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MATHEMATICS

Z. O. MEL’NIK

ON MULTIDIMENSIONAL HYPERBOLIC
EQUATIONS OF ARBITRARY ORDER WITH
DISCONTINUOUS COEFFICIENTS
(Presented by Academician I. G. Petrovskii on 14 VII 1965)

The mixed problem for hyperbolic equations with discontinuous coefficients,
despite its theoretical and practical significance (1), has at present still been
insufficiently studied. This problem has been studied most fully in the case
of two independent variables. In the multidimensional case, results have been
obtained that pertain either to separate classes of second-order equations (2−5),
or to systems of second order of a special form (2).
In the present note we consider the mixed problem for one class of multidimen-
sional hyperbolic equations of arbitrary order in the case when the coefficients
and the free term of the equation, as well as the initial functions, have jump
discontinuities on certain surfaces of a fairly general form. At the same time
the boundary conditions and the matching conditions on the surfaces of discon-
tinuity are prescribed in a general form.

Let 𝐺 be a given domain (not necessarily bounded) with analytic boundary
𝑆0 in the 𝑛-dimensional Euclidean space of points 𝑥 = (𝑥1, … , 𝑥𝑛). By 𝑆 we
denote the union of the graphs of analytic (𝑛 − 1)-dimensional surfaces 𝑆𝑟 (1 ≤
𝑟 ≤ 𝑝; 0 ≤ 𝑝 < ∞) lying inside 𝐺. If 𝐺 is a bounded domain, then all 𝑆𝑟
(0 ≤ 𝑟 ≤ 𝑝) are closed; if 𝐺 is unbounded, then any of the surfaces 𝑆1, … , 𝑆𝑝
may be either closed or extend to infinity. It is assumed that all sets 𝑆𝑖 ∩ 𝑆𝑗
(𝑖 ≠ 𝑗; 0 ≤ 𝑖, 𝑗 ≤ 𝑝) are empty. No other restrictions are imposed on the nature
of the arrangement of the surfaces 𝑆0, 𝑆1, … , 𝑆𝑝 with respect to one another.
Then the set 𝐺 ∖ 𝑆 consists of 𝑝 + 1 connected components 𝐺𝑟 (1 ≤ 𝑟 ≤ 𝑝 + 1),
whose numbering depends on the nature of the arrangement of the surfaces 𝑆𝑘
(1 ≤ 𝑘 ≤ 𝑝). We note only that the component 𝐺1 adjoins the surface 𝑆0; to
the surface 𝑆𝑘 (1 ≤ 𝑘 ≤ 𝑝) there adjoins on one side the component 𝐺𝑘+1, and
on the other side one of the components 𝐺1, … , 𝐺𝑘. In what follows we shall
denote the number of such a component by the index 𝑗𝑘. The indices 𝑗𝑘 for
different 𝑘 = 1, 2, … , 𝑝 may, in general, coincide.

In the cylinder 𝐺𝑇 = {𝐺 ∖ 𝑆} × {0 ≤ 𝑡 ≤ 𝑇 } consider the hyperbolic equation
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∑
|𝑘|≤𝑚

𝑎(𝑘)(𝑥, 𝑡) 𝜕 |𝑘|𝑢
𝜕𝑡𝑘0𝜕𝑥𝑘1

1 ⋯ 𝜕𝑥𝑘𝑛𝑛
= 𝑓(𝑥, 𝑡) (1)

(|𝑘| = 𝑘0 + 𝑘1 + ⋯ + 𝑘𝑛; (𝑘) = (𝑘0, 𝑘1, … , 𝑘𝑛); 𝑎𝑚,0,…,0(𝑥, 𝑡) ≡ 1).

The coefficients 𝑎(𝑘)(𝑥, 𝑡) and the free term 𝑓(𝑥, 𝑡) are assumed to be piecewise
analytic functions in the sense that they are given on 𝐺𝑇 and are analytic in all
their arguments in each 𝐺𝑟𝑇 = 𝐺𝑟×
×{0 ≤ 𝑡 ≤ 𝑇 } (1 ≤ 𝑟 ≤ 𝑝 + 1); they may have discontinuities of the first kind
on the surfaces 𝑆𝑖 (1 ≤ 𝑖 ≤ 𝑝), i.e.,

𝑎(𝑘)(𝑥, 𝑡) = 𝑎𝑟
(𝑘)(𝑥, 𝑡); 𝑓(𝑥, 𝑡) = 𝑓𝑟(𝑥, 𝑡) for (𝑥, 𝑡) ∈ 𝐺𝑇

𝑟

(1 ≤ 𝑟 ≤ 𝑝 + 1).

Hyperbolicity of equation (1) is understood in the sense that in the decomposi-
tions

∑
|𝑘|=𝑚

𝑎𝑟
(𝑘)(𝑥, 𝑡)𝜆𝑘0𝜉𝑘1

1 ⋯ 𝜉𝑘𝑛𝑛 =
𝑚

∏
𝑗=1

[𝜆 − 𝜆𝑟
𝑗(𝑥, 𝑡; 𝜉)] (1 ≤ 𝑟 ≤ 𝑝 + 1).

the functions 𝜆𝑟
𝑗(𝑥, 𝑡; 𝜉) (1 ≤ 𝑗 ≤ 𝑚) are real and distinct for all (𝑥, 𝑡) ∈ 𝐺𝑇

𝑟
and for all 𝜉1, … , 𝜉𝑛 from the unit sphere. We shall assume these functions
renumbered so that

𝜆𝑟
1(𝑥, 𝑡; 𝜉) < ⋯ < 𝜆𝑟

𝑚(𝑥, 𝑡; 𝜉).
It is assumed that, for given 𝑗, 𝑟, 𝑥, and 𝜉, the function 𝜆𝑟

𝑗(𝑥, 𝑡; 𝜉), as a function
of the single variable 𝑡, is sign-constant on the interval [0, 𝑇 ].
Denote by 𝜈𝑘(𝑦) (𝜈𝑘

1 (𝑦), … , 𝜈𝑘
𝑛(𝑦)) (0 ≤ 𝑘 ≤ 𝑝) the unit normal vector to the

surface 𝑆𝑘 at the point 𝑦, directed inward into the domain 𝐺𝑘+1. Then divide
the surface 𝑆0 into 𝑚 + 1 parts 𝑆00, 𝑆01, … , 𝑆0𝑚 according to the following rule:
𝑆0𝑗 (0 ≤ 𝑗 ≤ 𝑚) contains all points 𝑦 ∈ 𝑆0 at which, among the functions
𝜆1

1(𝑦, 𝑡; 𝜈0(𝑦)), … , 𝜆1
𝑚(𝑦, 𝑡; 𝜈0(𝑦)), exactly 𝑗 are negative. Each of the surfaces

𝑆𝑘 (1 ≤ 𝑘 ≤ 𝑝) is divided into 2𝑚 + 1 parts 𝑆𝑘0, 𝑆𝑘1, … , 𝑆𝑘,2𝑚 by the rule: 𝑆𝑘𝑗
(0 ≤ 𝑗 ≤ 2𝑚) contains all those points 𝑦 ∈ 𝑆𝑘 at which the total number of pos-
itive quantities among 𝜆𝑘

1(𝑦, 𝑡; 𝜈𝑘(𝑦)), … , 𝜆𝑘
𝑚(𝑦, 𝑡; 𝜈𝑘(𝑦)) and negative quantities

among 𝜆𝑘+1
1 (𝑦, 𝑡; 𝜈𝑘(𝑦)), … , 𝜆𝑘+1

𝑚 (𝑦, 𝑡; 𝜈𝑘(𝑦)) is equal to 𝑗. Clearly, some of the
sets 𝑆0𝑗 (0 ≤ 𝑗 ≤ 𝑚) and 𝑆𝑘𝑗 (1 ≤ 𝑘 ≤ 𝑝; 0 ≤ 𝑗 ≤ 2𝑚) may be empty; on the
other hand, the introduced sets need not be connected.

Let 𝑆𝑇
𝑟𝑗 = 𝑆𝑟𝑗 × {0 ≤ 𝑡 ≤ 𝑇 }.

For equation (1) we impose initial conditions

𝜕𝑖𝑢𝑟

𝜕𝑡𝑖 ∣
𝑡=0

= 𝑔𝑟
𝑖 (𝑥) (𝑥 ∈ 𝐺𝑟; 1 ≤ 𝑟 ≤ 𝑝 + 1; 0 ≤ 𝑖 ≤ 𝑚 − 1), (2)

sovietrxiv.org/items/ru-196601.02241 Machine Translation

https://sovietrxiv.org/items/ru-196601.02241


boundary conditions

∑
|𝑘|≤𝑚−1

𝑏𝑗
(𝑘)(𝑦, 𝑡) 𝜕 |𝑘|𝑢1(𝑦, 𝑡)

𝜕𝑡𝑘0𝜕𝑦𝑘1
1 ⋯ 𝜕𝑦𝑘𝑛𝑛

= ℎ0
𝑗 (𝑦, 𝑡) (3)

((𝑦, 𝑡) ∈
𝑚
⋃
𝑟=𝑗

𝑆𝑇
0𝑟; 1 ≤ 𝑗 ≤ 𝑚)

and conjugation conditions on the discontinuity surfaces

∑
|𝑠|≤𝑚−1

𝑐𝑘,𝑗
(𝑠) (𝑦, 𝑡) 𝜕 |𝑠|𝑢𝑘(𝑦, 𝑡)

𝜕𝑡𝑠0𝜕𝑦𝑠1
1 ⋯ 𝜕𝑦𝑠𝑛𝑛

= ∑
|𝑠|≤𝑚−1

𝑑𝑘,𝑗
(𝑠) (𝑦, 𝑡) 𝜕 |𝑠|𝑢𝑘+1(𝑦, 𝑡)

𝜕𝑡𝑠0𝜕𝑦𝑠1
1 ⋯ 𝜕𝑦𝑠𝑛𝑛

+ ℎ𝑘
𝑗 (𝑦, 𝑡)

(4)

((𝑦, 𝑡) ∈
2𝑚
⋃
𝑟=𝑗

𝑆𝑇
𝑘𝑟; 1 ≤ 𝑗 ≤ 2𝑚; 1 ≤ 𝑘 ≤ 𝑝) .

On 𝑆𝑇
00 boundary conditions are not imposed; correspondingly, on 𝑆𝑇

𝑘0 (1 ≤ 𝑘 ≤
𝑝) conjugation conditions are not imposed.

If some of the boundary conditions (or conjugation conditions) contain only
derivatives of the unknown function of order lower than 𝑚 − 1, then, by differ-
entiating with respect to 𝑡, such conditions can always be brought to the form
(3) (or (4)).

Each of the functions 𝑔𝑟
𝑗 (𝑥) (1 ≤ 𝑟 ≤ 𝑝 + 1; 0 ≤ 𝑗 ≤ 𝑚 − 1); 𝑏𝑗

(𝑘)(𝑦, 𝑡) (|𝑘| ≤
𝑚 − 1; 1 ≤ 𝑗 ≤ 𝑚); ℎ0

𝑗 (𝑦, 𝑡) (1 ≤ 𝑗 ≤ 𝑚); 𝑐𝑘,𝑗
(𝑠) (𝑦, 𝑡), 𝑑𝑘,𝑗

(𝑠) (𝑦, 𝑡) (|𝑠| ≤ 𝑚 − 1; 1 ≤
𝑘 ≤ 𝑝; 1 ≤ 𝑗 ≤ 2𝑚); ℎ𝑘

𝑗 (𝑦, 𝑡) (1 ≤ 𝑗 ≤ 2𝑚;
1 ≤ 𝑘 ≤ 𝑝) is assumed to be analytic in its domain of definition with respect
to all its arguments. In addition, it is assumed that the initial conditions (2)
are naturally compatible with the boundary conditions (3) and the conjugation
conditions (4) at the points of the surfaces 𝑆𝑟 (0 ≤ 𝑟 ≤ 𝑝):

∑
|𝑘|≤𝑚−1

𝑏𝑗
(𝑘)(𝑦, 0)

𝜕𝑘1+⋯+𝑘𝑛𝑔1
𝑘0

(𝑦)
𝜕𝑦𝑘1

1 ⋯ 𝜕𝑦𝑘𝑛𝑛
= ℎ0

𝑗 (𝑦, 0) (𝑦 ∈
𝑚
⋃
𝑟=𝑗

𝑆0𝑟; 1 ≤ 𝑗 ≤ 𝑚) ,

∑
|𝑠|≤𝑚−1

𝑐𝑘,𝑗
(𝑠) (𝑦, 0) 𝜕𝑠1+⋯+𝑠𝑛𝑔𝑗𝑘

𝑠0 (𝑦)
𝜕𝑦𝑠1

1 ⋯ 𝜕𝑦𝑠𝑛𝑛
= ∑

|𝑠|≤𝑚−1
𝑑𝑘,𝑗

(𝑠) (𝑦, 0)
𝜕𝑠1+⋯+𝑠𝑛𝑔𝑘+1

𝑠0
(𝑦)

𝜕𝑦𝑠1
1 ⋯ 𝜕𝑦𝑠𝑛𝑛

+ ℎ𝑘
𝑗 (𝑦, 0)

(5)

(𝑦 ∈
2𝑚
⋃
𝑟=𝑗

𝑆𝑘𝑟; 1 ≤ 𝑗 ≤ 2𝑚; 1 ≤ 𝑘 ≤ 𝑝) .
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Let the numbers 𝛼𝑘𝑗 and 𝛽𝑘𝑗 denote, respectively, the number of positive among
the quantities 𝜆𝑗𝑘

𝑟 (𝑦, 𝑡; 𝜈𝑘(𝑦)) and negative among the quantities 𝜆𝑘+1
𝑟 (𝑦, 𝑡; 𝜈𝑘(𝑦))

for (𝑦, 𝑡) ∈ 𝑆𝑇
𝑘𝑗 (1 ≤ 𝑟 ≤ 𝑚; 1 ≤ 𝑘 ≤ 𝑝; 1 ≤ 𝑗 ≤ 2𝑚; 0 ≤ 𝛼𝑘𝑗, 𝛽𝑘𝑗 ≤ 𝑚). By

definition, 𝛼𝑘𝑗 + 𝛽𝑘𝑗 = 𝑗.

Introduce the notation:

𝐵0𝑗
𝑠𝑞(𝑦, 𝑡) =

𝑚−1
∑
𝑟=0

∑
𝑘1+⋯+𝑘𝑛=𝑟

𝑏𝑠
𝑚−𝑟−1,𝑘1,…,𝑘𝑛

(𝑦, 𝑡)[𝜈0
1(𝑦)]𝑘1 ⋯ [𝜈0

𝑛(𝑦)]𝑘𝑛×[𝜆1
𝑞(𝑦, 𝑡; 𝜈0(𝑦))]𝑚−𝑟−1

((𝑦, 𝑡) ∈ 𝑆𝑇
0𝑗; 1 ≤ 𝑗 ≤ 𝑚; 1 ≤ 𝑠 ≤ 𝑗; 1 ≤ 𝑞 ≤ 𝑚);

𝐶𝑘𝑗
𝑠𝑞 (𝑦, 𝑡) =

𝑚−1
∑
𝑟=0

∑
𝑟1+⋯+𝑟𝑛=𝑟

𝑐𝑘,𝑠
𝑚−𝑟−1,𝑟1,…,𝑟𝑛

(𝑦, 𝑡)[𝜈𝑘
1 (𝑦)]𝑟1 ⋯ [𝜈𝑘

𝑛(𝑦)]𝑟𝑛×[𝜆𝑗𝑘
𝑞 (𝑦, 𝑡; 𝜈𝑘(𝑦))]𝑚−𝑟−1,

𝐷𝑘𝑗
𝑠𝑞(𝑦, 𝑡) =

𝑚−1
∑
𝑟=0

∑
𝑟1+⋯+𝑟𝑛=𝑟

𝑑𝑘,𝑠
𝑚−𝑟−1,𝑟1,…,𝑟𝑛

(𝑦, 𝑡)[𝜈𝑘
1 (𝑦)]𝑟1 ⋯ [𝜈𝑘

𝑛(𝑦)]𝑟𝑛×[𝜆𝑘+1
𝑞 (𝑦, 𝑡; 𝜈𝑘(𝑦))]𝑚−𝑟−1

((𝑦, 𝑡) ∈ 𝑆𝑇
𝑘𝑗; 1 ≤ 𝑘 ≤ 𝑝; 1 ≤ 𝑗 ≤ 2𝑚; 1 ≤ 𝑠 ≤ 2𝑚; 1 ≤ 𝑞 ≤ 𝑚).

The following conditions are assumed to be satisfied:

A. At every point (𝑦, 𝑡) ∈ 𝑆𝑇
0𝑗

det ∥𝐵0𝑗
𝑠𝑞(𝑦, 𝑡)∥𝑗

𝑠,𝑞=1
≠ 0 (1 ≤ 𝑗 ≤ 𝑚),

B. At every point (𝑦, 𝑡) ∈ 𝑆𝑇
𝑘𝑗

∣
∣∣
∣

𝐶𝑘𝑗
1,𝑚−𝛼𝑘𝑗−1(𝑦, 𝑡) ⋯ 𝐶𝑘𝑗

1,𝑚(𝑦, 𝑡) 𝐷𝑘𝑗
11(𝑦, 𝑡) ⋯ 𝐷𝑘𝑗

1,𝛽𝑘𝑗
(𝑦, 𝑡)

⋯ ⋯ ⋯ ⋯ ⋯ ⋯
𝐶𝑘𝑗

𝑗,𝑚−𝛼𝑘𝑗−1(𝑦, 𝑡) ⋯ 𝐶𝑘𝑗
𝑗,𝑚(𝑦, 𝑡) 𝐷𝑘𝑗

𝑗1(𝑦, 𝑡) ⋯ 𝐷𝑘𝑗
𝑗,𝛽𝑘𝑗

(𝑦, 𝑡)

∣
∣∣
∣
≠ 0,

(1 ≤ 𝑘 ≤ 𝑝; 1 ≤ 𝑗 ≤ 2𝑚).

Theorem. Let the coefficients and free terms of equation (1), the boundary
conditions (3) and the conjugation conditions (4), as well as the initial functions
(2) and the surfaces 𝑆𝑘 (0 ≤ 𝑘 ≤ 𝑝), satisfy the smoothness conditions formu-
lated above; let conditions A, B and the compatibility conditions (5) be satisfied.
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Then problem (1)—(4) has a solution 𝑢(𝑥, 𝑡), analytic in each 𝐺𝑇
𝑘 (1 ≤ 𝑘 ≤ 𝑝+1),

except for the characteristic-

those issuing from the points 𝑆0, 𝑆1, … , 𝑆𝑝 and falling inside
𝑝+1
⋃
𝑟=1

𝐺𝜏
𝑟 . On the

indicated characteristics the solution is continuous.

The method used to prove the theorem is an analogue of the well-known method
of half-space potentials, applied in (6) to elliptic boundary-value problems. We
note only that in the hyperbolic case this method leads to Volterra integro-
differential equations, which, in the case of analytic data, are solved by the
method of successive approximations.

Finally, let us observe that conditions A, B are essential for the solvability of
the problem. One can give an example of a problem in which at least one of
these conditions is not satisfied and which is therefore unsolvable.

Lviv State University
named after Ivan Franko

Received
10 VII 1965
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