taking values in an arbitrary
metric space is analogous to the definition given by H. Bohr (°) for real functions

(see (10)).
3°. Let us establish some criteria for the existence of completely recurrent
solutions of the differential equation (1). Here it is assumed throughout that f

is a continuous mapping of the product D x T into the Banach space B, and
DCB.

We shall call the given mapping f uniformly completely recurrent if, for
every segment s and every € > 0, there exists an [ > 0 such that, whatever
To € T may be, in every interval of length [ there is a number 7 for which

sup | flz,t+7)— flz,t+ 1)l <e.
xzeD, tes
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It is easy to see that the mapping f is uniformly completely recurrent if, for
example, it is uniform with respect to x € D, almost periodic in ¢t € T, and, a
fortiori, if it does not depend on the variable t € T'.

A solution ¢ of equation (1) will be called completely recurrent if ¢ is a
completely recurrent mapping of 7" into B.

Theorem 1. Let the set D be compact, and let the mapping f be uniformly
completely recurrent. In order that there exist a completely recurrent solution
of equation (1), it is necessary and sufficient that there exist a solution of this
equation defined on an infinite interval.

We give the outline of the proof of Theorem 1. Suppose that there exists a
solution ¢, of equation (1) defined on an infinite interval I. For definiteness we
shall assume that I = [t,, +00).

Denote by (®,A) the system of shifts on D (we note that the space ® is com-
plete). Define the mapping ¢ : T'— D by the relation

o(t) = {cpo(t), for t > ¢,

wolty), fort <tg,

and in the dynamical system (®,A) consider the motion A,. The mapping ¢
is uniformly continuous. Since, moreover, the set {(t); t € T} is completely
bounded in D, the motion A, is stable in the sense of Lagrange (see (5), Lemma
1.65). Therefore the set 2, of all w-limit points of the motion A, contains some
compact minimal set ¥ (see (4), p. 402, Corollary 2). Choose arbitrarily ¢ € ¥.
Since ¢ € (1, there is a sequence of positive numbers 7,, such that

e T = ¥00 @
Jim A (7,) = . 3)

For the sequence 7,, thus obtained one can choose a subsequence 7, , a uni-
n

formly continuous mapping g of the product D x T into B, and a sequence 7,,
such that

lim sup [ f(z,t+7, )—g(zt)]| =0, (4)

nN—=X geD, tes

lim  sup |g(z,t+7,) = f(z,1)] =0, ()

N—=0 zeD, tes

whatever the segment s may be (cf. item 3 of Lemma 2). Moreover, from (3) it
follows that

sovietrxiv.org/items/ru-196601.08148 Machine Translation


https://sovietrxiv.org/items/ru-196601.08148

lim sup | (t +7,, ) —9(0)] =0, (6)
Nn—0 tecg

whatever the segment s may be. Taking into account equalities (2), (4), (6), and
the fact that for every natural n the restriction of the mapping @™ to the set
[ty — Tm, »+00) is a solution of the equation dx/dt = f(x,t + 7, ), defined on
the interval [t, — 7, ,+00), we conclude that ¢ is a solution of the differential
equation dx/dt = g(x,t), defined on T.

The mapping 1 is completely recurrent. Using item 3 of Lemma 2, for the
sequence 7,, choose a subsequence T;Li and a completely recurrent mapping x :
T — D such that the equality

lim sup [[¢(t + 77, ) — x(#)| = 0 (7)

100 teg

holds, whatever the segment s may be. For any natural ¢, the mapping wT;i is
a solution of the differential equation

dz/dt = g(x,t + 7)),

defined in T'. Taking (5) and (7) into account, we conclude that y is a solution
of (1).

Remark 2. For the differential equation (1) a number of criteria are known
for the continuability of solutions to infinite intervals (see, for example, (1),
Theorems 3 and 4). According to Theorem 1, in the case when D is compact
and the mapping f is uniformly completely recurrent, each of them is a criterion
for the existence of a completely recurrent solution of the indicated equation.

Following the terminology adopted in the theory of dynamical systems, we shall
say that a solution ¢ of the differential equation (1), defined on an interval I,
is Lagrange stable in the positive (negative) direction if one can choose
to € T and a compact set C' C D such that [t,, +00) C I ((—o0,t,) and p(t) € C
for all t > ¢, (t < t,). We shall call the given solution ¢ Lagrange stable if it
is Lagrange stable both in the positive and in the negative direction.

The following proposition is established on the basis of Theorem 1.

Theorem 2. Suppose that for every compact C C D the restriction of the
mapping f to C x T is uniformly completely recurrent. Then, if there exists a
solution ¢ of equation (1), defined on some interval I, which is Lagrange stable
in at least one direction, then there exists a solution x of the same equation,
defined in T, which is completely recurrent and for which x(T) C ¢(I).

Let us formulate some consequences of Theorem 2.
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Corollary 1. Suppose that for every compact C C D the restriction of the
mapping [ to C X T is uniformly completely recurrent. Then, if @ is the unique
Lagrange-stable solution of equation (1), then it is completely recurrent. More-
over, if D is closed in B, then ¢ is the unique completely recurrent solution of
the given equation.

Corollary 2. Let A be a real matriz of order n, whose spectrum does not
intersect the imaginary axis. Whatever completely recurrent mapping o : T —
T™ is given, there exists a unique completely recurrent solution of the equation
dz/dt = Az + «(t).

The last proposition is established with the aid of Theorem 2.3 of work (12).
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