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1. In any symmetric model of elementary particles, irreducible tensor operators
prove useful, i.e., operators transforming according to an irreducible representa-
tion of the symmetry group. In particular, they are convenient for investigating
the mass spectrum and scattering amplitudes. An example of their application
is Okubo’ s mass formula in a model based on the group SUs.

Any matrix element of a tensor operator can be expressed in terms of the Clebsch
—Gordan coefficients of the group (see (1)). If nothing is known about the
operator except its transformation properties, then arbitrary parameters enter
such an expression. Eliminating them, one can obtain relations between matrix
elements that are consequences of the transformation properties of the operator.
Below another method is described, making it possible to obtain such relations
directly and in explicit form.

The method is applied to tensor operators of a special kind, which occur in the
SUs-model of strong interactions (isoscalar and hyperscalar operators). Rela-
tions between particle masses in the Okubo approximation are obtained for an
arbitrary representation. They turn out to be a simple generalization of the
relations that exist in the unitary octet and decuplets.

2. Consider the group SU,; and denote its irreducible representations by p =
(p,q), and the basis vectors of these representations by |uv), where v = (ytts)
—hypercharge, isospin, and the projection of isospin (). Then to each element
of the group there corresponds the transformation

u(luv)) =" [ )DY), = Uluw),

u((uv]) = (/' |DY) = (uo|U—, (1)

v

where fof)u =D Pf)u(u) are the matrices realizing the representation p. Let the
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operator T} act in the space spanned by the vectors |u/v’) (with all possible p’
and v’). Then it can be represented in the form

T = 3 ) (avsl - (g T [pars). )

M1V o2

Under the transformation (1) it goes over into

u(Ty) = Z Ulpy ) (pavo| U™ - (py vy [T [pgv) = UTS U (3)

H1VifoVo

An operator T} is called an irreducible tensor operator if it transforms as the
vector |uv):

) =2 1Dy )
Comparing (4), (3), and (1), we obtain

S DU D) Gy [T gve) = > ([Tl |uovs) DLV, (5)
[ 28723 v’

Equality (5) makes it easy to prove the following theorem.

Theorem 1. Let ®(ur) be vectors transforming as |uv). Then, in order that
the numbers (v, |T4 |119v5) be matrix elements of some tensor operator Ty, it
is necessary and sufficient that the vectors

v (ki pt) Z D (11107 @™ (pgva) (g vy [ TV | o) (6)

V1Va

transform as |uv).

The idea of the proposed method is as follows. Take a complete set of commuting
operators consisting of two independent invariants of the group SU; (denote
them by F? and E3) and the operators Y, T2, and T; (hypercharge, the square
of isospin, and the projection of isospin), and apply each of these operators to
the vector ®,. As a consequence of Theorem 1, ®) is an eigenvector of the
listed operators with eigenvalues respectively F2(u), E3(u), y, t(t + 1), and
ty, where (ytt;) = v. On the other hand, the action of these operators on
the right-hand side of equality (6) can be found by knowing the action of the
generators of the group on the vectors ®(uv). Equating the expressions found by
these two methods, we obtain the desired relations between the matrix elements

<ﬂ1V1|T#|N2V2>~
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3. The method described was applied in the particular case where v = 0 =
(000). A vector with such quantum numbers is contained only in rep-
resentations of the form o = (s,s). Thus, the operator considered was
15 = Téng) = T%. Such an operator is invariant with respect to the sub-
group of isotopic rotations and the hypercharge gauge group. Therefore
it may be called an isoscalar and hypercharge-scalar tensor operator.

Let us note that, owing to the special choice of the representation o = (s, s), only
one of the two invariants of the group is sufficient for fixing the transformation
properties. As this invariant we used the operator F? = F2¥ quadratic in the
generators F'* of the group (1). In order to find the result of its action on the
right-hand side of (6), the explicit form of the matrix elements of the generators
(1) was used. Instead of checking the action on ® of the operators Y, T?, Ty, the
necessary transformation properties were ensured with the aid of the Clebsch—
Gordan coefficients of the subgroup SU,. The result of the calculations can be
stated in the form of the following theorem.

Theorem 2. In order that the quantities (u,y* t(1>t 1T | )t t(2>t< >> be

matrix elements of some tensor operator 7% = Tooo) of the group SUs, it is

necessary and sufficient that they:

1) be different from zero only when

2
Yy =92 =y, t) =2 = ¢, té ) — té ) — ta; (7)
2) be independent of ¢4:

(i ytts|T* | pgytts) = a5 (yt); ®)
3) satisfy the relations

[3/ y2 + 215(,5 + 1) + Asmuz] aSPikz (y, t)+

= [ AMake tasStibe (y — 1. ¢t —1
o A (o ey — 1,6 =)+

Ak (Y oy +t 4+ Dattiz(y + 1,6 +1/,)+
+AM1M2(1/2y — t)asf‘l“?(y +1,t— 1/2>+
A2 (L yy —t —1)atz(y — 1t +1/,)} =0,

where

Astakz = F2(s) — F?(puy) — F?(py),
Atk (I) = /A (1) Ar=2 (1),
AT = B3 (p) + [F?(p) +1]17 = I, (10)
F*(u) = F*(p,q) = '/5[(p + 9)* = pgl +p + ¢,
E¥(p) = E*(p,q) = /3(p — ){"/o[2(p + @)* + pg] + p + g+ 1},
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y, t are such that the vectors | ytts) and |u ytts), —t < t5 < t, exist simulta-
neously.

In formulas (10), E* denotes the second independent invariant of the group SUs;,
cubic in the generators.

4. Tensor operators of type T are used to find the spectrum of particle
masses in the octet model of strong interactions. For example, in the
Okubo approximation the mass operator has the form (%)

M=T°+T" (11)

Such an operator could be studied by means of formula (9). However, much more
transparent results are obtained if, for this particular case, all the calculations
are carried out anew, in a somewhat different way.

Let us denote the matrix elements of the operator M by

(yytts| M| pgytts) = mtikz(y, t). (12)

Arguments analogous to those carried out in item 2 show that the numbers
mHikz(y, t) are the matrix elements of some operator of the form (11) if and
only if the vector

0 (11 p1p) = Z D (pyytts) R* (poytts)mt1i2(y,t) (13)
ytts

transforms as a vector of the (reducible) representation oy; = (0,0)® (1, 1) with
quantum numbers v = 0 = (000). The zero quantum numbers of the vector
®%! are in fact already guaranteed by the fact that the matrix elements are
chosen independent of ¢5 (12). In order to fix the representation to which the
vector belongs, we used earlier the invariant F2. Now let us proceed differently.
Among the generators of the group SU; there is a generator K (see (1)) which
increases the hypercharge by one. Let us act on the vector ®°! with the square
of this operator. Then, taking into account that in the representation oy, the
hypercharge y < 1, we obtain

(K,)200 = 0. (14)

Conversely, if the vector ®°!, having zero quantum numbers, satisfies (14), then
it belongs to the representation oy;. The result of the action of the operator
(K,)? on the right-hand side of (13) can be calculated by using the explicit
form of the operator K, (1). Equating this expression to zero, we obtain the
following relations (for simplicity we omit the indices 1o on mt1#2(y,t)):
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Af'(yt)m(y — 1t — 5) + AP (yt)m(y + 1,t + 5)—
=243 (yt)m(y, t) =0,
A (ytym(y — 1,1+ 3) + AP (yt)ym(y + 1,t — 5)—
—2AR(ytym(y, ) = 0, (15)
20t +1)[A3 (yt)m(y — Lt + 5) + AP (yt)m(y + 1t + 3)]—

(2t + 3)AR(ytm(y. 1) — (2t + 1) AT (yt)m(y,t + 1) =0,

where

AF (yt) = \/A#i(éyft) A Gy —t=1), (16)

AP (yt) = /- Am (by+t+ 1) Ay —t— 1),

In the case where no mixing of unitary multiplets occurs, the mass operator
M has no off-diagonal matrix elements (with u; # p,), while the diagonal
elements m(yt) = m**(yt) are equal to the masses (or squares of masses) of the
corresponding particles. In this case the equalities (15) give directly relations
between particle masses. Since p; = py = , in each of these equalities one
may take outside the brackets a factor of the form Ai!(yt). Analysis shows that
these factors may be canceled. As a result we obtain:

Theorem 3. In order that the numbers m(yt) = m**(yt) be matrix elements
of a diagonal operator of the form (11), it is necessary and sufficient that the
following relations be satisfied:

1) for any three vectors |uytts), |u,y + 1, + %,té), |,y —1,t — %,té’):

m(y,t) = 3[m(y+1,t+3)+my—1,t— )] (17)

2) for any three vectors |uytts), [,y + 1,6 — 3, ¢4), [p,y — 1,6 + 3, ¢4):
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3) for any four vectors [uytts), |, y, t+1,t5), |,y +1,t43,85), |py—1,t+
1 am
ENZO
27"3

(t+Dmy+1L,t+35)+my—1,t+3)] =

=3[+ 3)m(y,t) + (2t + Dm(y,t + 1)]. (19)

If M is the mass operator, then the first two relations mean the equidistance
of masses (or squares of masses) along the straight lines 2y + ¢ = const, which
generalizes the equidistance relations in decuplets (representations (3,0) and

(0,3)). The third relation simply generalizes the mass relation in the unitary
octet (1,1).
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