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Abstract
Full Text
CRYSTALLOGRAPHY
D. T. Sviridov, Yu. F. Smirnov

ALGEBRA OF IRREDUCIBLE CUBIC TEN-
SORS
(Presented by Academician A. V. Shubnikov, January 23, 1965)

For solving problems in which the angular momentum is a conserved quantity, a
powerful mathematical apparatus has been created in quantum mechanics, the
development of which is due mainly to E. Wigner (1) and G. Racah (2). This
apparatus includes the theory of 3𝑗, 6𝑗, 9𝑗, … , 3𝑛𝑗-symbols (1−3), the theory
of genealogical coefficients (2), and the algebra of tensor operators (2,3). It
has found wide application in the theory of atomic and nuclear spectra; with
its aid various calculations connected with the use of eigenfunctions of angular
momentum, or basis functions of irreducible representations of the group of
three-dimensional rotations 𝑅3, are substantially simplified.

If a problem possesses not spherical symmetry but some other symmetry char-
acterized by a group 𝐺, then it becomes necessary to generalize this technique
to groups different from 𝑅3. Wigner showed that the theory of 3𝑗, 6𝑗, … , 3𝑛𝑗-
symbols for the so-called simply reducible groups can be constructed in complete
analogy with the corresponding theory for 𝑅3. The simply reducible groups in-
clude a number of point groups (the cubic 3/4 𝑇𝑑, 3/4 = 𝑂, ̄6/4 = 𝑂ℎ; the
group 3 ⋅ 𝑚 = 𝐶3𝑣, etc.), the permutation groups 𝑆3 and 𝑆4, and others. The
Wigner—Eckart theorem, the fundamental theorem of the algebra of tensor op-
erators (4), was extended to all groups. In recent years, a similar mathematical
apparatus has been intensively developed for cubic groups, since in practice one
very often has to deal with problems possessing cubic symmetry. These are,
first of all, the problem of the spectrum of an ion in a strong crystalline field (5).
We encounter problems possessing cubic symmetry in the consideration of many
molecules. The same problems also arise in the 𝛼-particle model of the nucleus
(6). The properties of 3𝑗, 6𝑗, and 9𝑗-symbols for cubic groups were studied in
works (5,7−10), where tables of numerical values of these quantities were com-
piled. One-particle genealogical coefficients for these groups were considered
and calculated (7,11).
At present, the technique of 3𝑛𝑗-symbols and genealogical coefficients is widely
used in ligand-field theory for studying the spectra of impurity ions in crystals
and the spectra of complex ions (5,7). It seems expedient to supplement this
apparatus with the algebra of cubic tensors, which is a generalization of the alge-
bra of tensor operators for the group 𝑅3. The need for this generalization arises
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in considering electromagnetic transitions for ions in a crystal. This technique
will also be useful in the case when, along with cubic fields, fields of lower sym-
metries must also be taken into account. Moreover, it can be used to analyze
the coupling of vibrations with rotations in molecular spectra (12), etc.
Let there be a set of orthonormal functions 𝜓𝑗𝜇(r) forming a basis of an irre-
ducible representation 𝑗 of some cubic group (for definiteness we shall have in
mind the tetrahedral group 3/4). The index 𝜇 indicates the row of the repre-
sentation matrix according to which transforms

The function 𝜓𝑗𝜇; 𝜇 takes as many different values as the dimension of the
irreducible representation 𝑗, which we shall denote by the symbol [𝑗].
When the operation 𝑅 of the given cubic group is performed, the basis functions
𝜓𝑗𝜇 of the irreducible representation 𝑗 are transformed by means of the matrix
of this representation Δ𝑗

𝜇𝜇′(𝑅):

𝑅𝜓𝑗𝜇′ = ∑
𝜇

𝜓𝑗𝜇Δ𝑗
𝜇𝜇′(𝑅). (1)

When the same operation 𝑅 is performed, the operator 𝑈 , acting on the basis
functions 𝜓𝑗𝜇, is transformed according to the law

𝑈 ′ = 𝑅𝑈𝑅−1. (2)

An irreducible cubic tensor of type 𝑘 is defined as a set [𝑘] of operators 𝑈𝑘
𝑞 , which

under the operations of the given cubic group are transformed in the same way
as the functions 𝜓𝑘𝑞 forming a basis of the irreducible representation 𝑘 of this
group, i.e.,

𝑅𝑢𝑘𝑅−1

𝑞′ = ∑
𝑞

𝑢𝑘
𝑞Δ𝑘

𝑞𝑞′(𝑅). (3)

Most operators used in quantum-mechanical calculations either are themselves
irreducible cubic tensors or can be represented in the form of a certain combi-
nation of them. Thus, the coordinate and momentum operators of a particle
are tensors of type 𝑇2 (the group 3/ ̄4 is meant), the operators of orbital angular
momentum, spin, and magnetic moment are tensors of type 𝑇1, the operator
of an electric dipole transition transforms according to the representation 𝑇2,
the 5 components of the electric quadrupole-moment operator decompose into
2 cubic tensors of types 𝐸 and 𝑇2, etc. Cubic tensors occur in molecular theory,
in the 𝛼-particle model of the nucleus, in crystal-field theory, and so on. In
particular, for molecules possessing symmetries 3/ ̄4, 3/4, etc., the coordinate
operators of normal vibrations 𝑄𝑘𝑞, or the corresponding operators of creation
and absorption of vibrational quanta, are components of a cubic tensor of type
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𝑘. In crystal-field theory, along with the principal field possessing cubic sym-
metry, the influence of fields of lower symmetry (trigonal, tetragonal) is taken
into account. The potentials describing fields of lower symmetry also constitute
a set of cubic tensors.

For irreducible cubic tensors, as for spherical tensors, the Wigner—Eckart theo-
rem is valid (5):

⟨𝛾′𝑗′𝑚′ ∣ 𝑈𝑘
𝑞 ∣ 𝛾𝑗𝑚⟩ = ⟨𝑗𝑚𝑘𝑞 ∣ 𝑗′𝑚′⟩

[𝑗′]1/2 ⟨𝛾′𝑗′‖𝑈𝑘‖𝛾𝑗⟩ = ⟨ 𝑗𝑘𝑗′

𝑚𝑞𝑚′⟩ ⟨𝛾′𝑗′‖𝑈𝑘‖𝛾𝑗⟩.
(4)

This equality is not only an expression of the Wigner—Eckart theorem, but also
a definition of the reduced matrix element ⟨𝛾′𝑗′‖𝑈𝑘‖𝛾𝑗⟩. Here 𝑗, 𝑘, 𝑗′ are sym-
bols of irreducible representations of the cubic group; 𝛾, 𝛾′ are other quantum
numbers characterizing the wave function (for example, the magnitude of the
angular-momentum quantum number 𝑙 in a cubic harmonic, etc.).

In order to calculate the reduced matrix element, one must calculate the full
matrix element for a concrete set of values 𝑚, 𝑞, 𝑚′ and then divide it by the
values of the 3𝑗-symbol (tables of 3𝑗-symbols or equivalent quantities may be
found in works (6, 8–11)).

The basic propositions and relations of the algebra of spherical tensors (1–3) are
directly generalized to cubic groups.

The tensor product of two cubic tensors 𝑇 𝑘1𝑞1 and 𝑈𝑘2𝑞2 is defined as follows:

[𝑇 𝑘1𝑞1 × 𝑈𝑘2𝑞2 ]𝑘𝑞 = ∑
𝑞1𝑞2

𝑇 𝑘1𝑞1 𝑈𝑘2𝑞2 [𝑘]1/2 ⟨𝑘1𝑘2𝑘
𝑞1𝑞2𝑞⟩ . (5)

If, from the functions 𝜓𝑗1𝜇1
(𝑥1), 𝜓𝑗2𝜇2

(𝑥2), a total function |𝑗1𝑗2𝑗𝜇⟩ has been
constructed, transforming according to the representation 𝑗 of the given cubic
group, and the operator 𝑇 acts only on the variables 𝑥1, while the operator 𝑈
acts only on 𝑥2, then the reduced matrix element of the tensor product (5) has
the form

⟨𝛾𝑗1𝑗2 ∶ 𝑗‖[𝑇 𝑘1 × 𝑈𝑘2 ]𝑘‖𝛾′𝑗′
1𝑗′

2 ∶ 𝑗′⟩ =

= [𝑗]1/2[𝑗′]1/2[𝑘]1/2 ⎡⎢
⎣

𝑘 𝑗 𝑗′

𝑘1 𝑗1 𝑗′
1

𝑘2 𝑗2 𝑗′
2

⎤⎥
⎦

∑
𝛾″

⟨𝛾𝑗1‖𝑇 𝑘1‖𝛾″𝑗′
1⟩⟨𝛾″𝑗2‖𝑈𝑘2‖𝛾′𝑗′

2⟩. (6)

The properties of the 9-𝑗 symbols for cubic groups entering this formula have
been investigated in paper (7); the numerical values of these coefficients are also
given there (see also (8)).
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If one of the representations 𝑗, 𝑘, 𝑗′ is the totally symmetric one (𝐴1), then
formula (6) is simplified. For example, for 𝑘 = 𝐴1 (𝑘 = 0) we have*

⟨𝛾𝑗1𝑗2 ∶ 𝑗𝜇‖[𝑇 𝑘1 × 𝑈𝑘1 ]0‖𝛾′𝑗′
1𝑗′

2 ∶ 𝑗′𝜇′⟩ =

= 𝛿𝑗𝑗′𝛿𝜇𝜇′(−1)𝑗2+𝑗2+𝑗+𝑘1 [𝑗1 𝑗2 𝑗
𝑗′

2 𝑗′
1 𝑘2

] [𝑘1]−1/2 ∑
𝛾″

⟨𝛾′𝑗1‖𝑇 𝑘1‖𝛾″𝑗′
2⟩⟨𝛾″𝑗′

2‖𝑈𝑘1‖𝛾𝑗′
2⟩.

(7)

If the operator 𝑈𝑘2𝑞2 = 1, then

⟨𝛾𝑗1𝑗2 ∶ 𝑗‖𝑇 𝑘1‖𝛾′𝑗′
1𝑗′

2 ∶ 𝑗′⟩ =

= 𝛿𝑗2𝑗′
2
(−1)𝑗1+𝑗2+𝑗′+𝑘1 [𝑗]1/2[𝑗′]1/2 [𝑗1 𝑗2 𝑗

𝑗′ 𝑘1 𝑗′
1
] ⟨𝛾𝑗1‖𝑈𝑘1‖𝛾′𝑗′

1⟩. (8)

The formula for the matrix element of the tensor product of two operators acting
on one and the same variable has the form

⟨𝛾′𝑗′‖[𝑇 𝑘1 × 𝑈𝑘2 ]𝑘‖𝛾𝑗⟩ =

= (−1)𝑗+𝑗′+𝑘[𝑘]1/2 ∑
𝛾″𝑗″

⟨𝛾′𝑗′‖𝑇 𝑘1‖𝛾″𝑗″⟩⟨𝛾″𝑗″‖𝑈𝑘2‖𝛾𝑗⟩ [𝑘1𝑘2𝑘
𝑗 𝑗′ 𝑗″] . (9)

In contrast to paper (13), where, in the mean crystal-field approximation, 𝑗-
symbols and genealogical coefficients for the group 𝑅3 are used and where the
energy of an ion in a crystal field is expanded in spherical harmonics, in the
strong crystal-field approximation it is expanded in crystal harmonics

𝑉cr(r1, … , r𝑁) = ∑
𝑙𝛾𝑗𝜇

𝑁
∑
𝑖=1

𝐵𝑙𝜋
𝛾𝑗𝜇𝑡𝑙𝜋

𝛾𝑗𝜇(r𝑖), (10)

where

𝑡𝑙𝜋
𝛾𝑗𝜇(r) = 𝑉𝑙(𝑟) |(𝑙𝜋)𝛾𝑗𝜇⟩. (11)

*
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In formula (7) and in what follows the expression (−1)𝑗 may be understood
literally if the irreducible representations of the cubic groups 𝐴1, 𝐸, 𝑇2 are num-
bered by even integers 𝑗, and the representations 𝐴2 and 𝑇1 by odd integers.
For example, one may, as is done in paper (10) for the tetrahedron group, assign
𝑗 = 0, 1, 2, 3, 4 to the representations 𝐴1, 𝐴2, 𝐸, 𝑇1, 𝑇2, respectively.

The formula for the reduced matrix element has the form

⟨(𝑙𝜏2
2 )𝛾2𝑗2 ∥𝑡 𝑙𝜋

𝛾𝜇∥ (𝑙𝜋1
1 )𝛾1𝑗1⟩ = ∑

𝑙𝑚𝑚1𝑚2𝜇𝜇1𝜇2

⟨ 𝑗1𝑗𝑗2
𝜇1𝜇𝜇2

⟩ (𝛼 𝑙𝜋2
2 𝑚2

𝛾2𝑗2𝜇2
)

∗

⋅ 𝛼 𝑙𝜋𝑚
𝛾𝑗𝜇 𝛼 𝑙1𝜋1𝑚1

𝛾1𝑗1𝜇1
⟨𝜓𝛾2𝑗2

(r) |𝑉𝑙(r)| 𝜓𝛾1𝑗1
(r)⟩ (𝑙1𝑚1𝑙𝑚 ∣ 𝑙2𝑚2)(𝑙2‖𝑙‖𝑙1),

(12)

where the reduced matrix element for spherical harmonics is calculated from the
formula

(𝑙2‖𝑙‖𝑙1) = √(2𝑙 + 1)(2𝑙1 + 1)
4𝜋(2𝑙2 + 1) (𝑙10𝑙0 ∣ 𝑙20). (13)

The combined use of the formulas and relations given in the present article
and of the ordinary algebra of spherical tensors makes it possible to calculate,
in a uniform way, matrix elements encountered in practice, into which enter
irreducible representations both of the rotation group and of point groups.

In conclusion, the authors consider it their pleasant duty to express their grat-
itude to A. V. Shubnikov for his attention and to Yu. M. Shirokov and V. G.
Neudachin for valuable discussions.
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