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A gyroscopic compass whose sensitive element is mounted on a platform sta-
bilized in the horizontal plane and is brought into the meridian by means of
correcting torques applied to the gyroscope (1) may be called a corrected gyro-
compass.

Let us consider a single-rotor corrected gyrocompass, consisting of an astatized
gyroscope whose outer gimbal-ring axis is mounted on a platform stabilized in
the horizontal plane and, consequently, coincides with the axis £ directed along
the radius of the terrestrial sphere (Fig. 1). The angles o and 8 determine the
position of the gyroscope rotor axis z relative to the reference system &n¢. We
shall denote the angular velocity of the gyroscope’ s proper rotation by ®’.

The projections of the instantaneous angular velocity of the reference system
&nC onto its axes £, 7, ¢ will be

u2:Ucos<p+U—E, ug:Usincp—i—U—Etgcp7 (1)
R R

where vy and vy are the eastward and northward components of the ship’ s

velocity relative to the terrestrial sphere, R is the radius of the terrestrial sphere,

U is the angular velocity of the daily rotation of the terrestrial sphere, and ¢ is

the latitude of the ship’ s location.

Restricting ourselves to the study of the precessional motion of the gyrocompass,
one may take for its kinetic energy the approximate expression

T~ /0, (2)

where C' is the moment of inertia of the gyroscope rotor relative to its axis z,
and 7 is the projection of the absolute angular velocity of the gyroscope onto
the axis z. It is not hard to see that
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Fig. 1

Figure 1: Fig. 1

r=a'sinf+ & — uy sinacos B + +uqy cos acos f + ug sin 5. (3)

Fig. 1

Assuming that the moment of the resistance forces about the gyroscope rotor
axis z is balanced by the active driving torque, we take Q4 = 0. Since 9T /0P’ =
Cr, 0T /0® = 0, we shall have

Cr = H = const. (4)

Taking into account that

OT /0o’ = Hsin 3, OT [0 = —H (uy cos acos f + uqy sinacos ) ,

T /o =0, (5)

0T /0B = H (o’ cos B+ uq sin asin 8 — uy cos asin B + ug cos 3)

we find the following equations of motion of the gyroscopic compass:

Hp' cos B+ H(uy cosacos f+ uysinacos f) = My,
H(a' cos B+ uy sinasin 8 — uq cos asin 8 + ug cos f) = M. (6)

xr
Here M, and M,. are the correcting torques applied to the gyrocompass about
the axes £ and z*, respectively.

Since the instrument is mounted on a platform stabilized in the horizon, the
elevation angle 8 of the z-axis of the gyroscope rotor above the plane of the
horizon can be measured.

The angle between the direction of the horizontal projection of the z-axis of
the gyroscope and the vector v of the ship’ s velocity relative to the terrestrial
sphere (Fig. 1) is equal to 9 + «, where v is the ship’ s course. Since the angle
1+ «a can be measured, then, if an instrument is available which determines the
ship’ s velocity relative to the terrestrial sphere, the components of the ship’ s
velocity vcos(¢ + o) and vsin(¢ + «) can be determined.

Also assuming the latitude ¢ of the ship’ s position to be known, one can apply
to the gyroscope correcting torques formed according to the law
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M, = —H% cos(¥ + ) cos B — pK sin 3,

M, = —H% sin(¢) + «) sin S+
+H Usingp—i—%sin(d)—l—a)tgap cos 3 + K sin f3, (7)
where p and K are certain constant coefficients. Here it is naturally assumed

that the latitude of the ship’ s position ¢ < 90°.

Taking into account that

veos(1h + ) = vy cosa — vy sin @,

vsin(y + @) = vy cos a + vy sin a, (8)

where

Uy = UCOS 1Y, vy = vsiny, 9)

and replacing M, and M,. by their expressions (7), the equations of motion of
the gyroscopic compass (6) can be reduced to the form

Hf cos 4+ HU cos g sinacos 8+ pK sin 3 = 0,
Ha' cos B — HU cos o cos asin S+

—l—H%tggpcosB(l — cos ) —H%V tgpsinacos f— Ksin 8 = 0. (10)

It is not difficult to see that the system of differential equations (10) has the
particular solution

a=0, pB=0. (11)

Thus, for any law of motion of the ship v = v(¢), the direction toward the north
is an equilibrium position of the z-axis of the gyrocompass, i.e. the corrected
gyrocompass has no speed deviation.

For satisfactory operation of the gyrocompass, its oscillations relative to the
equilibrium position o = = 0 must be damped.

The variational equations, which can be obtained from (10) by taking « and g
to be small angles, can be brought to the form

PN (B _ o ME o=
@ Rtggpa <H+Ucoscp>5f0, B+H6+Ucoscp a=0. (12)
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Since vy = vy (t), ¢ = ©(t), equations (12) constitute a system of linear differ-
ential equations with variable coefficients.

Sufficient conditions for the asymptotic stability of the particular solution (11),
which determines the equilibrium position of the z-axis of the gyroscopic com-
pass, will be found with the aid of a Lyapunov function, which can be con-
structed by the method proposed in (2).

Denoting

Ht)=Ltgp,  f(t) = Ucose, (13)

we reduce equations (12) to the form

o B = [hat HNE  F gt sa=[s— Lo (14)

Here the coefficient s in the second equation (14) is chosen so that, for the
system of equations

K K
[ e / Je— = 1
o HB 0, ﬁ+Hﬁ+sa 0 (15)

the characteristic equation

5 MK sK
Ll 2 = 1
Y HFIT g 0 (16)
has a pair of complex roots
V1s Ve = € £ wi, (17)
where
1/2
nK sK 2)
—_ frd —_— . ]-
€ SH’ w (H € (18)

We now pass to new variables x; and x4, which we introduce by means of the
relations

eH wH
o =Ty, B = T T T (19)

In accordance with (14), the functions z; and z, will satisfy the differential
equations
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2= [+ 110+ Z200) 21+ [1+ L (0)] 0

, H K € eH
s = ¢ [1= 2 )] o~ {w— SHls— KOV + S [£0 + S H0)] o
(20)
As a Lyapunov function we take the negative definite function
L 9 2
V:_§($1 + 3). (21)

Tts derivative with respect to time, by virtue of the differential equations (20),
will have the form

V' = ay,27 4 20158125 + G903, (22)
where

ap =— {5 + f1(t) + %fz(t)} )

wa= 3 (A0~ @ = h0 - - R0l}. (3)

g = —€ [1 - %fz(t)] :

According to Sylvester’ s theorem, the quadratic form (22) will be positive
definite if, for any instant of time ¢, the conditions

a1 (t) >0, ayy (t)age(t) — [aga(t)]* >0 (24)

are satisfied.

Conditions (24) are sufficient conditions for the asymptotic stability of the equi-
librium position of the gyroscopic compass.

As an example, consider a wide-range compass whose parameters have the val-
ues: K/H = 3.6 sec™*, u = 0.005. The coefficient s, by which the transfor-
mation (14) is determined, and accordingly the parameters of the Lyapunov

function, will be taken as s =4 - 1075 sec™!.

For the indicated parameter values, the sufficient stability conditions (24) are
satisfied at any point of the rectangle
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—Pm < ¥ < Pm> —Um < Un < Ums (25)
where ¢, = 85°, v,, = 600 m - sec™!, so that the corrected gyroscopic compass
can be used in aviation, as was also noted in work (1).

Let us note that, since ¢ = vy/R, the latitude of the vessel’ s location is
determined by the expression

p(t) = o(0) + /0 ”NTET)dT. (26)

It follows from what has been set forth that the equilibrium position of the
gyroscopic compass preserves stability under any law of variation of the northern
component of the vessel’ s velocity vy = vy (t), for which vy (¢) and ¢(t) do not
leave the region (25).
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