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Abstract
Full Text
MATHEMATICS

B. D. ROMM

AN ANALOGUE OF THE PLANCHEREL
FORMULA FOR THE REAL UNIMODULAR
GROUP OF THE THIRD ORDER
(Presented by Academician I. M. Vinogradov on 7 IX 1964)

For the first time, the problem of decomposing the regular representation into
irreducible representations for the real unimodular group was solved in papers
(1, 2) for the case of the second order. In paper (2) the Plancherel formula
was obtained. In the present note, for simplicity and brevity of exposition, the
Plancherel formula is given for the group of the third order 𝐺3. However, the
method used by the author extends to the real unimodular group of any order.

The irreducible representations of the principal series were constructed in paper
(3) for the group of any order. We briefly describe these representations in the
case of the group 𝐺3.

Let 𝐾 denote the subgroup in the group 𝐺3 consisting of all matrices 𝑘 = ‖𝑎𝑖𝑗‖,
𝑖, 𝑗 = 1, 2, 3, where 𝑎31 = 𝑎32 = 0, and let 𝑋 be the subgroup for whose matrices
𝑥 = ‖𝜉𝑖𝑗‖ one has 𝜉11 = 𝜉22 = 𝜉33 = 1, 𝜉21 = 0, 𝜉𝑖𝑗 = 0 for 𝑖 < 𝑗. For every
𝑔 ∈ 𝐺3 and almost all 𝑥 ∈ 𝑋 there is a decomposition 𝑥𝑔 = 𝑘1𝑥1 with

𝑘1 ∈ 𝐾, 𝑥1 ∈ 𝑋.

Let 𝑘1 = ‖𝑎′
𝑖𝑗‖, 𝑧1 = 𝑎′

11𝑧 + 𝑎′
21

𝑎′
12𝑧 + 𝑎′

22
. Denote

̇𝑧 = ⎛⎜
⎝

1 0 0
𝑧 1 0
0 0 1

⎞⎟
⎠

, Im 𝑧 ≠ 0.

̇𝑧1 denotes the same as ̇𝑧, except that 𝑧 is replaced by 𝑧1; Λ = 𝑎′
11𝑎′

22 − 𝑎′
12𝑎′

21;
𝛽(𝐾) is the ratio of the left-invariant measure on the group 𝐾 to the right-
invariant one, normalized so that 𝛽(𝑒) = 1, where 𝑒 is the identity in the group
𝐺3.

Consider the totality of all functions 𝑓( ̇𝑧𝑥) on the manifold of products ̇𝑧𝑥,
analytic in 𝑧 for Im 𝑧 ≠ 0 and measurable with respect to the parameters 𝜉31
and 𝜉32 of the matrix 𝑥, for which the integral
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∫ |𝑓( ̇𝑧𝑥)|2| Im 𝑧|𝑛−2 𝑑𝜉31𝑑𝜉32𝑑𝑧, 𝑑𝑧 = 𝑑𝑥 𝑑𝑦, 𝑧 = 𝑥 + 𝑖𝑦, 𝑛 = 2, 3, 4, … ,

converges for some fixed 𝑛. Let 𝜌 ∈ (−∞, +∞), 𝜀 = 0, 1; then the operator

𝑇𝑔𝑓( ̇𝑧𝑥) = (𝑎′
12𝑧 + 𝑎′

22)−𝑛|Λ|𝑖𝜌+𝑛/2(sgn Λ)𝜀𝛽−1/2(𝐾1)𝑓( ̇𝑧1𝑥1) (1)

defines a unitary representation, irreducible in the Hilbert space ℋ′
𝑛 of functions

𝑓( ̇𝑧𝑥) of the indicated type, where the scalar product is determined by the
formula

(𝑓, 𝑓1) = ∫ 𝑓( ̇𝑧𝑥)𝑓1( ̇𝑧𝑥)| Im 𝑧|𝑛−2𝑑𝜉31𝑑𝜉32.

In paper (3) 𝜀 = 0. This series of irreducible representations is denoted there
by 𝑑1.

Let us construct one more series of irreducible unitary representations of the
group 𝐺3. Let 𝐾0 denote the subgroup of all matrices 𝑘0 = ‖𝑣𝑖𝑗‖ in 𝐺3, where
𝑣𝑖𝑗 = 0 if 𝑖 > 𝑗; 𝑋0, the subgroup of all matrices 𝑥 = ‖𝜃𝑖𝑗‖, where 𝜃𝑖𝑗 = 0 for
𝑖 < 𝑗, 𝜃11 = 𝜃22 = 𝜃33 = 1. By analogy with the preceding case, for almost all
𝑥0 ∈ 𝑋0 and for each fixed 𝑔 ∈ 𝐺3 we have 𝑥0𝑔 = 𝑘′

0𝑥′
0, with 𝑘′

0 ∈ 𝐾0, 𝑥′
0 ∈ 𝑋0;

𝛽0(𝐾0) is the ratio of the left-invariant measure on the group 𝐾0 to the right-
invariant one, with 𝛽0(𝑒) = 1; 𝜀1, 𝜀2 = 0, 1; 𝜌1, 𝜌2 ∈ (∞, +∞), 𝑘′

0 = ‖𝑣′
𝑖𝑗‖. The

operator

𝑇𝑔𝑓(𝑥0) = |𝑣′
11|𝑖𝜌1(sgn 𝑣′

11)𝜀1 |𝑣′
22|𝑖𝜌2(sgn 𝑣′

22)𝜀2𝛽−1/2(𝑘′
0)𝑓(𝑥′

0) (2)

in the Hilbert space 𝐿2(𝑋0) of functions 𝑓(𝑥0) measurable on the group 𝑋0 and
with summable square of the modulus with respect to the invariant measure on
𝑋0, defines an irreducible unitary representation of the group 𝐺3. The totality
of all these representations in (3) is denoted by 𝑑0.

The series 𝑑0 and 𝑑1 exhaust all representations that enter into the decomposi-
tion of the regular representation into irreducibles.

Let us indicate the normalization of the invariant measure in the Plancherel
formula. If 𝑑 denotes the sign of differentiation, then the exterior product of
the differential forms 𝑔𝑖𝑗, where (𝑖, 𝑗) ≠ (3, 3), 𝑑𝑔 ⋅ 𝑔−1 = ‖𝑔𝑖𝑗‖, 𝑔 ∈ 𝐺3, forms an
invariant measure 𝑑𝜇(𝑔) on 𝐺3.

As is known, for a finite infinitely differentiable function 𝑥(𝑔) on the group 𝐺3
and an irreducible unitary representation 𝑔 ↦ 𝑇𝑔, the operator
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𝑇𝑥 = ∫ 𝑥(𝑔)𝑇𝑔 𝑑𝜇(𝑔)

has a trace in the corresponding representation space. When 𝑇𝑔 is defined by
formula (1), we shall denote this trace by Sp(𝑇𝑥,𝑛,𝜌,𝜀), and in the case (2), by
Sp(𝑇𝑥,𝜌1,𝜌2,𝜀1,𝜀2

).
The Plancherel formula has the form

𝑥(𝑒) = 1
28𝜋5 {

∞
∑
𝑘=2

(𝑘 − 1) ∫ [(𝑘 − 1)2 + 4𝜌2][ Sp(𝑇𝑥,𝑘,𝜌,0) + Sp(𝑇𝑥,𝑘,𝜌,1)] 𝑑𝜌+

+ 2 ∬
𝜌1>𝜌2>0

𝜌1𝜌2(𝜌1 − 𝜌2) [th 𝜋(𝜌1 − 𝜌2)
2 + th 𝜋𝜌2

2 − th 𝜋𝜌1
2 ] ×

× Sp(𝑇𝑥,𝜌1,𝜌2,0,0) 𝑑𝜌1𝑑𝜌2 + 2 ∬
𝜌1>𝜌2>0

𝜌1𝜌2(𝜌1 − 𝜌2) [cth 𝜋(𝜌1 − 𝜌2)
2 +

+ th 𝜋𝜌2
2 − cth 𝜋𝜌1

2 ] Sp(𝑇𝑥,𝜌1,𝜌2,1,0) 𝑑𝜌1𝑑𝜌2 + 2 ∬
𝜌1>𝜌2>0

𝜌1𝜌2(𝜌1 − 𝜌2)×

× [cth 𝜋(𝜌1 − 𝜌2)
2 + cth 𝜋𝜌2

2 − th 𝜋𝜌1
2 ] Sp(𝑇𝑥,𝜌1,𝜌2,0,1) 𝑑𝜌1𝑑𝜌2+

+ 2 ∬
𝜌1>𝜌2>0

𝜌1𝜌2(𝜌1 − 𝜌2) [th 𝜋(𝜌1 − 𝜌2)
2 + cth 𝜋𝜌2

2 − cth 𝜋𝜌1
2 ] ×

× Sp(𝑇𝑥,𝜌1,𝜌2,1,1) 𝑑𝜌1𝑑𝜌2}.
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