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MATHEMATICS
A. Kh. GUDIEV

DIFFERENTIAL PROPERTIES OF TRACES
OF FUNCTIONS ON HYPERPLANES OF
ARBITRARY DIMENSIONS

(Presented by Academician S. L. Sobolev, 29 VI 1964)

Numerous works have been devoted to the study of the differential properties
of traces of functions of many variables on hyperplanes of definite dimensions,
depending on the membership of the function itself in one or another class of
functions (see the survey article by S. M. Nikol'skii (1)), in which these properties
have been investigated fairly completely. The differential properties of traces
of functions on hyperplanes of arbitrary dimensions, or on smooth manifolds
of arbitrary dimensions, have been studied hardly at all. There are only a few
papers (276) concerning this question, in which the Nikol’ skii classes Hj and the
partially generalized fractional spaces WIl) of Sobolev are studied. In the present
paper the differential properties are studied of traces of functions belonging to
the classes

(Uy5lg,enls) n (l1,02,05) n
Wei'piips,iop (B™) and By plp " p 0, 0,....0, (E™)

on hyperplanes of arbitrary dimensions. In obtaining these results the author
made use of certain results of the papers (7,%).

In all that follows, unless otherwise specified, we shall use the following no-
tation. Let E™ be n-dimensional Euclidean space. We represent each of its
points Z(ry,xy,...,x,) in the form z(z!,z2,...,7°%), where :El(xll,xzz,,x;),
1= 1,2,...,s, Zi n; = n. Further, let E™ be the n,-dimensional Euclidean
space of the vectors '; D, an n,-dimensional domain in E"; p; (i = 0,1,2, ..., s)
positive numbers; p; ; the vector with coordinates p;, p;.1, ..., p;, where 0 < i <
j<s m; (i =12,..,k) natural numbers, with 1 < k < s, 1 < m; < n,;
and ), m; = m; p1, v nonnegative integers; E™i the m;-dimensional Euclidean

space of points Z{ (21,25, ..., z}, ) or i (yl, yh, -, Yp, ); E™ 7™ the (n; —m,)-
dimensional Euclidean space of points &5(x}, |1, s}, ) OF ¥5(Yp 15 Yp, )3
E™ the m-dimensional Euclidean space of points Z,, (71,72, ... ,z%); E"™™ the
(n —m)-dimensional Euclidean space of points z,,_,, (73,73, ..., o5, 281 .. 7%);
E* the p-dimensional space of points ¢(t;, 25, ... ,t,); £ the v-dimensional space

of points z(zy, 29, ...,2,); h>0; x; >0 (i =0,1,...,);
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2 ) i=m+l
7/.2,1/7 n;
i i\2 . .
(5 — x5)%, if k<i<s.
j=1
2 _ .2 2 : . ) 2 _ 9 . . ]
i =11+, H1<i<k ri =713, fk<i<s;
s y s y m v
2 2/xi 4 1712 72— 2/, 72 _ 2. 212 2.
r2= R, =N =Y R = )2
i=1 =1 j=1 j=1

Hg(&) is the a-dimensional ball in E“ of radius § with center at the point
a€ E.

In E™ consider the domain D = Dy x D,... x D,. Each function f(z) =
f(xt, 22, ..., 2°) defined in D will be regarded as a function of the vector variables
_1 —
z

S

2
ST, X0

Denote by M the set of functions f(z!,72,...,2°%), defined in D, for which the
expression is bounded

1
Ps—2/Ps-1 /Py

Pe-1/Ps
D D, D,

1

Let, further,

where D, is a p-dimensional domain in E*.

Theorem 1. Let p, < ¢ < ¢, < o0 (i =0,1,...,8), 5 >0,

Ps 1 1 TRA n+
O for u=0~vy=0); —+ =1 F(y,t)e L, (E™*"),
PsPo ( ) Ps Ps ( ) /’s;o( )

(< nax 1 1) 1L
A=l (o 0 (L) S+ LY e
@ 92/ T 92 77

Py T P Po

sovietrxiv.org/items/ru-196501.95163 Machine Translation


https://sovietrxiv.org/items/ru-196501.95163

then

Ps
_ Fly n
AE’S{:Z) ! F<y7>\?v><o+a <
' (\/ 2+ H2>

L(g1,92)(E™)

chP|Fll, (mnow) ifa=—8, H=0,
Ch76||F|‘LPS;O(EW+M)7 ifa=p, 0<H<h,
< -
Flt|”
i e , if0O<H<h, v>0,
(Vo + 12) :
Ly, o (EnxTltx, (0))
where

Do =[] Di Dy =T01, (0),
D - I () x T ™ (78), if 1 <i <k,
Colm @), if b <i<s.

Theorem 2. If 1 < p, < ¢ < gy <005 pg <O <0 <005 x; >0;¢62>0; 8>0;
a>0;h>0 A =x;/x (i =0,1,....8): 7> —pp,/pipo;

s Y. 1 1 k 1 s
A=l (S B ) () S D s
i Q1 92/ 7T > 7

p; 1 Pi Lo

1/0
ps]y] < o0,

o 1/o
} <
L(q1,92)(E™)

dt (Bria) [ 1= T
”‘pnzi,?;l(En,n;XO (0)) [[1‘ & [¢[rad <A<En> [le(y,1)
hX0

then:

dz
R,
{ 11}, (0) 2]

S (e o Ps
o) [IT#P0~ V(g 1)
(Do;s) rAFYX0—BX—€

< Ch6||<ﬂ|\2(pf§;1(gnxn;m ©)

II.
B Ps||? He
T
LT 2] (W) Lig, gy (E™)
< ch5|\<P||LfSigl(Enxn;§X0 (©))’
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where

Dy =113, (0),
b L2 (%) x H‘E‘/\iTVL (zy), if1<i<k
’ s, (@), ifk<i<s.

Theorem 3. If F(y,t) € L,(E"™"), 1 <p < ¢, < gy < 00, and

1 (S 1 1\ & 1 <&
A=— E n;X; + 1Xo +<—>§ mixﬁ*E T X
P’ q; qa 1 d2 7

1

/di/ F(y,t)yrdy
En En

Theorem 4. Let

then

<c|Flg (gnen)-

L(qulIz)(En)

(500l
e Wpol,pl, o (E™)

and let ¥ (i=1,2,...,s, j=1,2,...,n) be nonnegative integers satisfying the

J
conditions
n; s
ZVJ(1>:Z/(Z>7 Zum—y 1<p;<q <gy <00 (1=0,1,...,8);
1 1
1\ & 1<
5_1_21 ZXJ <_>ZmiXi+ZniXi20;
iPi 1 92 1 dz 1
then

¢ (W0, () + BN gtz i) o))
ife>0and1<p, <q §q2<oo (i=0,1,...,s),
- .
¢ (B0, (o + 1 gtz i) )

ife=0,1<p, <qy <gy <00 (i=12,..,9),

1D L, By <

(q1,92)

where h is arbitrary positive, and
Llfﬁz ()
7, b;

Theorem 5. If

I
f € Bi)(iplvn.s)pn;elv“ven (E")’ 1 S pi S 9" <00

sovietrxiv.org/items/ru-196501.95163 Machine Translation


https://sovietrxiv.org/items/ru-196501.95163

and

_i ! n (_1)iXi+1iXi:5ZO7
1

T bil; dz 1 4> 7
then
-5
(B + WSt )
if e >0, 1§p1§q1§q2<oo(z:1,2,...,n),
Difle,, o mm <
¢ (B0, iy + Wyt o))
ite=0,0,=p;, 1 <p,<q; <@gy <00, i=12..,n
where
"1 /1 1
521_5_53(._).
T li \po p;i
Theorem 6. If f € Bll’ ’")p 0,0 (E"), where 1 < p; < 6; < oo, [; are

nonnegative integers, ané the numbers 41,99, 0, p;, satisfy the conditions 1 <
2 < q1 < q2 < 005 PrXk <e (k,’l, = 1,2,...,7’L),

_Z _ZViXi+<_>ZXi+ZXi>O7
T YibDi T a1 42/ 7 a2 7

then

L DY f(z) € BYP P (E™), and the inequalities

ID2F @l S € {hﬂsk 71y + B2 (L B0 | . 9n(E">}
IL If py.x). < ¢, then DEf(z) € W, (P>, )(E"), and

(91,92)

D% @i gy < € [A Sy )+ 12950 (L4200 g

(q q Pn,: 1o n

(if e = ppxy, then 1 < p; < ¢; < gy < 00;4=1,2,...,n), where

1 1
616_1_(6_ka1€ +Z (_>7 k:1727"'7n

Po P
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Note: Figure translations are in progress. See original paper for figures.
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