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(Presented by Academician P. S. Novikov on 6 XI 1965)

In this note we shall present several results concerning, mainly, absolute and
unconditional convergence of series with respect to the Haar system {𝜒𝑚(𝑡)}
(see (1), pp. 54–58). The results obtained in this direction show, in particular,
that for series with respect to the Haar system the following types of convergence
are essentially different from one another: absolute convergence everywhere,
absolute convergence of the series of coefficients, absolute convergence almost
everywhere (for trigonometric series these types of convergence are equivalent
to one another).

We consider the Haar system in the enumeration

𝜒1(𝑡) ≡ 𝜒(0)
0 (𝑡), 𝜒𝑚(𝑡) ≡ 𝜒(𝑘)

𝑛 (𝑡) (𝑡 ∈ [0, 1]),

where 𝑚 = 2𝑛 + 𝑘 with 1 ≤ 𝑘 ≤ 2𝑛 and 𝑛 = 0, 1, ….

Let us note that the assertions formulated below directly adjoin the author’s
results published in papers (3–5).
By 𝜔𝑝(𝛿, 𝑓) we shall denote the integral (in 𝐿𝑝) modulus of continuity of a
function 𝑓(𝑡) ∈ 𝐿𝑝(0, 1) with 𝑝 ∈ [1, ∞]. For convenience we assume that
𝜔∞(𝛿, 𝑓) = 𝜔(𝛿, 𝑓), the ordinary modulus of continuity of a function 𝑓(𝑡) ∈
𝐶(0, 1) in the uniform metric.

§ 1. Let 𝑓(𝑡) ∈ 𝐿𝑝(0, 1) for some 𝑝 ∈ [1, ∞] and

𝑓(𝑡) ∼
∞

∑
𝑚=1

𝑎𝑚(𝑓)𝜒𝑚(𝑡) (1)

be its Fourier series with respect to the Haar system, i.e. 𝑎𝑚(𝑓) = (𝑓, 𝜒𝑚) for
𝑚 ≥ 1.

In this paragraph we formulate conditions guaranteeing the almost-everywhere
convergence of the series
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∞
∑
𝑚=1

|𝑎𝑚(𝑓)𝜒𝑚(𝑡)|. (2)

Namely, the following is true.

Theorem 1. If for some 𝑝 ∈ (1, ∞] the series

∞
∑
𝑚=2

1
𝑚√

lg 𝑚 𝜔𝑝( 1
𝑚, 𝑓) < ∞, (3)

then the series (2) converges almost everywhere on [0, 1].
This assertion is, in a certain sense, definitive, since the following holds.

Theorem 2. Let a positive function 𝜔(𝛿) on (0, 1] be such that

𝜔(𝛿) (lg 1
𝛿 )

𝛼
↓ as 𝛿 ↓ 0 (0 < 𝛿 < 𝛿0) (4)

for some 𝑎 > 0 and

lim
𝛿→+0

𝜔(2𝛿)
𝜔(𝛿) = 1. (5)

Then, if

∞
∑
𝑚=2

1
𝑚√

lg 𝑚 𝜔( 1
𝑚) = ∞, (6)

there exists a function 𝑓(𝑡) ∈ 𝐿𝑝(0, 1) for all 𝑝 ∈ [1, ∞) such that

𝜔𝑝(𝛿, 𝑓) = 𝑂{𝜔(𝛿)} for all 𝑝 ∈ (1, ∞),

but the series (1) is not unconditionally convergent almost everywhere on [0, 1].
Moreover, after a certain rearrangement of its terms, the series (1) diverges
almost everywhere on [0, 1].
For 𝑝 = 2, special cases of Theorems 1 and 2 were established by us in the paper
(5).

§ 2. We now consider the question of convergence of the series (2) for all 𝑡 ∈ [0, 1].
In this direction the following is valid.

Theorem 3. Let 𝑓(𝑡) ∈ 𝐿𝑝(0, 1) for some 𝑝 ∈ [1, ∞]. Then, if
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∞
∑
𝑚=1

𝑚1/𝑝−1𝜔𝑝( 1
𝑚, 𝑓) < ∞, (7)

then the series (2) converges uniformly on [0, 1].
For the case 𝑝 = ∞, Theorem 3 was proved by Chiselskii and Musielak (2).

Furthermore, the following hold.

Theorem 4. Let 𝜔(𝛿) be the modulus of continuity of some function continuous
on [0, 1]. Then, if

∞
∑
𝑚=1

1
𝑚 𝜔( 1

𝑚) = ∞,

there exists a function 𝑓(𝑡) ∈ 𝐶(0, 1) such that

𝜔(𝛿, 𝑓) = 𝑂{𝜔(𝛿)},

but the series (2) diverges at some point 𝑡0 ∈ [0, 1].
This theorem shows that the assertion of Chiselskii and Musielak (Theorem 3
for 𝑝 = ∞) is, in a certain sense, unimprovable.

Theorem 5. Let 𝑝 ∈ (1, ∞) and let 𝜔(𝛿) be such that

𝛿−1/𝑝𝜔(𝛿) ↓ 0 as 𝛿 ↓ 0 (0 < 𝛿 ≤ 𝛿0),

lim
𝛿→+0

𝜔(2𝛿)
𝜔(𝛿) < 2. (8)

Then, if

∞
∑
𝑚=1

𝑚1/𝑝−1𝜔( 1
𝑚) = ∞,

there exists a function 𝑓(𝑡), continuous on [0, 1], with

𝜔𝑝(𝛿, 𝑓) = 𝑂{𝜔(𝛿)},

for which the series (2) does not converge at some point 𝑡0 ∈ [0, 1].
This assertion shows that Theorem 3 for 𝑝 ∈ (1, ∞) is, in a certain sense, unim-
provable.

Remark 1. With regard to inequality (7) one may assert the following:
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a) if for the function 𝑓 inequality (7) is valid for some 𝑝0 ∈ (1, ∞), then
inequality (7) is also valid for all 𝑝 ∈ (𝑝0, ∞), but not necessarily for
𝑝 = ∞ and 𝑝 ∈ [1, 𝑝0);

b) if for the function 𝑓 inequality (7) is valid for 𝑝 = ∞, this still does not
imply that it will be valid also for some 𝑝 ∈ [1, ∞);

c) if for the function 𝑓 inequality (7) is valid for some 𝑝 ∈ (1, ∞), then the
function 𝑓 is equivalent to some continuous function, and this assertion is
in a certain sense definitive.

§ 3. Adjoining the preceding results are (in form) assertions concerning series
with respect to the Rademacher system (see (1), p. 59). Namely, the following
is true.

Theorem 6. Let

𝑓(𝑡) =
∞

∑
𝑚=1

𝑏𝑚𝑟𝑚(𝑡)

for almost all 𝑡 ∈ [0, 1]. Then, if for some 𝑝 ∈ [1, ∞) inequality (3) is valid,
then

∞
∑
𝑚=1

|𝑏𝑚| < ∞. (9)

For the case 𝑝 = 1 this assertion is a strengthening of the result of Ciesielski
and Musielak (2), which states that the inequality

∞
∑
𝑚=1

1
𝑚 𝜔1( 1

𝑚, 𝑓) < ∞

implies inequality (9). Thus, Theorem 6 (𝑝 = 1) shows that the result of Ciesiel-
ski and Musielak is not definitive.

The definitive result is Theorem 6, since the following holds.

Theorem 7. If 𝜔(𝛿) satisfies the requirements (4), (5), and (6), then there
exists a function 𝑓(𝑡) with

𝑓(𝑡) =
∞

∑
𝑚=1

𝑏𝑚𝑟𝑚(𝑡)

(for almost all 𝑡 ∈ [0, 1]) such that 𝜔𝑝(𝛿, 𝑓) = 𝑂{𝜔(𝛿)} for all 𝑝 ∈ [1, ∞), while
inequality (9) is not satisfied.
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Remark 2. Assertions of the same type (see Theorems 6 and 7) also hold for
lacunary trigonometric series. In this case condition (5) may be replaced by the
less restrictive condition (8).

Remark 3. In Theorems 2 and 5 the conditions on the function 𝜔(𝛿) can be
considerably weakened.
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