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Abstract
Full Text
UDC 533.951.8

PHYSICS

A. A. RUKHADZE, V. P. SILIN

THE INFLUENCE OF COULOMB COLLI-
SIONS ON THE DRIFT INSTABILITY OF
PLASMA
(Presented by Academician I. E. Tamm, January 7, 1966)

The influence of collisions of charged particles on the drift instability of plasma
was studied in (1−8) with the aid of a model collision integral (9). Unfortunately,
such a collision integral does not make it possible to investigate effects connected
with the nonuniformity of the plasma temperature and in a number of cases leads
to an incorrect result (11−14).
Below we use the Landau collision integral (10). Restricting ourselves to the
case of a low-pressure plasma, we shall consider only instability with respect
to the excitation of potential oscillations. In addition, we assume the effective
collision frequencies of the particles to be small in comparison with the Lar-
mor frequencies. We carry out the analysis of the oscillation spectra in the
geometrical-optics approximation (15).
Potential oscillations are impossible under the conditions |𝜔 + 𝑖𝜈𝑒| ≪ 𝑘𝑧𝑣𝑇 𝑒,
|𝜔+𝑖𝜈𝑖| ≪ 𝑘𝑧𝑣𝑇 𝑖, where 𝜔 is the frequency of the oscillations; 𝑘𝑧 is the projection
of the wave vector k on the direction of the magnetic field; 𝑣𝑇 𝑒 and 𝑣𝑇 𝑖 are the
thermal velocities of electrons and ions; 𝜈𝑒 and 𝜈𝑖 are the collision frequencies.
Therefore below we assume that |𝜔 + 𝑖𝜈𝑖| ≫ 𝑘𝑧𝑣𝑇 𝑖, and neglect the Larmor
radius of the electrons.

Potential oscillations of an inhomogeneous plasma are described by the eikonal
equation (15)

𝜀 = 1 + 𝛿𝜀𝑒 + 𝛿𝜀𝑖 = 0, (1)

where 𝛿𝜀𝑖 and 𝛿𝜀𝑒 are the contributions due to ions and electrons, respectively.
In the frequency range 𝜔 ≫ 𝜈𝑖; |𝜔 − 𝑛Ω𝑖| ≫ 𝜈𝑖, 𝑘𝑧𝑣𝑇 𝑖

𝛿𝜀𝑖 = 𝜔2
𝐿𝑖

𝑘2𝑣2
𝑇 𝑖

{1 − ∑
𝑛

𝜔
𝜔 − 𝑛Ω𝑖

(1 − 𝑘𝑦𝑣2
𝑇 𝑖

𝜔Ω𝑖
[𝜕 ln 𝑁

𝜕𝑥 + 𝜕𝑇𝑖
𝜕𝑥

𝜕
𝜕𝑇𝑖

]) ×
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×𝐴𝑛(𝑘2
⟂𝑣2

𝑇 𝑖
Ω2

𝑖
) (1 + 𝑘2

𝑧𝑣2
𝑇 𝑖

(𝜔 − 𝑛Ω𝑖)2 )} + 𝛿𝜀𝑖𝑖. (2)

Here 𝜔𝐿 is the Langmuir frequency, and Ω is the Larmor frequency of the par-
ticles; 𝑘⟂ is the projection of the wave vector transverse to the magnetic field;
𝐴𝑛(𝑥) = 𝑒−𝑥𝐼𝑛(𝑥); 𝛿𝜀𝑖𝑖 is the dissipative part associated with ion-ion collisions.
In the limit 𝑘⟂𝑣𝑇 𝑖 ≪ Ω𝑖 we have

𝛿𝜀𝑖𝑖 = 𝑖 ⋅ 0.1 𝜈𝑖𝑖
𝜔

𝜔2
𝐿𝑖

𝑘2 𝑣2
𝑇 𝑖 {(16 𝑘4

𝑧
𝜔4 + 28 𝑘2

𝑧𝑢2

𝜔2Ω2
𝑖

+ 7 𝑘4
⟂

Ω4
𝑖

) (1 − 𝑘𝑦𝑣2
𝑇 𝑖

𝜔Ω𝑖

𝜕 ln 𝑁
𝜕𝑥 ) −

−𝑘𝑦𝑣2
𝑇 𝑖

𝜔Ω𝑖

𝜕 ln 𝑇𝑖
𝜕𝑥 (24 𝑘4

𝑧
𝜔4 + 33

2
𝑘2

𝑧𝑘2
⟂

𝜔2Ω2
𝑖

− 3
4

𝑘4
⟂

Ω4
𝑖

)} , (3)

where 𝜈𝑖𝑖 = 4
3
√𝜋 𝑀𝑒4𝑁𝐿/𝑇 3/2

𝑖 ; 𝐿 is the Coulomb logarithm. In deriving for-
mula (3) it was assumed that 𝜔 ≪ Ω𝑖. In the limit when 𝑘⟂𝑣𝑇 𝑖 ≫ Ω𝑖 (but
𝜔, 𝜔 − 𝑛Ω𝑖 ≫ 𝜈𝑖𝑘2

⟂𝑣2
𝑇 𝑖/Ω2

𝑖 ), we have

𝛿𝜀𝑖𝑖 = 𝑖 𝜔2
𝐿𝑖

𝑘2𝑣2
𝑇 𝑖

𝑘⟂𝑣𝑇 𝑖
Ω𝑖

3(𝜋 + 1)
8√𝜋 ∑

𝑛

𝜈𝑖𝑖𝜔
(𝜔 − 𝑛Ω𝑖)2 [1 − 𝑘𝑦𝑣2

𝑇 𝑖
𝜔Ω𝑖

(𝜕 ln 𝑁
𝜕𝑥 − 3𝜋 + 2

4𝜋 + 4
𝜕 ln 𝑇𝑖

𝜕𝑥 )] .

(4)

If, however, 𝜔, 𝜔 − 𝑛Ω𝑖 ≪ 𝜈𝑖𝑖𝑘2
⟂𝑣2

𝑇 𝑖/Ω2
𝑖 , then (𝐶0 ≈ 0.914, 𝐶1 ≈ 0.225),

𝛿𝜀𝑖 = 𝜔2
𝐿𝑖

𝑘2𝑣2
𝑇 𝑖

{1 + 𝑖 𝜔Ω3
𝑖

𝜈𝑖𝑖𝑘3
⟂𝑣3

𝑇 𝑖

2
3𝜋 𝐶0 [1 − 𝑘𝑦𝑣2

𝑇 𝑖
𝜔Ω𝑖

(𝜕 ln 𝑁
𝜕𝑥 − 𝐶1

𝜕 ln 𝑇𝑖
𝜕𝑥 )]} . (5)

Below we shall give solutions of the eikonal equation in the form of local oscil-
lation spectra (17).
In the frequency region |𝜔 +𝑖𝜈𝑒| ≪ 𝑘𝑧𝑣𝑇 𝑒 ≪ Ω𝑒, 𝛿𝜀𝑒 may be written in the form

𝛿𝜀𝑒 = 𝜔2
𝐿𝑒

𝑘2𝑣2
𝑇 𝑒

{1 + 𝑖√𝜋
2

𝜔
|𝑘𝑧|𝑣𝑇 𝑒

(1 − 𝑘𝑦𝑣2
𝑇 𝑒

𝜔Ω𝑒

𝜕
𝜕𝑥 ln 𝑁

√𝑇𝑒
)} . (6)

Let 𝜔 ≪ Ω𝑖. In the long-wavelength limit, when 𝑘⟂𝑣𝑇 𝑖 ≪ Ω𝑖, such oscillations
can be unstable only under the condition 𝜔dr ∼ (𝑘𝑦𝑣2

𝑇 /Ω)(1/𝐿0) ≫ 𝑘𝑧𝑣𝑠, where
𝑣𝑠 = √𝑇𝑒/𝑀 is the sound velocity. Then (𝜔 → 𝜔 + 𝑖𝛾, 𝛾 ≪ 𝜔)
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𝜔1 = − 1
1 + 𝑘2𝑟2

𝐷𝑒

𝑘𝑦𝑣2
𝑠

Ω𝑖

𝜕 ln 𝑁
𝜕𝑥 ,

𝛾1 = √𝜋
2

𝜔2
1

|𝑘𝑧|𝑣𝑇 𝑒
(𝑘2𝑟2

𝐷𝑒 + 𝑘2
⟂𝑣2

𝑠/Ω2
𝑖 (1 + 𝑇𝑖 𝜕 ln 𝑁𝑇𝑖/𝑇𝑒 𝜕 ln 𝑁)
1 + 𝑘2𝑟2

𝐷𝑒
− 1

2
𝜕 ln 𝑇𝑒
𝜕 ln 𝑁 ) −

− 7
10𝜈𝑖𝑖

𝑘4
⟂𝑣4

𝑇 𝑖
Ω4

𝑖
{𝑇𝑒

𝑇𝑖
+ (1 + 𝑘2𝑟2

𝐷𝑒) (1 − 3
28

𝜕 ln 𝑇𝑖
𝜕 ln 𝑁 )} ; (7)

𝜔2 = 𝑘2
𝑧Ω𝑖/𝑘𝑦

𝜕 ln 𝑁
𝜕𝑥 ,

𝛾2 = −√𝜋
2

𝜔2
2

|𝑘𝑧|𝑣𝑇 𝑒
(1 − 1

2
𝜕 ln 𝑇𝑒
𝜕 ln 𝑁 ) − 8

5𝜈𝑖𝑖
𝑘2

𝑧𝑣2
𝑇 𝑖

𝜔2
2

. (8)

Here 𝑟𝐷 is the Debye radius of the particles. The second branch of oscillations
is possible only in a plasma in which 𝑇𝑒 ≫ 𝑇𝑖. It is seen that ion collisions
exert a stabilizing influence on this branch of oscillations, whereas the Cerenkov
effect on the electrons can lead to instability, provided that 𝜕 ln 𝑇𝑒/𝜕 ln 𝑁 > 2
(see (15)). For formula (7), electron dissipation at 𝜕 ln 𝑇𝑒/𝜕 ln 𝑁 > 2(𝑘2𝑟2

𝐷𝑒 +
𝑘2

⟂𝑣2
𝑠/Ω2

𝑖 ) stabilizes the oscillations, while ion-ion collisions, on the contrary, can
lead to excitation under the condition 𝜕 ln 𝑇𝑖/𝜕 ln 𝑁 > 28/3.

If 𝑘⟂𝑣𝑇 𝑖 ≫ Ω𝑖, then in the frequency region under consideration we find

𝜔 = − 𝑇𝑒
𝑇𝑒 + 𝑇𝑖(1 + 𝑘2𝑟2

𝐷𝑒)
𝑘𝑦𝑣𝑇 𝑖√
2𝜋 𝑘⟂

𝜕
𝜕𝑥 ln 𝑁

√𝑇𝑖
,

𝛾 = 𝑇𝑒𝑇𝑖
[𝑇𝑒 + 𝑇𝑖(1 + 𝑘2𝑟2

𝐷𝑒)]2
𝑘2

𝑦𝑣2
𝑠𝑣𝑇 𝑖

2|𝑘𝑧|𝑘⟂𝑣𝑇 𝑒Ω𝑖
( 𝜕

𝜕𝑥 ln 𝑁
√𝑇𝑒

) ( 𝜕
𝜕𝑥 ln 𝑁

√𝑇𝑖
) −

−
√

2𝜋 𝜈𝑖𝑖
𝑘2

⟂𝑣2
𝑇 𝑖

Ω2
𝑖

3(𝜋 + 1)
8√𝜋

𝜕 ln 𝑁𝑇 −0.69
𝑖

𝜕 ln 𝑁𝑇 −0.5
𝑖

. (9)

Here the Cerenkov effect leads to excitation of the oscillations, while ion-ion
collisions can stabilize them, except for the region 2 > 𝜕 ln 𝑇𝑖/𝜕 ln 𝑁 > 1.45, in
which they enhance the instability.

Under the condition |𝜔 + 𝑖𝜈𝑒| ≪ 𝑘𝑧𝑣𝑇 𝑒, short-wavelength drift-cyclotron oscil-
lations are also possible (cf. (16)) 𝜔 ≈ 𝑛Ω𝑖, provided that Δ = 𝜔 − 𝑛Ω𝑖 ≫
𝜈𝑖𝑖𝑘2

⟂𝑣2
𝑇 𝑖/Ω2

𝑖 . For 𝜔 ≪ 𝜔dr we have
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Re Δ = − 𝑇𝑒
𝑇𝑖 + 𝑇𝑒(1 + 𝑘2𝑟2

𝐷𝑒)
𝑘𝑦𝑣𝑇 𝑖√
2𝜋 𝑘⟂

𝜕
𝜕𝑥 ln 𝑁

√𝑇𝑖
,

𝛾 = Im Δ = √𝜋
2

Re Δ2

|𝑘𝑧|𝑣𝑇 𝑒

𝜕 ln 𝑁/√𝑇𝑒
𝜕 ln 𝑁/√𝑇𝑖

− 𝜈𝑖𝑖
3
√

2(𝜋 + 1)
8

𝑘2
⟂𝑣2

𝑇 𝑖
Ω2

𝑖

𝜕 ln 𝑇 −0.69
𝑖

𝜕 ln 𝑇 −0.5
𝑖

.

Here too the Cherenkov effect on electrons always leads to the growth of os-
cillations, whereas ion collisions play a destabilizing role only under conditions
when 2 > 𝜕 ln 𝑇𝑖/𝜕 ln 𝑁 > 1.45. Let us now consider

Fig. 1
Fig. 1

Fig. 2
Fig. 2

oscillations in the frequency range |𝜔 + 𝑖𝜈𝑒| ≫ 𝑘𝑧𝑣𝑇 𝑒. If, in addition, 𝜔 ≫ 𝜈𝑒,
then

𝛿𝜀𝑒 = 𝜔2
𝐿𝑒

𝑘2𝑣2
𝑇 𝑒

{
𝑘2

𝑦𝑣𝑇𝑒

𝜔Ω𝑒

𝜕 ln 𝑁
𝜕𝑥 + 𝑖𝑘2

𝑧𝑣2
𝑇 𝑒

𝜔2
𝜈eff
𝜔 (1 −

𝑘2
𝑦𝑣𝑇𝑒

𝜔Ω𝑒

𝜕
𝜕𝑥 ln 𝑁

√𝑇𝑒
)} . (11)

If, however, 𝜔 ≪ 𝜈𝑒, then

𝛿𝜀𝑒 = 𝜔2
𝐿𝑒

𝑘2𝑣2
𝑇 𝑒

{
𝑘2

𝑦𝑣𝑇𝑒

𝜔Ω𝑒

𝜕 ln 𝑁
𝜕𝑥 + 𝑖1.96 𝑘2

𝑧𝑣2
𝑇 𝑒

𝜔𝜈eff
(1 −

𝑘2
𝑦𝑣𝑇𝑒

𝜔Ω𝑒

𝜕
𝜕𝑥 ln 𝑁𝑇 1.71

𝑒 )} . (12)

Here 𝜈eff = 4/3
√

2𝜋/𝑚𝑒4𝑁𝐿/𝑇 3/2
𝑒 .

Then, in the region of low frequencies (𝜔 ≪ Ω𝑖) and long waves (𝑘⟂𝑣𝑇 𝑖 ≪ Ω𝑖),

𝜔1 = 1
1 + 𝑣2

𝐴/𝑐2
𝑘2

𝑦𝑣𝑇𝑖

Ω𝑖

𝜕 ln 𝑁𝑇𝑖
𝜕𝑥 , for 𝜔 ∼ 𝜔dr ≫ 𝜔𝑠

𝛾1 = 1.96𝜔𝑠
1 + 𝑣2

𝐴/𝑐2 {1 + 𝑇𝑒
𝑇𝑖

(1 + 𝑣2
𝐴

𝑐2 ) 𝜕 ln 𝑁𝑇 1.71
𝑒

𝜕 ln 𝑁𝑇𝑖
} −

− 7
10𝜈𝑖𝑖

𝑘2
⟂𝑣2

𝑇 𝑖
Ω2

𝑖
{ 1

1 + 𝑣2
𝐴/𝑐2 − 𝜕 ln 𝑁

𝜕 ln 𝑁𝑇𝑖
+ 3

28
𝜕 ln 𝑇𝑖

𝜕 ln 𝑁𝑇𝑖
} , (13)
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𝜔2 = −𝑘𝑦𝑣𝑠2

Ω𝑖

𝜕
𝜕𝑥 ln 𝑁𝑇 1.71

𝑒 , for 𝜔 ∼ 𝜔dr ≪ 𝜔𝑠 (14)

𝛾2 = 𝜔2
2

1.96𝜔𝑠
(1 + 𝑣2

𝐴
𝑐2 + 𝑇𝑖

𝑇𝑒

𝜕 ln 𝑁𝑇𝑖
𝜕 ln 𝑁𝑇 1.71𝑒

)

𝜔3 = 𝑖1.96 𝜔𝑠
𝑇𝑒
𝑇𝑖

𝜕 ln 𝑁𝑇 1.71
𝑒

𝜕 ln 𝑁𝑇𝑖
, for 𝜔 ∼ 𝜔𝑠 ≪ 𝜔dr. (15)

Here 𝑣𝐴 is the Alfvén velocity,

𝜔𝑠 = 𝑘2
𝑧

𝑘2
⟂

𝑀
𝑚

Ω2
𝑖

𝜈eff
.

It is seen that oscillations in the frequency range 𝜔 ≲ 𝜔𝑠 are always unstable
because of electron collisions. In the frequency range 𝜔 ≫ 𝜔𝑠, electron collisions
stabilize the instability; ion collisions, for 𝑘𝑧 ≈ 0, can lead to growth when
(31 + 3𝑣2

𝐴/𝑐2)𝜕 ln 𝑇𝑖/𝜕 ln 𝑁 < 28𝑣2
𝐴/𝑐2.

In the short-wavelength limit (𝜔 ≪ Ω𝑖, 𝜈𝑒) we have

𝜔 = 1
1 + 𝑘2𝑟2

𝐷𝑖

𝑘2
𝑦𝑣𝑇𝑖

Ω𝑖

𝜕 ln 𝑁
𝜕𝑥 , (16)

𝛾 = −1.96 𝑇𝑖
𝑇𝑒

𝑘2
𝑧𝑣2

𝑇 𝑒
𝜈eff

{ 1
1 + 𝑘2𝑟2

𝐷𝑖
+ 𝑇𝑒

𝑇𝑖
(1 + 1.71𝜕 ln 𝑇𝑒

𝜕 ln 𝑁 )} + 𝛾𝑖,

𝛾𝑖 =

⎧{{
⎨{{⎩

−𝜈𝑖𝑖
𝑘⟂𝑣𝑇 𝑖

Ω𝑖

3(3𝜋 + 2)
32√𝜋 (𝜕 ln 𝑇𝑖

𝜕 ln 𝑁 − 1.45𝑘2𝑟2
𝐷𝑖

1 + 𝑘2𝑟2
𝐷𝑖

) , for 𝜔 ≫ 𝜈𝑖𝑖
𝑘2

⟂𝑣2
𝑇𝑖

Ω2
𝑖

; (17)

− 𝜔2Ω3
𝑖

𝜈𝑖𝑖𝑘3
⟂𝑣3

𝑇 𝑖

2
3𝜋 𝐶0𝐶1 (𝜕 ln 𝑇𝑖

𝜕 ln 𝑁 − 4.45𝑘2𝑟2
𝐷𝑖

1 + 𝑘2𝑟2
𝐷𝑖

) , for 𝜔 ≪ 𝜈𝑖𝑖
𝑘2

⟂𝑣2
𝑇𝑖

Ω2
𝑖

. (18)

Here electron collisions stabilize, while ion collisions lead to the growth of oscil-
lations, provided only that
𝜕 ln 𝑇𝑖/𝜕 ln 𝑁 < 4.45𝑘2𝑟2

𝐷𝑖.

The spectrum of oscillations (16) is preserved for Ω𝑖 ≫ 𝜔 ≫ 𝜈𝑒. In this case

𝛾 = −𝑇𝑒
𝑇𝑖

𝑘2
𝑧𝑣2

𝑇 𝑒𝜈eff
𝜔2 [ 1

1 + 𝑘2𝑟2
𝐷𝑖

+ 𝑇𝑒
𝑇𝑖

𝜕 ln 𝑁/√𝑇𝑒
𝜕 ln 𝑁 ] + 𝛾𝑖. (19)
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Here electron collisions can already become the cause of instability, provided
only that
𝜕 ln 𝑇𝑒/𝜕 ln 𝑁 > 2.

Let now |𝜔 + 𝑖𝜈𝑒| ≫ 𝑘𝑧𝑣𝑇 𝑒. Then, for
Δ = 𝜔 − 𝑛Ω𝑖 ≪ 𝜈𝑖𝑖𝑘2

⟂𝑣2
𝑇 𝑖/Ω2

𝑖 , the spectrum of drift-cyclotron oscillations is de-
termined by expressions (16) and (19) for 𝑛Ω𝑖 ≪ 𝜈𝑒 and 𝑛Ω𝑖 ≫ 𝜈𝑒, respectively;
in both cases 𝛾𝑖 is to be understood as expression (18). If, however,
Δ ≫ 𝜈𝑖𝑖𝑘2

⟂𝑣2
𝑇 𝑖/Ω2

𝑖 , then at the intersection of the drift and cyclotron branches
of the oscillations hydrodynamic growth of the oscillations is possible both for
𝜔 ≫ 𝜈𝑒 and for 𝜔 ≪ 𝜈𝑒. This growth is of collisionless nature 16, with growth
increment
𝛾 ∼ 4√𝑚/𝑀 . When collisions are taken into account, a new instability appears
with spectrum (𝜔 ≪ 𝜔dr)

Re Δ = 𝑛Ω2
𝑖√

2𝜋 𝑘⟂𝑣𝑇 𝑖
,

𝛾 = Im Δ = −𝜈𝑖𝑖
𝑘2

⟂𝑣2
𝑇 𝑖

Ω2
𝑖

3(𝜋 + 1)
4
√

2
𝜕 ln 𝑁𝑇 −0.69

𝑖
𝜕 ln 𝑁𝑇 −0.5

𝑖
+ 𝛾𝑒, (20)

𝛾𝑒 =

⎧{{
⎨{{⎩

𝜈eff Re Δ2

𝜔4
√

2𝜋 𝑘2
𝑧𝑣2

𝑇 𝑒
𝑘⟂𝑣𝑇 𝑖

Ω𝑖

𝜕 ln 𝑁/√𝑇𝑒
𝜕 ln 𝑁/√𝑇𝑖

, for 𝜔 ≫ 𝜈eff,

1.96 Re Δ2

𝜈eff

𝑘2
𝑧𝑣2

𝑇 𝑒
𝜔2

√
2𝜋 𝑘⟂𝑣2

𝑇 𝑖
Ω𝑖

𝜕 ln 𝑁𝑇 1.71
𝑒

𝜕 ln 𝑁√𝑇𝑖
, for 𝜔 ≪ 𝜈eff.

(21)

It follows from this that for 𝜔 ≫ 𝜈eff electron collisions lead to the growth of
oscillations practically always, while for 𝜔 ≪ 𝜈eff only when
𝜕 ln 𝑇𝑖/𝜕 ln 𝑁 < 2. Ion collisions, however, stabilize the instability, except for
the region where
2 > 𝜕 ln 𝑇𝑖/𝜕 ln 𝑁 > 1.45.

In Figs. 1 and 2 the boundaries of the plasma instability region are given,
respectively, for
𝜕 ln 𝑇 /𝜕 ln 𝑁 = 0 and 𝜕 ln 𝑇 /𝜕 ln 𝑁 = 1.6,
𝜎 = 𝑘𝑧𝐿0,
𝑧 = 𝑘2

⟂𝑣2
𝑇 𝑖/Ω2

𝑖
(𝐿−1

0 = 𝜕 ln 𝑁/𝜕𝑥, 𝑇𝑒 = 𝑇𝑖, 𝑣𝐴 = 0.1𝑐, 𝛼 = 𝜈𝑖𝑖/𝑘𝑧𝑣𝑇 𝑖).
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Note: Figure translations are in progress. See original paper for figures.
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