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MATHEMATICS

A. I. PRILEPKO

SOME CONDITIONS FOR UNIQUENESS OF
THE SOLUTION OF INVERSE PROBLEMS
OF POTENTIAL THEORY
(Presented by Academician M. A. Lavrent’ev on 22 I 1966)

Two inverse problems for the metaharmonic potential are considered.

Problem 1. Determine the density of a given body from its exterior potential.

Problem 2. Determine the shape of a body of given density from its exterior,
or interior, potential.

These problems, whose solution, generally speaking, is nonunique, are ill-posed
in the classical sense. The question of a correct formulation and methods for
solving problems of this kind, many of which reduce to linear and nonlinear
integral equations of the first kind, is treated in papers (2,4 ,8 ), etc. In the
present article the question of uniqueness of the solution of the indicated inverse
problems is investigated. In particular, for the case 𝜒 = 0 the results obtained
are also new for the Newtonian potential.

1∘. Let 𝐴𝛼 (𝛼 = 1, 2) be open bounded subsets of the space 𝐸𝑛 (𝑛 ≥ 2).
Denote the metaharmonic potential (𝜒 ≥ 0) (5) of the set 𝐴𝛼 with density
𝜇𝛼(𝑦) (𝛼 = 1, 2), nonzero almost everywhere for points 𝑦 ∈ 𝐴𝛼, by

𝑉 (𝑥; 𝐴𝛼, 𝜇𝛼) = ∫
𝐴𝛼

𝜇𝛼(𝑦)𝐾(𝑥, 𝑦) 𝑑𝑦, (1)

where 𝐾(𝑥, 𝑦) is the fundamental solution of the metaharmonic equation

Δ𝑢 − 𝜒2𝑢 = 0 (𝜒 = const ≥ 0). (2)

2∘. Consider problem 1. In the author’s paper (5) the question of uniqueness
of the solution of problem 1 was investigated for certain classes of densities
𝜇𝛼(𝑦). Here uniqueness theorems are given that strengthen the results of (5).
Let 𝐴 = 𝐴1 = 𝐴2. Denote by
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𝑉 (𝑥; 𝐴, 𝜇𝛼) = 𝑉 (𝑥; 𝐴𝛼, 𝜇𝛼) (𝛼 = 1, 2)

the potential of the given set 𝐴 with density 𝜇𝛼(𝑦), 𝑦 ∈ 𝐴. Consider the
functions 𝜇𝛼(𝑦) (𝛼 = 1, 2) satisfying the conditions:

𝜇𝛼(𝑦) = 𝛽(𝑡)𝛿𝛼(𝑦′), (𝑦′, 𝑡) = 𝑦, 𝑦′ = (𝑦1, … , 𝑦𝑛−1), 𝑡 = 𝑦𝑛, (3)

𝛿𝛼(𝑦′) are bounded summable functions of the points 𝑦′ ∈ 𝐴′ (4)

(𝐴′ is the projection of the set 𝐴 onto the plane 𝑡 = 0);

𝛽(𝑡) is a positive monotone function, 𝛽(𝑡) ∈ 𝐶1(𝐴). (5)

Theorem 1 (case 𝜒 ≥ 0). If, for functions 𝜇𝛼(𝑦) (𝛼 = 1, 2) satisfying conditions
(3)—(5), the exterior potentials of the given set 𝐴 coincide, i.e.

𝑉 (𝑥; 𝐴, 𝜇1) = 𝑉 (𝑥; 𝐴, 𝜇2) for 𝑥 ∈ 𝐸𝑛 ∖ 𝐴,

then

𝜇1(𝑦) = 𝜇2(𝑦) for 𝑦 ∈ 𝐴.

Let now the functions 𝜇𝛼(𝑦) (𝛼 = 1, 2) satisfy the conditions:

𝜇𝛼(𝑦) = 𝛽(𝜌)𝛿𝛼(𝜃) (𝛼 = 1, 2), (6)

where (𝜌, 𝜃) are the spherical coordinates of the point 𝑦 of the space 𝐸𝑛;

𝛿𝛼(𝜃) (𝛼 = 1, 2)
are bounded summable functions on the unit sphere Ω, over which the point 𝜃
ranges;

(7)

𝛽(𝜌) > 0, 𝜓(𝜌) = 𝜌𝑛𝛽
is a monotone function of 𝜌, 𝛽 ∈ 𝐶1( ̄𝐴).

(8)
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Theorem 2 (the case 𝜒 = 0). If, for functions 𝜇𝛼(𝑦) (𝛼 = 1, 2) satisfying
conditions (6)—(8), the exterior potentials of the given set 𝐴 coincide, i.e.

𝑉 (𝑥; 𝐴, 𝜇1) = 𝑉 (𝑥; 𝐴, 𝜇2) for 𝑥 ∈ 𝐸𝑛 ∖ ̄𝐴,

then

𝜇1(𝑦) = 𝜇2(𝑦) for 𝑦 ∈ 𝐴.

3∘. We investigate the uniqueness of the solution of problem 2 under equality of
the exterior potentials. In the work (5) and others, this problem was investigated
for a given positive density. Here we give uniqueness theorems for the solution
of problem 2 for given variable densities of arbitrary sign.

Let 𝜇(𝑦) = 𝜇1(𝑦) = 𝜇2(𝑦) (see 1∘). Denote by

𝑉 (𝑥; 𝐴𝛼, 𝜇) = 𝑉 (𝑥; 𝐴𝛼, 𝜇𝛼) (𝛼 = 1, 2)

the potential of the given density 𝜇(𝑦) of the set 𝐴𝛼 (𝛼 = 1, 2).
We shall say that the sets 𝐴𝛼 (𝛼 = 1, 2) possess a common median plane
(7) if there exists a plane 𝐻, 𝑡 = 𝐻 = const, called the median plane, such
that every straight line parallel to the direction of the axis 𝑜𝑡 intersects Γ𝛼, the
boundary of 𝐴𝛼 (𝛼 = 1, 2), in no more than two points (or two segments) lying
on different sides of the plane. Let the function 𝜇(𝑦) satisfy the conditions:

𝜇(𝑦) = 𝛽(𝑡)𝛿(𝑦′), (9)

where 𝛿(𝑦′) is a summable bounded function of the points 𝑦′ ∈ 𝐴𝛼;

𝛽(𝑡) > 0; 𝜕𝛽
𝜕𝑡 ≥ 0 for 𝑡 > 𝐻; 𝜕𝛽

𝜕𝑡 ≤ 0 for 𝑡 ≤ 𝐻. (10)

Theorem 3 (the case 𝜒 > 0). If the potentials of the sets 𝐴𝛼 (𝛼 = 1, 2),
possessing a median plane, with a given density 𝜇(𝑦) of the form (9)—(10),
satisfy the condition

𝑉 (𝑥; 𝐴1, 𝜇) = 𝑉 (𝑥; 𝐴2, 𝜇) for 𝑥 ∈ 𝐸𝑛 ∖ ( ̄𝐴1 ∪ ̄𝐴2),

then

𝐴1 = 𝐴2.

Theorem 4 (the case 𝜒 ≥ 0). If the potentials 𝑉 (𝑥; 𝐴𝛼, 𝜇) (𝛼 = 1, 2) are
such that:

sovietrxiv.org/items/ru-196601.03003 Machine Translation

https://sovietrxiv.org/items/ru-196601.03003


1) every straight line parallel to the axis 𝑜𝑡 intersects Γ1 and Γ2 in no more
than two points (or two segments);

2) the density 𝜇(𝑦) has the form (9), with 𝛽(𝑡) ≡ const;

3) 𝑉 (𝑥; 𝐴1, 𝜇) = 𝑉 (𝑥; 𝐴2, 𝜇) for 𝑥 ∈ 𝐸𝑛 ∖ ( ̄𝐴1 ∪ ̄𝐴2),
then

𝐴1 = 𝐴2.

Remark 1. A more general assertion is true, namely: theorem 3 of the author’
s work (5) holds if the density 𝜇(𝑦), instead of condition 2 of theorem 3 of work
(5), satisfies condition (9), where 𝛽(𝑡) ≡ const, 𝑜𝑡 = ⃗𝑞.

Let the function 𝜇(𝑦) have the form

𝜇(𝑦) = 𝛽(𝜌)𝛿(𝜃), (11)

where 𝛿(𝜃) is a bounded summable function of the points 𝜃 ∈ Ω,

𝛽(𝜌) > 0, 𝜕
𝜕𝜌 (𝜌𝑛𝛽) ≥ 0 for 𝑦 ∈ ̄𝐴𝛼. (12)

Let 𝑇𝛼 (𝛼 = 1, 2) be finite domains of the space 𝐸𝑛.

Theorem 5 (case 𝜒 = 0). If there exists at least one point 𝑂 ∈ 𝑇 1 ∩ 𝑇 2 such
that:

1) the set 𝑇 1 ∩ 𝑇 2 is star-shaped with respect to the point 𝑂, and the set
𝐸𝑛 ∖ (𝑇 1 ∪ 𝑇 2) consists of one component;

2) for the functions 𝜇(𝑦) conditions (11)—(12) are satisfied when the origin
of coordinates is chosen at the point 𝑂;

3) for the domains 𝑇𝛼 (𝛼 = 1, 2), for the given density 𝜇(𝑦), the equality
holds

𝑉 (𝑥; 𝑇1, 𝜇) = 𝑉 (𝑥; 𝑇2, 𝜇) for 𝑥 ∈ 𝐸𝑛 ∖ (𝑇 1 ∪ 𝑇 2),
then

𝑇1 = 𝑇2.

Remark 2. If the potentials 𝑉 (𝑥; 𝐴𝛼, 𝜇) (𝛼 = 1, 2) with density 𝜇(𝑦) of the
form (11)—(12) satisfy the condition

𝑉 (𝑥; 𝐴1, 𝜇) = 𝑉 (𝑥; 𝐴2, 𝜇)

for 𝑥 ∈ 𝐸𝑛 ∖ (𝐴1 ∪ 𝐴2), then (𝐴1 ∩ 𝐴2) ≠ 0.
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4°. Let us investigate the uniqueness of the solution of problem 2 for contact
bodies under equality of the external potentials. For the Newtonian potential
(𝜒 = 0), the external contact problem was studied for constant density in papers
(1,10) under certain restrictions on the sets 𝐴𝛼. Methods for solving the external
contact problem were proposed in paper (9) and in works on geophysics. Below
we give uniqueness theorems for the solution of the external contact problem
for given variable densities.

Let 𝐴𝛼 (𝛼 = 1, 2) be finite open sets with boundaries Γ𝛼. We shall say that 𝐴𝛼
has a contact plane if

Γ𝛼 = 𝐻𝛼 ∪ Γ̂𝛼,
where 𝐻𝛼 is part of the plane 𝑡 = 𝐻 = const, called the contact plane, the sets
Γ̂1 and Γ̂2 lie on one side of the plane, and every straight line perpendicular to
the contact plane intersects Γ̂𝛼 in not more than one point (or in one segment).

Let the density 𝜇(𝑦) have the form

𝜇(𝑦) = 𝛽(𝑡)𝛿(𝑦′), (13)

where 𝛽(𝑡) satisfies conditions (5), and 𝛿(𝑦′) = 𝛿1(𝑦′) = 𝛿2(𝑦′) satisfies condi-
tions (6).

Theorem 6 (case 𝜒 ≥ 0). If the potentials of the sets 𝐴𝛼 (𝛼 = 1, 2), having a
contact plane, with density 𝜇(𝑦) of the form (13) satisfy the condition

𝑉 (𝑥; 𝐴1, 𝜇) = 𝑉 (𝑥; 𝐴2, 𝜇) for 𝑥 ∈ 𝐸𝑛 ∖ (𝐴1 ∪ 𝐴2),

then
𝐴1 = 𝐴2.

We shall say that the sets 𝐴𝛼 (𝛼 = 1, 2) have a contact spherical surface if

Γ𝛼 = 𝑅𝛼 ∪ Γ′
𝛼,

where 𝑅𝛼 is part of the spherical surface 𝜌 = 𝑅 = const, called the contact
spherical surface, while Γ′

1 and Γ′
2 lie on one side of the contact surface and

every ray issuing from the origin intersects Γ′
𝛼 in not more than one point (or

in one segment).

Let the density 𝜇(𝑦) have the form

𝜇(𝑦) = 𝛽(𝜌)𝛿(𝜃), (14)

where 𝛽(𝜌) satisfies conditions (8), and 𝛿(𝜃) = 𝛿1 = 𝛿2 satisfies conditions (7).

Theorem 7 (case 𝜒 = 0). If the potentials of the sets 𝐴𝛼 (𝛼 = 1, 2), having a
contact spherical surface, with density

of the form (14) satisfy the conditions
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𝑉 (𝑥; 𝐴1, 𝜇) = 𝑉 (𝑥; 𝐴2, 𝜇) for 𝑥 ∈ 𝐸𝑛 ∖ (𝐴1 ∪ 𝐴2),

then

𝐴1 = 𝐴2.

We shall call the sets 𝐴1 and 𝐴2 externally contact if each component of the set
𝐴0 = 𝐴1 ∩ 𝐴2 has a common boundary of the 𝑛-dimensional space with one of
the components of the set 𝐸𝑛 ∖ (𝐴1 ∪ 𝐴2); it is assumed that 𝐴0 ≠ 0.

Theorem 8 (case 𝜒 ≥ 0). If, for externally contact sets 𝐴𝛼 (𝛼 = 1, 2), with a
positive summable bounded density 𝜇(𝑦), the equality

𝑉 (𝑥; 𝐴1, 𝜇) = 𝑉 (𝑥; 𝐴2, 𝜇) for 𝑥 ∈ 𝐸𝑛 ∖ (𝐴1 ∪ 𝐴2),

holds, then

𝐴1 = 𝐴2.

Remark 3. If the potentials 𝑉 (𝑥, 𝐴𝛼, 𝜇) with positive summable density 𝜇(𝑦)
satisfy the condition 𝑉 (𝑥; 𝐴1, 𝜇) = 𝑉 (𝑥; 𝐴2, 𝜇) (𝜒 ≥ 0) for 𝑥 ∈ 𝐸𝑛 ∖ (𝐴1 ∪ 𝐴2),
then (𝐴1 ∩ 𝐴2) ≠ 0.

5°. We investigate the uniqueness of the solution of problem 2 when the internal
potentials of contact bodies are equal. In the classical theory of the Newtonian
potential, internal inverse problems of potential theory were considered in con-
nection with problems in the theory of the figure of the Earth and celestial
mechanics (see (3,6 )). For the internal potential, Dive proved uniqueness of the
solution of problem 2 in the class of convex domains with positive density. Be-
low we give uniqueness theorems for the solution of the internal contact problem
for prescribed variable densities.

Theorem 9 (case 𝜒 ≥ 0). If the potentials of the sets 𝐴𝛼, having a contact
plane, with density 𝜇(𝑦) of the form (13) satisfy the condition

𝑉 (𝑥; 𝐴1, 𝜇) = 𝑉 (𝑥; 𝐴2, 𝜇) for 𝑥 ∈ (𝐴1 ∩ 𝐴2),

then

𝐴1 = 𝐴2.

Theorem 10 (case 𝜒 = 0). If the potentials of the sets 𝐴𝛼, having a contact
spherical surface, with density 𝜇(𝑦) of the form (14) satisfy the condition
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𝑉 (𝑥; 𝐴1, 𝜇) = 𝑉 (𝑥; 𝐴2, 𝜇) for 𝑥 ∈ (𝐴1 ∩ 𝐴2),

then

𝐴1 = 𝐴2.

We shall call the sets 𝐴1 and 𝐴2 internally contact if each component of the set
𝐸𝑛 ∖ (𝐴1 ∪ 𝐴2) has a common boundary of the 𝑛-dimensional space with one of
the components of the set 𝐴0 = 𝐴1 ∩ 𝐴2, 𝐴0 ≠ 0.

Theorem 11 (case 𝜒 ≥ 0). If, for internally contact sets 𝐴𝛼 (𝛼 = 1, 2), with a
positive summable bounded density, the equality

𝑉 (𝑥; 𝐴1, 𝜇) = 𝑉 (𝑥; 𝐴2, 𝜇) for 𝑥 ∈ (𝐴1 ∩ 𝐴2),

holds, then

𝐴1 = 𝐴2.
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