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MATHEMATICS

M. G. KREIN, Sh. N. SAHAKYAN

ON SOME NEW RESULTS IN THE THEORY
OF RESOLVENTS OF HERMITIAN OPERA-
TORS
(Presented by Academician P. S. Aleksandrov, December 2, 1965)

1. Let ℌ be a Hilbert space; 𝐴 a certain simple closed Hermitian operator
acting in ℌ, with domain of definition 𝔇(𝐴) dense in ℌ, and having equal
defect numbers

𝑛+(𝐴) = 𝑛−(𝐴)(= 𝑛(𝐴)).
Put

𝔐𝑧 = (𝐴 − 𝑧𝐼)𝔇(𝐴)
(so that 𝑛(𝐴) = dim(ℌ ⊖ 𝔐𝑧) for Im 𝑧 ≠ 0).

In 1943, independently of one another, M. A. Naimark (1) and M. G. Krein (2)
obtained a description of all generalized resolvents of a Hermitian operator with
𝑛(𝐴) = 1. Subsequently these results were generalized to the case of arbitrary
natural 𝑛(𝐴) (3) and, further, in works of A. V. Shtraus (4,5) to the case of any
equal or unequal 𝑛±(𝐴) ≤ ∞.

It should be pointed out, however, that only in (2) was a description of general-
ized resolvents given by means of the resolvent matrix—a description adapted
to the aims of the theory of entire Hermitian operators (6,7) and of the gen-
eral theory of representations of Hermitian operators (2,7,8). This result was
generalized by M. G. Krein to the case of arbitrary natural 𝑛(𝐴), but was not
published.

In the present communication we set forth the basic propositions of the theory of
the resolvent 𝔏-matrix in the general case 𝑛(𝐴) ≤ ∞. The systematic use of
the projector-function 𝔓(𝑧) and of the adjoint operator-function 𝑄(𝑧), generated
by the operator 𝐴 and the representation subspace 𝔏 (in (7) it was denoted by
𝑀), made it possible to write, in a new compact form, the cumbersome relations
previously established only for special cases (𝑛(𝐴) = 1 or 𝑛(𝐴) < ∞); at the
same time more natural and transparent proofs were obtained.
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2. Let 𝔏(⊂ ℌ) be a certain subspace. We shall call a point 𝑧 𝔏-regular for 𝐴
if 𝔐𝑧 is closed, 𝔐𝑧 ∩ 𝔏 = {0}, and, moreover,

ℌ = 𝔐𝑧 ∔ 𝔏

(∔ is the sign of a direct sum). It is easily shown that the set 𝜌(𝐴; 𝔏) of
all 𝔏-regular points for the operator 𝐴 is open.

If 𝑧 ∈ 𝜌(𝐴; 𝔏), then by 𝔓(𝑧) we denote the operator of projection of ℌ onto 𝔏
parallel to 𝔐𝑧; thus, for any 𝑓 ∈ ℌ one has: 1) 𝔓(𝑧)𝑓 ∈ 𝔏; 2) 𝑓 − 𝔓(𝑧)𝑓 ∈ 𝔐𝑧.
For such 𝑧 one may further define the operator 𝑄(𝑧) by the equality

𝑄(𝑧)𝑓 = 𝑃𝔏(𝐴 − 𝑧𝐼)−1(𝑓 − 𝔓(𝑧)𝑓), (1)

where 𝑃𝔏 is the operator of orthogonal projection of ℌ onto 𝔏.
It is shown without particular difficulty that 𝔓(𝑧) and 𝑄(𝑧) are piecewise holo-
morphic functions on 𝜌(𝐴; 𝔏) (holomorphic operator-functions in any domain
contained in 𝜌(𝐴; 𝔏)).
Denote by 𝜌𝑠(𝐴; 𝔏) the intersection of 𝜌(𝐴; 𝔏) with its mirror reflection with
respect to the real axis:

𝜌𝑠(𝐴; 𝔏) = 𝜌(𝐴; 𝔏) ∩ 𝜌(𝐴; 𝔏).

Thus, 𝑧 ∈ 𝜌𝑠(𝐴; 𝔏) if 𝑧, ̄𝑧 ∈ 𝜌(𝐴; 𝔏). Everywhere in what follows, unless the
contrary is stipulated, we assume that 𝐴 and 𝔏 are such that the set 𝜌𝑠(𝐴; 𝔏)
is nonempty and hence decomposes into a countable sum of open domains-

properties. By 𝔅1(𝔏) we shall denote the Banach algebra of all linear bounded
operators acting in 𝔏, and by 𝔅2(𝔏) the set of all matrices of order two with
entries from 𝔅1(𝔏). Obviously, 𝔅2(𝔏) may also be regarded as a certain non-
commutative symmetric algebra*.

Put**

𝔶 = 𝑖𝔶0 = 𝑖 ( 0 −𝐼𝔏
𝐼𝔏 0 ) , 𝐺𝑧 = (𝒫(𝑧)

𝑄(𝑧)) (𝑧 ∈ 𝜌(𝐴; 𝔏)). (2)

Theorem 1. There exists a matrix-function 𝑊(𝑧) = ‖𝒲𝑗𝑘(𝑧)‖2
1, piecewise

holomorphic in 𝜌𝑠(𝐴; 𝔏), with values in 𝔅2(𝔏), invertible in 𝔅2(𝔏), such that
for 𝑧, 𝜁 ∈ 𝜌𝑠(𝐴, 𝔏):

𝑊(𝑧)𝔶𝑊 ∗(𝜁) = 𝔶 + 1
𝑖 (𝑧 − ̄𝜁)𝐺(𝑧)𝐺∗(𝜁) ∣𝔏=

= 𝑖 ( (𝑧 − ̄𝜁)𝒫(𝑧)𝒫∗(𝜁) ∣𝔏 𝐼𝔏 + (𝑧 − ̄𝜁)𝒫(𝑧)𝑄∗(𝜁) ∣𝔏
−𝐼𝔏 + (𝑧 − ̄𝜁)𝑄(𝑧)𝒫∗(𝜁) ∣𝔏 (𝑧 − ̄𝜁)𝑄(𝑧)𝑄∗(𝜁) ∣𝔏

) . (3)
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By this identity the matrix-function 𝑊(𝑧) is determined uniquely up to the
transformation 𝑊(𝑧) → 𝑊(𝑧)ℰ, where ℰ is a constant 𝔶-unitary matrix from
𝔅2(𝔏).
Let us explain that a matrix ℰ ∈ 𝔅2(𝔏) is called 𝔶-unitary if it is invertible
(there exists ℰ−1 ∈ 𝔅2(𝔏)) and ℰ∗𝔶ℰ = 𝔶 (and hence also ℰ𝔶ℰ∗ = 𝔶).
It follows from (3) that the matrix 𝑊 ∗(𝑧), for Im 𝑧 > 0 (Im 𝑧 < 0), is 𝔶-expanding
(𝔶-contracting); for real 𝑧 = 𝑎 ∈ 𝜌(𝐴, 𝔏) the matrix 𝑊 ∗(𝑎), and hence also 𝑊(𝑎),
are 𝔶-unitary.
If the operator 𝐴 has a real point 𝑎 of regular type, then the matrix-function
𝑊(𝑧) can be expressed explicitly through the operator-functions 𝒫(𝑧) and 𝑄(𝑧).
It turns out that in this case the matrix-function 𝑊(𝑧) can be chosen so that
𝑊(𝑎) is the identity matrix 𝐼2 from 𝔅2(𝔏). Putting 𝜁 = 𝑎 in (3), we find 𝑊(𝑧).
Thus, the following holds.

Theorem 2. If some real 𝑎 is a point of regular type for the operator 𝐴, then
the resolvent 𝔏-matrix-function 𝑊(𝑧) of the operator 𝐴 can be obtained by the
formula

𝑊(𝑧) = 𝐼2 + (𝑧 − 𝑎)𝐺(𝑧)𝐺∗(𝑎)𝔶0. (4)

3. We now dwell on the particular case when 𝑛(𝐴) = 1, and hence 𝔏 is a
one-dimensional subspace: 𝔏 = {𝜉𝑢} (‖𝑢‖ = 1, 𝜉 a scalar). Let {𝜑𝑗}∞

1 be
some orthonormal basis of the space ℌ. In this case, if the set 𝜌𝑠(𝐴; 𝔏) is
nonempty, then the nonreal points 𝑧 not belonging to it form an isolated
set inside the upper and lower half-planes (see (2,7 )).

By virtue of the one-dimensionality of 𝔏, for every 𝑓 ∈ ℌ we shall have 𝒫𝑧(𝑧)𝑓 =
𝑓(𝑧)𝑢, where 𝑓(𝑧) is a certain piecewise holomorphic function on 𝜌𝑠(𝐴; 𝔏). De-
fine on 𝜌𝑠(𝐴; 𝔏) the functions 𝜑𝑗(𝑧) and 𝜓𝑗(𝑧) (𝑗 = 1, 2, …), putting 𝒫(𝑧)𝜑𝑗 =
𝜑𝑗(𝑧)𝑢, 𝑄(𝑧)𝜓𝑗 = 𝜓𝑗(𝑧)𝑢, or, equivalently, 𝜑𝑗(𝑧) = (𝒫(𝑧)𝜑𝑗, 𝑢), 𝜓𝑗(𝑧) = ((𝐴 −
𝑧𝐼)−1(𝜑𝑗 − 𝜑𝑗(𝑧)𝑢), 𝑢), (𝑗 = 1, 2, …).
In the case under consideration the operators 𝒲𝑗𝑘(𝑧) (𝑗, 𝑘 = 1, 2) from 𝔅(𝔏)
may be regarded as operators of multiplication by scalar functions,

* If 𝑊 ∈ 𝔅2(𝔏), then by 𝑊 ∗ we shall denote the matrix obtained from the matrix
𝑊 by transposing it and replacing all its entries by the adjoint operators.

** 𝐼𝔏 is the identity operator in 𝔏. By 𝐶|𝔏 is denoted the restriction of the
operator 𝐶 to 𝔏.
coinciding respectively with the functions 𝑤𝑗𝑘(𝑧) = (𝔚𝑗𝑘(𝑧)𝑢, 𝑢) (𝑗, 𝑘 = 1, 2).
Let us note that
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(𝔓(𝑧)𝔓∗(𝜁)𝑢, 𝑢) = (𝔓∗(𝜁)𝑢, 𝔓∗(𝑧)𝑢) =
∞

∑
𝑗=1

(𝔓∗(𝜁)𝑢, 𝜑𝑗)(𝜑𝑗, 𝔓∗(𝑧)𝑢) =

=
∞

∑
𝑗=1

(𝑢, 𝔓(𝜁)𝜑𝑗)(𝔓(𝑧)𝜑𝑗, 𝑢) =
∞

∑
𝑗=1

𝜑𝑗(𝑧)𝜑𝑗(𝜁) (5)

and that, in an analogous way, the functions (𝑄(𝑧)𝑄∗(𝜁)𝑢, 𝑢) and
(𝔓(𝑧)𝑄∗(𝜁)𝑢, 𝑢) can be expanded in series. Therefore, if one applies the
operators expressed by the left- and right-hand sides of equality (3) to the
vector 𝑢 and then takes the scalar product of the obtained vectors with 𝑢, this
gives us the following scalar identities:

𝑞0(𝑧)𝑞1(𝜁) − 𝑞1(𝑧)𝑞0(𝜁) = (𝑧 − ̄𝜁)
∞

∑
𝑗=1

𝜑𝑗(𝑧)𝜑𝑗(𝜁),

𝑝0(𝑧)𝑝1(𝜁) − 𝑝1(𝑧)𝑝0(𝜁) =
∞

∑
𝑗=1

𝜓𝑗(𝑧)𝜓𝑗(𝜁), (6)

𝑞0(𝑧)𝑝1(𝜁) − 𝑞1(𝑧)𝑝0(𝜁) = 1 − (𝑧 − ̄𝜁)
∞

∑
𝑗=1

𝜑𝑗(𝑧)𝜓𝑗(𝜁),

where we have put

𝑝1(𝑧) = (𝔚11(𝑧)𝑢, 𝑢), 𝑝0(𝑧) = (𝔚12(𝑧)𝑢, 𝑢),

𝑞1(𝑧) = (𝔚21(𝑧)𝑢, 𝑢), 𝑞0(𝑧) = (𝔚22(𝑧)𝑢, 𝑢).

These identities were first reported in 1943 in the note (2). They also have
meaning for the case of finite-dimensional ℌ, and in this case lead to relations
of the theory of orthogonal polynomials known under the name of Christoffel
identities.

Thus, identity (3) should be regarded as a further generalization of the Christof-
fel identities. It contains, as special cases, various identities that have been
used in the classical power moment problem and in its various matrix and oper-
ator generalizations (9, 10), in the problem of continuation of Hermitian-positive
scalar, matrix, and operator functions (7, 11, 12), and others.

4. Let us also note some important details for the case when the Hermitian
operator 𝐴 is real (with respect to a certain involution 𝑓 → ̄𝑓 of complex
conjugation given in ℌ). In this case one always has 𝑛+(𝐴) = 𝑛−(𝐴).
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If now one chooses as 𝔏 a subspace invariant with respect to the involu-
tion (i.e. having a real orthonormal basis), then we shall have 𝜌𝑠(𝐴; 𝔏) =
𝜌(𝐴; 𝔏).

Theorem 3. If the Hermitian operator 𝐴 is real and 𝔏 = 𝔏, then the resolvent
𝔏-matrix-function can be chosen so that: 1) 𝑊( ̄𝑧) = 𝑊(𝑧) (𝑧 ∈ 𝜌(𝐴; 𝔏)). With
such a choice it will be symmetric, i.e. 2) 𝑊 𝑡(𝑧)𝔍𝑊(𝑧) = 𝔍 (𝑧 ∈ 𝜌(𝐴; 𝔏)).
If, moreover, the operator 𝐴 has a real point 𝑎 ∈ 𝜌(𝐴; 𝔏), then the function
𝑊(𝑧) with properties 1) and 2) can be obtained by formula (4).

* If 𝐶 ∈ 𝔅1(ℌ), then by 𝐶 is denoted the operator defined by the equality
𝐶𝑓 = 𝐶 ̄𝑓 (𝑓 ∈ ℌ); by 𝐶𝑡 is denoted the transposed operator, defined by the
equality: 𝐶𝑡 = 𝐶∗ (= (𝐶)∗). After this, the symbols 𝑊 and 𝑊 𝑡 are naturally
defined for every 𝑊 ∈ 𝔅2(ℌ).

5. A monotone operator-function 𝜎(𝜆) = 𝜎(𝜆 − 0) (−∞ < 𝜆 < ∞), whose
values are bounded self-adjoint operators acting in 𝐿, will be called an
𝐿-spectral function of the operator 𝐴, if it is representable in the form
𝜎(𝜆) = 𝑃𝔏𝐸(𝜆)𝑃𝔏 (−∞ < 𝜆 < ∞), where 𝐸(𝜆) is some generalized
spectral function of the Hermitian operator 𝐴; an 𝔏-spectral function is
called orthogonal if 𝐸(𝜆) is an orthogonal spectral function of the operator
𝐴.

Define the operator-functions 𝒜(𝑧), ℬ(𝑧), 𝒞(𝑧), 𝒟(𝑧) by the equality

(𝒲11(𝑧) 𝒲12(𝑧)
𝒲21(𝑧) 𝒲22(𝑧)) ⋅ ( 𝐼𝔏 𝐼𝔏

𝑖𝐼𝔏 −𝑖𝐼𝔏
) = (𝒜(𝑧) ℬ(𝑧)

𝒞(𝑧) 𝒟(𝑧)) (𝑧 ∈ 𝜌𝑠(𝐴; 𝔏)) (7)

and denote by 𝐶(𝔏) the totality of all operator-functions Ω(𝑧), holomorphic in-
side the upper half-plane, whose values are contraction operators in 𝔏 (‖Ω(𝑧)‖ ≤
1, Im 𝑧 > 0).
The following theorem gives a complete description of the set 𝑆(𝐴; 𝔏) of all
𝔏-spectral functions of the operator 𝐴.

Theorem 4. Between the sets 𝑆(𝐴; 𝔏) and 𝐶(𝔏) there can be established a
one-to-one correspondence 𝜎(𝜆) ↔ Ω(𝑧), by virtue of which

[𝒜(𝑧)Ω(𝑧) + ℬ(𝑧)][𝒞(𝑧)Ω(𝑧) + 𝒟(𝑧)]−1 = ∫
∞

−∞

𝑑𝜎(𝜆)
𝜆 − 𝑧 (Im 𝑧 > 0). (8)

Thus, the theorem contains the assertion that for any function Ω(𝑧) ∈ 𝐶(𝔏) the
left-hand side of (8) has meaning on 𝜌𝑠(𝐴; 𝔏) and, moreover, has an analytic
continuation to the whole half-plane Im 𝑧 > 0. If ‖Ω(𝑧)‖ < 1 for Im 𝑧 > 0, then,
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putting 𝑇 (𝑧) = 𝑖(𝐼𝔏 + Ω(𝑧))(𝐼𝔏 − Ω(𝑧))−1, it will be possible to rewrite the
left-hand side of (8) in the form

[𝒲11(𝑧)𝑇 (𝑧) + 𝒲12(𝑧)][𝒲21(𝑧)𝑇 (𝑧) + 𝒲22(𝑧)].

It is easy to see that the operator-function 𝑇 (𝑧), holomorphic inside the
upper half-plane and with values in 𝔅1(𝔏), is characterized by the property
Im(𝑇 (𝑧)𝑓, 𝑓) > 0 for 𝑓 ∈ 𝔏, 𝑓 ≠ 0. Taking this circumstance into account,
Theorem 4 should be regarded as a far-reaching generalization of Theorem 7
from (2). In deriving Theorem 4, the works (3,4 ,13 ) were used.

The authors express their gratitude to Yu. L. Shmul’yan, who facilitated their
work by kindly making available his notes, in which were systematized M. G.
Krein’s communications of 1957 concerning the case 𝑛(𝐴) < ∞.
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