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Abstract
Full Text

MATHEMATICS

M. A. NAIMARK

ON CONDITIONS FOR THE UNITARY EQUIVA-
LENCE OF COMMUTATIVE SYMMETRIC ALGE-
BRAS IN THE SPACE II,

(Presented by Academician L. S. Pontryagin on 21 IX 196/)

1. In the author’ s preceding article (1), a description was given of commutative
symmetric algebras (c.s.a.) in the Pontryagin space II,. In the present article
necessary and sufficient conditions are given for the equivalence of two c.s.a.’
s realized in accordance with Theorem 1 in (!); the terminology and notation
of article (!) are retained. For the case k = 1, equivalence conditions were
indicated earlier by the author in (%3).

Let R, R be equivalent c.s.a.” s in the spaces II;, ﬁk, with only real eigenfunc-
tionals (e.f.), realized by means of the decompositions

M, =M+N)eHeIl, (1)

I, -+ efel ()

of the algebras R, Rz,ﬁl, ’EQ in 9, H,g, ﬁ, respectively, of biorthogonal bases
{zyy in M, {y;} in N5 {Z;} in N, {§;} in N, and defining many-valued
mappings =,=. Let U be an operator which maps II, isometrically onto II,,

such that the operators A=UAU 1, A € R, form precisely the algebra R. It
is not hard to verify that then:

L If A\ (A),...;\,(A) are all the distinct e.f’ s of the algebra R, then

Al(g), A (;f), where S\J(AV) = \;(A) for A =UAU, are all the distinct e.f.
s of the algebra R.

II. If 3, 9, ‘ﬁ;%, ﬁ, 9 are the principal, basic, and basic null spaces of the
algebras R and R, then

BP=UP, M=UMm, N=UN

III. If P is a nonnegative k-dimensional subspace in II;, invariant with respect
toall A€ R, and P =P, @ - &P, is its decomposition into root lineals
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in B, corresponding to Ay, ..., A, then

T=F,0-0F,,

where ‘13 U, ‘43 = U*B;, is the decomposition of ‘43 into root lineals in

‘B, corresponding to )\1, e Xp.

An analogous assertion is valid if *3,3; are replaced by the subspaces 91, 91;.
Put

oy =U"'Ey, vy =U"1g,, U 0=9. (2)

Then {z;} is a basis in 0, {y};} is a basis in N, biorthogonal to {zih: M, N’

are skew-related. Moreover {x]l} as well as {2} for fixed j, form a basis in
91;; consequently,

"
x;'l = Za’jls‘rjs? (3)
s=1
where a; = |a

y sl I,s = 1,...,4, is a nonsingular matrix. Further putting

U '$ =9, Ul =1II, we have

G =MmNH", W=£ny", M=Ky, L=Mmall, (4)

II,=MR+R)en @I’ (5)

Moreover,

I, =R+ R)eHoll (6)

By virtue of the third relation in (4), every element h € $ can be represented
in the form

75

q
h=> Y (hyj)ay+h', I es. (7)

j=1 1=1

On the other hand, applying (6) to y;-l and taking (3) into account, we obtain

q Tu T
Vi = Z Z Vitpr v + Z bji¥s + B + 7, (8)
p=1v=1 v=1
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where v, = (Y1 Yy )s hgl € 9, 7r]0-l €I, b; = |bj,l, v,l = 1,...,7;, is the
matrix inverse to a;: b; = a;'. From (8) we conclude that (h,y) = (h, h]l>
and therefore (7) is rewritten in the form
g "
h=> > (hhO)al+h, I es. (9)

=1 -1

Define the operator W; from $) into £’ by putting

Wh=h' = ZZ (h, B9y + h. (10)

Jj=11=1

IV. The operator W, maps $) isometrically onto ', and the inverse operator
s given by the formula

q 7
Wit = (0 W)z + W (11)

j=11=1

An analogous assertion is valid for the operator W, from IT onto IT’, defined by
the formula

WQ’IT:’]T/:—Z (7,70 )Ty + (12)

Therefore the formulas V; = UW;, V, = UW, define isometric operators from
$ and II onto $ and II, respectively.

Let now the operators A € R and A=U"1AU € R be given, with the aid of the
systems 5 = {)\jlwajlus?h AlaAQ} € Ea £ = {)‘ h AlvAQ} € Ea
by the formulas

jl’ﬂ-jl’ jls7ajlus? S1Al

<

J

l q
Azy =Y Agexj, Ab=Y_ h,h z + Ayh,
s=1

J=1l=

<
<)

q

Z (m,mj)z ) + Ag, (13)

Jj=1 1=

ijl - Z Z ajlus ps T Z )‘Julyw Jr W;l’

pn=1 s=1
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h,h h}fl €9 MMy, ]l € IT and

il

b q q
T ZAJB Bioo A= "(hhy)Ey + Ah, AR =D (R F)E+

=1 1=1 =1 =1
q Tu Ty _
-~ — ~x 1 ~* ~ %
AR, Ay =D 0D @ T D N+ I+ T, (14)
p=1 s=1 p=1

71,7le, e 9 7 7rjl,7rl eIl (see (3.8)=3.10) in (). Putting in (14) A=
UAU~ 1, W =U"h o =U% h= With/, 7 = Wyle’ and using (2), (3),
(8), (10)—(13), we arrive at the following result:

Theorem 1. Let R, R be commutative symmetric algebras with only real eigen-
functions in the spaces I, II,, given by means of the decompositions (1), (1"),

the bases {:Ejl} {yﬂ} {Z,}, {ﬂjl} l=1,..,r5 j=1,...,¢,in R, R, R, R, the
algebras Rth,RQ,R2 in 9, S’) II, H respectlvely, and the determining mani-

folds =, = associated with them. The algebras R, R are equivalent if and only

if there exist: a) nonsingular matrices a; = HaﬂSH, Lis=1,.,r; j=1,..,¢q

b) numbers vj;,,, [ =1,...,r;; v=1,...,7,; j,p=1,...,¢; c) elements h?l €9,

77?1 elli=1..r;7=1..,¢ d) isometric mappings V;,V; of the spaces
9, IT onto §,II such that:

Z ,yjlp.l/ ] + Z bjt/llyﬂsjy h?l’ hO ) (W?U 71—0 ) = 07

where

b; = Hbﬂl/H = a;l, LU=1,,r;5 s=1,..,1,; jyu=1,..,¢q

2) the formulas

Zzaﬂu J,uubjus’ A - VlA Vvl ) AVQ = ‘/2A2V271’ (15)

p=1rv=

hjs =V, (Aih?s - Z /\jlshg')l + ijlshjl) ) (16)
l=s =1

7Nrjs = ‘/2 (ASW?‘; - Z )\le gl + ijls ]l) ’ (17)
l=s
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q

q q q
ajl;u/ = E : E bgslajspfr WTY + E ’yjl,ur UTS ;LSV + E
s=1T

=1 T7=1 s= 7=1 5=

T T

b l)‘j‘rs’ym,].,-
1

M=

+ gjsl [(h*

js? hﬂy) + (7‘(’;5, ﬂ'g,u)]+

Il
—

q
+ 2; bm’u {(h’gl? h;rr) + (ﬂ-?h ﬂ-u-r)] (A h‘gl’ hy ) (A27le7 ;w) (18)

~

—_
—

—

carry out a one-to-one mapping of = onto

Condition 1) means that the space JR’, spanned by {y;l}, is zero.

2. Suppose now that Hk,ﬁk are separable, that the algebras R,rﬁ are sep-
arable with respect to the operator norm and are given in the form of
canonical models described in Sec. 5 of (). Let

5:/5@)@, 5= [ 8()ds
T T

be the corresponding realizations of the spaces 5753 in these canonical
models. Applying to the second formula in (15) the lemma from Appendix
IV in (%), the argument on p. 223 in (*), and then using formula (16), we
obtain:

Theorem 2. Let R,’E be two equivalent canonical models, specified by means

of the spaces
[swao. [ G
T T

the algebras Ry, R,, Ry, R,, the vector-functions fjl(t),gjl (t), and the defining
manifolds = and Z. Then there exist: a) a homeomorphism s of the space T
onto T, mapping one-to-one the set {tj, j =1,...,m} of all singular points of
the algebra R onto the set {Ej, j=1,...,m} of all singular points of the algebra
’E; b) a o-measurable operator function V;(t), defined o-almost everywhere on
T, whose value for o-almost every ¢t € T is an isometric operator V; (¢) mapping
$(t) onto H(st); ¢) vector-functions h, ()€, v=1,..,r; j=1,..,¢q such
that: 1) the measures d(sA) and o(A), A C T, are equivalent; 2) the operator
V in (15) is given by the formula V{h(t)} = {h(?)}, where h(st) = p(t)V; (t)h(t),
p(t) = da(st)/do(t); 3) o-almost everywhere on T

gju(St) = p( )Vl + Z b]lu&]l )
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and if ¢; is a singular point,

T T
kju = Vlj (Z bjlukjl - Z )‘jlukjl> )

=1 l=v+1

where V;; is the restriction of the operator V; to the singular space K.

Conversely7 if all these conditions are satisfied, then: «) the operator V; maps
$ onto 53 in such a way that R, is mapped onto Rl, B) for the vector-functions

hj(t) = (A(t) — A;)E;(t) — Z N (t) for t #t, hj(t;) = ky,

p=Il+1

;le(z) = (A(B - S‘j)gjl(z) - Z S‘j#lgju@) for 575 Zja ?le(zj) = %jla
p=l+1

relation (16) is satisfied.

Corollary. Let R be a separable c.s.a. with only real c.f. in the separable
space II,. If A, 4, ..., A, are all regular c.f. of the algebra R with eigenvectors
on the principal null subspace 91, then the skew-orthogonal subspace 91’ can be
chosen so that h;(A) =0for j=m+1,...,q

Indeed, from the regularity of \; it easily follows that {£;(t)} € $, and therefore
one may set h?l(t) =—§y(t) for j=m+1,...,q; hy(t) =0for j=1,....q.

Put further

y]l:_fzzhol’ v P«V+yjl+h l:l,...,rj; j=1l...q

p=1v=

and denote by 91" the subspace spanned by {y;}. Then 9" is a null subspace
skew-orthogonal to M, {y};} is a basis in MN’, biorthogonal to {z;}; put " =
mn ‘Jt’l, =N’ Applying Theorems 1 and 2 to the algebras R and
R = R, realized by means of the decompositions IT, = (N + ) @ H I, IT,, =
(M+N) @ H @I, the bases {x;;} in N, {y;},{y);} in N, N', respectively, we
conclude that &;,(st) = p(t)V;(t)[h9,(t) + &;,(t)] = 0, and therefore h;(A) =0
forj=m+1,...,q
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