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(Presented by Academician I. G. Petrovskii, 13 X 1965)

Consider, in a domain G of a Euclidean space E of dimension m, the completely
solvable multidimensional differential equation of second order

y” (x)hk + P(x)y (x)hk + Q(z)hky(x) =0 (h,k € E) (1)

with real continuous coefficients. If y(z) is a solution of this equation, then
y/'(z) and y” (x) are vector and operator functions. Works (1'?) are devoted to
the study of multidimensional linear differential equations of second order.

Throughout the entire article it is assumed that the initial data uniquely deter-
mine the solution in the whole domain G.

1. Zero-manifolds. Let y(x) be some solution of equation (1). Consider the
set A ={x: 2 € G, y(x) = 0} of all zeros of the solution y(x), which we shall call
the zero-manifold. The zero-manifold, in the topology induced by the space
E, is a topological Hausdorff space. Each point of the zero-manifold 2 has a
neighborhood homeomorphic to a sphere of the Euclidean space of dimension
m—1. It is not difficult to show that the zero-manifold 2 is a twice differentiable
manifold of dimension m — 1. Each connected component of this manifold (and
there are at most countably many of them) will be called a zero-manifold of
the solution y(z). Any compact submanifold of the domain G intersects only
a finite number of zero-manifolds. The facts listed above are proved with the
aid of the implicit function theorem (cf. (*), § 2, problem 7). For differentiable
manifolds see (%).

2. Associated mapping. Let y;(z),...,¥,,(x),y(x) be a fundamental system
of solutions of the homogeneous equation (1). Consider the mapping § = y(x) =
(Y1 (), .., Y, (z), y(2)) of the domain G into the coordinate Euclidean space £
of dimension m + 1. In what follows it is convenient for us to pass from this
mapping to the mapping w(x) = y(x)/|y(z)| of the domain G of the space E of
dimension m into the unit sphere S of dimension m of the space E. We shall call
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this mapping associated (with equation (1)). Let S = {y: 5 € S, y™t! =0}
be the “equatorial” sphere. It is clear that the zero-manifold of the solution
y(x) is the complete preimage of this sphere under the associated mapping. This
observation makes it possible, in studying zero-manifolds, to use properties of
the associated mapping.

Theorem 1. The associated mapping w(zx) is a twice differentiable regular
mapping of the domain G into the sphere S (regarded as twice differentiable
manifolds). It realizes a local diffeomorphism. For any compact submanifold
K C G one can specify a constant €(K) > 0 such that

[w' ()b = e(K)[R]  (z € G, heE), (2)

The properties listed above are also preserved for the associated mapping consid-
ered only on the null-manifold as a mapping of this manifold into the “equatorial”
sphere.

3. Properties of null-manifolds. The structure of a compact null-manifold
is clarified by the following theorem.

Theorem 2. Every compact null-manifold 9t is diffeomorphic to an (m —
1)-dimensional sphere. In the case m > 2, the associated mapping w’ (the
restriction of w to 9M) realizes a diffeomorphic mapping of the null-manifold
M onto the sphere S°. In the case m = 2, the associated mapping w° is a
covering mapping of the null-manifold 91 onto the circle S°, and the number of
preimages of any point of S° is equal to the degree of the mapping w?, taken in
absolute value.

According to the Jordan-Brouwer theorem ((°), pp. 562-564), the compact
(m — 1)-dimensional null-manifold 91 divides the space E of dimension m into
two domains ¥ and 9¢ without common points, each of which has 91 as its
boundary. The domain 9% is bounded and is called the interior of the manifold;
the domain 91¢ is unbounded and is called the exterior of the manifold. The
degree of the mapping w® of the compact null-manifold 9t onto the sphere S°
can be computed by the formula

1 det W{yq, oo s Yy, ¥ H2)
o) = L e
= (o)™ (S5 (%))

where the integral is taken over the manifold 90t; 1S is the (m — 1)-dimensional
measure of the sphere S% W{y,,...,y,,,y}(x) is the Wronski matrix of the
system of functions y,(z),...,y,,(x),y(z), and the solution y(x) is chosen so
that the vector y'(z) for z € I is directed toward the interior side of the
manifold 9T (see, for example, A. D. Myshkis’ s appendix to the book of I. G.
Petrovsky (3)). In the case m > 2, the degree of the mapping w® is equal to +1.
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Theorem 3. If the interior of the compact null-manifold 9t of the solution y(x)
belongs to the domain G and y; (z), ..., y,,(x), y(x) is a fundamental system of
solutions, then the manifold 9NN, N...NM; is diffeomorphic to an (m—j—1)-
dimensional sphere, and the manifold 9 NI, N ... N 9N, is diffeomorphic to
an (m — j)-dimensional ball. Here 9); is the null-manifold of the solution y;(x),
having common points with 9 (j = 1,...,m).

In particular, inside the manifold 97 there exists a unique point at which all the
solutions y, (z), ..., y,,(z) vanish.

This theorem is an analogue of the well-known Sturm theorem on the separation
of zeros of solutions of a second-order differential equation.

In the course of proving Theorem 3 it is shown that

w(M) = S°, w(9M?) = ST, (4)

and the mapping of 9% onto S* is a diffeomorphism (St = {y:y€ S, y™ >
0}). Therefore, if the interior of the compact null-manifold 9t belongs to the
domain G, then it contains no other null-manifolds of the solution y(x). The
arrangement of compact null-manifolds of the solution y(z) obeys the following
rule.

Theorem 4. Two compact null-manifolds 9t and £ of one and the same solution
cannot be homotopic in the domain G.

4. Theorem on the inverse mapping. In the proof of the theorems formu-
lated above, the principal role is played by propositions of various types on the
nonlocal existence of an inverse mapping. We give one of them:

Theorem 5. Let 2 and 9T be connected differentiable Riemannian complete
manifolds, and let w(x) be a differentiable mapping of the manifold 9t into the
manifold 91.

Let, for each = € 9, the linear operator w’(x) map the linear space M, onto
the linear space M, one-to-one and w'(x)h ) = elhl, (x € M, h € M,),
where ¢ is some positive constant.

Then, if 91 is simply connected, w maps 9 onto N one-to-one, and the mapping
w is a diffeomorphism.

Here M, (M,) is the tangent subspace to the manifold 9 (91) at the point x
(¥)-

The proof of this theorem uses the results of the paper (°) and arguments usually
applied in the theory of covering spaces (7).

5. On nonoscillation of solutions. We shall call a solution of equation (1)
nonoscillating in a domain G if it preserves its sign in this domain.
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Consider equation (1) in the ball |z —£| < p, and let

p= max [P(z)], ¢= max [Q(z)]. (5)
lz—&l<p z—¢]<p

Theorem 6. Suppose that the condition

D2
aarcth—7 if (5) —qg=w?>0,
2 2

P<yy if (g) —q=0, (6)
1 2
—arctg —, if (%) —q¢=—w?<0.

is satisfied. Then, in the ball [z — &|| < p, equation (1) has a nonoscillating
solution.

The proof of this theorem is based on reducing equation (1) to the multidimen-
sional Riccati equation

Z(z) = =Q(z) — P(2)2(x) — 2(z) @ z(z) (7)

(by the substitution z(x) = y’(z)/y(x)) and on using the theorem on integral
inequalities (%).

In conclusion we give one assertion of a metric character, concerning zero sets.

Theorem 7. Let the points &, ...,§,,.; belong to the zero set of a nontrivial
solution of equation (1), and suppose that the system of points &;,...,§,, . is
independent.

Then the inequality

2 2 sy ”52 - £j||2
(r* —6%)g+ max 27 p>2, (8)

<<
1<ism+1 = T‘J

holds, where r is the radius of the ball circumscribed about the simplex o =
(&1, -, &man), O is the distance from o to the center of the circumscribed ball,
and r; is the distance from the vertex ; to the (m—1)-dimensional plane passing
through the opposite face of the simplex.

The proof is based on one proposition from (?).

I express my sincere gratitude to Acad. 1. G. Petrovskii for his constant atten-
tion.

Voronezh State University
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