Soviet-era science, translated into English

V. PROIZVOLOV

1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196501.97885

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196501.97885

Abstract
Full Text

V. PROIZVOLOV

ON THE POINTWISE AND INTEGRAL CARDINAL-
ITY OF SYSTEMS OF SUBSETS OF A TOPOLOGICAL
SPACE

(Presented by Academician P. S. Aleksandrov on 24 X 1964)

Corson and Michael proved [1] that a point-countable base of a countably com-
pact space is countable. Here a stronger assertion is proved (Theorem 1). The-
orem 2, in particular, answers the question of how the pointwise and integral
cardinalities of a base of a finally compact space are related.

Definition. A system of open sets is called a t-pseudobase of a space X if, for
every point x € X, it contains a subsystem whose elements have intersection
exactly the point x.

A topological space possessing a t-pseudobase is automatically a T)-space. A
base of a T -space is, evidently, a t-pseudobase.

Theorem 1. Let X be a countably compact space, and let B be its t-pseudobase,
point-countable on an everywhere dense subset M of X. Then the t-pseudobase
B is countable.

Proof. We shall construct by induction countable sets C; for all natural i.
Take an arbitrary point a« € M and its countable star from the ¢-pseudobase B;
denote the star by «. For every finite collection of elements U, U,,...,U,, € v,
choose one point

z(U,,...,U,)e MnN (X\ UUj) ,

Jj=1

if such a point exists for the given collection. Denote by C; the union of such
points (over all finite collections of the star ). Suppose C; has been constructed.
We shall construct C;, ;. The system B; is the union of all those elements of
the t-pseudobase B which intersect at least one of the C), k = 1,...,i. If
Ui,...,U,, € B, (where m is a natural number), then take a point

z(U,,...,U,) e MN (X\ UUj> :
j=1

J

if such a point is found. The union of all such points, taken one for each finite
collection of elements of B;, is the set C; ;.
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Each of the sets C; is countable. Put C' = U;}Z C;; evidently, the set C is
countable. We show that [C] = X. Suppose the contrary, X \ [C] # A. Then
there is a point a € M N (X \ [C]). For each point « € [C] there is an element
U, € B, containing the point x and such that U, % a, since B is a t-pseudobase
in X. The union of such U, over all points = € [C] forms a cover w = {U,} of
the set [C]. The cover w is countable, since C' is a countable everywhere dense
subset of [C] and since each point of the set C' C M, by the hypothesis of the
theorem, belongs to no more than countably many elements of B.

Since [C], as a closed subspace of a countably compact space, is countably
compact, from the countable cover w one can choose

finite cover {Uy,...,U,,}; [C] C U;nzl U;. It is not hard to see that there is a

natural number ¢ such that U,,U,,...,U,, € B;. But then C;,; must contain
the point

(U, Uy, ..., U, ) € M N (X\ U Uj> ,

Jj=1
if such a point exists. But such a point does exist: for example, the point a.
Thus, a point of C; ; has been found which belongs to X \ Ujm:1 U;, which

contradicts the fact that C;,; C C C U;n:l U;. Hence, [C] = X, ie. C is an
everywhere dense countable set of the space X.

Every point of the set C' C M belongs to at most countably many elements of
B, and every element of B contains at least one point of the set C'; hence it
follows that the t-pseudobase B is countable, as was required to prove.

Theorem 1 has the following generalization.

Theorem 1’. Let X be a space such that, from every open cover of cardinality
T <Ny, one can extract a finite cover, and let B be its t-pseudobase of pointwise
cardinality < 7 on an everywhere dense subset M of X. Then the t-pseudobase
B has cardinality < .

Corollary 1. Let X be a bicompact space, and let B be its t-pseudobase whose
pointwise cardinality is < T on an everywhere dense subset M of X. Then the
cardinality of B < .

This corollary includes the theorem of A. Mishchenko (?) (together with the
strengthening given to it in (%)). From Theorem 1 there follows the correspond-
ing theorem of Corson and Michael from (1).

Corollary 2. Let X be a locally bicompact Hausdorff space, and let B be its
base, pointwise countable on an everywhere dense subset M of X. Then X is
metrizable.

Corollary 3. Let X be a locally bicompact Hausdorff space, and let B be its
base whose pointwise cardinality is < 7 on an everywhere dense subset M of X.
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Then X decomposes into isolated subspaces of weight < 7. In particular, if X is
connected, then its weight is < 7.

We derive Corollary 3. From B we select a subsystem B’ of such elements
whose closures are bicompact. The subsystem B’, obviously, is a cover of X, the
elements of which have weight < 7, in view of Corollary 1. We shall call points
xy, ¢, € X equivalent if there exists a finite set of elements By, ..., B,, € B’ such
that g € By, , € B,, B,N B, ., #A,i=1,2,...,n—1.

It is easy to see that X decomposes into open subspaces of equivalent points.
Denote one of them by A. Since each element of the cover B’ intersects no more
than 7 other elements, the locally bicompact subspace A is the union of no more
than 7 subsets whose weights are < 7. By the addition theorem it follows that
the weight of A < 7. The assertion is proved.

Examples are known (1'2) of finally compact spaces with a pointwise countable
base, but without a countable base. However, the following theorem is true,
limiting the cardinality of pointwise countable bases.

Theorem 2. Let X be a finally compact space, and let B be its t-pseudobase,
pointwise countable on an everywhere dense subset M of X. Then the cardinality
of the t-pseudobase B < 2o,

Sketch of the proof. The proof of Theorem 2 has much in common with the
proof of Theorem 1. We shall construct, by transfinite induction, sets C, for all
ordinal numbers a up to w; exclusively (up to w; because no countable sequence
is cofinal with it—

ness). I take an arbitrary point a € M and its countable star + from the
t-pseudobase B. For every countable set of elements {U;} € v choose one point

x{U;} € M N (X\ Uz-) ,

=1

if such a point exists. Denote by C; the union of such points for all countable
(or finite) sets of the star 7. Suppose that C, have already been constructed
for all ordinal numbers o up to the ordinal number p. We shall construct C,,.
The system B,, is the union of all those elements of the ¢-pseudobase B which
intersect at least one of the C, where @ < p. Let a countable subsystem
{U,} € B*; then take a point

J;{UJEMQ(X\[OJUJ»),

Jj=1

if such a point exists. The union of such points, taken one for each countable (or
finite) set of elements of B, is the set C),. Each of the sets C, has cardinality
< 2%, Put C = U, C4; obviously, the cardinality of C' < 280,
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It remains to prove that [C] = X, after which one may conclude that the
cardinality of the t-pseudobase B < 2%o.

Theorem 2 has the following generalization.

Theorem 2’. Let X be a space such that from every open cover of cardinality 27
(1 > N,) one can select a cover of cardinality < T, and let B be its t-pseudobase
of point cardinality < 7 on an everywhere dense subset M of X. Then the
t-pseudobase B has cardinality < 27.

For 7 = X, Theorem 2" gives a stronger assertion than Theorem 2.
We now give a theorem on the cardinality of ¢-pseudobases in metric spaces.

Theorem 3. A metric space of weight < 27 has a t-pseudobase of cardinality
< 7. In particular, a metric space whose weight is 2% has a countable t-
pseudobase.

We shall preface the proof of the theorem with several lemmas.

Lemma 1. Suppose there is a condensation f : X — Y, where Y has a t-
pseudobase of cardinality 7. Then X also has a t-pseudobase of cardinality
T.

Indeed, if w = {w,} is a t-pseudobase of cardinality 7 in Y, then f~lw =
{f'w,} is a t-pseudobase in X, in view of the fact that f is a condensation.

Lemma 2. The bicompactum I™ (the product of T copies of a line segment) has
a t-pseudobase of cardinality T.

On each segment factor I, there is a countable base w, = {U,;}; a typical
element of the t-pseudobase is the product of U, with all the remaining segment
factors (except I,).

Lemma 3. A space of isolated points of cardinality < 27 has a t-pseudobase of
cardinality < 7.

A space of isolated points of cardinality 27 condenses onto I7. Since I7, by
Lemma 2, has a t-pseudobase of cardinality 7, the space of isolated points, by
Lemma 1, also has a t-pseudobase of cardinality 7.

We prove Theorem 3. By Bing’ s criterion, the metric space M has a o-discrete
base v = {v;}, where each ~, is a discrete system of elements; v = {v,,}
The system +; is isomorphic to a space of isolated points of cardinality < 27.
Consequently, by Lemma 3, there is such a collection of subsystems in ~; of
cardinality < 7 that every element of

v; can be obtained as the intersection of certain elements of this family; denote
this family by T',. It is not hard to verify that ' = {I',}, i = 1,2,..., is a
t-pseudobase in M. The theorem is proved.

Remark. The cardinality of a space having a countable t-pseudobase is < 2%o.
Indeed, every point, by the definition of a ¢-pseudobase, can be obtained as the
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intersection of some subsystem of elements of the ¢-pseudobase, and the set of
subsystems of a countable system is < 2%. Hence it follows that Theorem 3 is
final.

In conclusion we pose a question. If a bicompactum has a countable t-
pseudobase, does it also have a countable base? In general, does the minimal
cardinality of a t-pseudobase of a bicompactum coincide with its weight?*
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* Note added in proof. After the article had been submitted for typesetting,
an affirmative answer to this question was obtained.
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