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Abstract
Full Text

MATHEMATICS
A. S. MARKUS

ON MULTIPLE COMPLETENESS AND CON-
VERGENCE OF MULTIPLE EXPANSIONS
WITH RESPECT TO THE SYSTEM OF
EIGENVECTORS AND ASSOCIATED VEC-
TORS OF AN OPERATOR PENCIL
(Presented by Academician P. S. Aleksandrov, 27 I 1965)

In the present note some criteria are established for multiple completeness of
the system of eigenvectors and associated vectors of an operator pencil and
for summability of multiple expansions with respect to this system by the Abel
method in Banach (Sec. 1) and Hilbert (Sec. 2) spaces. In Sec. 3 some theorems
are given on convergence of multiple expansions with respect to the indicated
system in a Hilbert space. In what follows, without further qualification, the
terminology and notation of the papers (1, 2) are used.

1. All operators considered in this section act in some Banach space 𝔅.

Theorem 1. Let the operator 𝐻 ∈ 𝔖𝑝 for some 𝑝 > 0 and have a purely real
spectrum, and let

‖(𝐻 − 𝜆𝐼)−1‖ ≤ 𝐶| Im𝜆|−1

(Im𝜆 ≠ 0). If ℜ(𝐻) = 𝔅 and 𝑇𝜈 ∈ 𝔖∞ (𝜈 = 0, 1, … , 𝑛 − 1), then the system of
eigenvectors and associated vectors of each of the pencils

𝐿(𝜆) = 𝐼 − 𝑇0 − 𝜆𝑇1𝐻 − ⋯ − 𝜆𝑛−1𝑇𝑛−1𝐻 − 𝜆𝑛𝐻 , (1)

𝑀(𝜆) = 𝐼 − 𝑇0 − 𝜆𝐻𝑇1 − ⋯ − 𝜆𝑛−1𝐻𝑇𝑛−1 − 𝜆𝑛𝐻 (2)

is 𝑛-fold complete in 𝔅.

This theorem is a somewhat weakened analogue of a theorem obtained by M. V.
Keldysh (3) for the case of a Hilbert space (in (3) it is assumed that 𝑇𝜈 ∈ ℜ,
𝜈 = 1, 2, … , 𝑛 − 1).
Let us outline the proof of Theorem 1, considering, for definiteness, the pencil
𝐿(𝜆). In this case the proof of the theorem is reduced to the proof of complete-
ness of the system of eigenvectors and associated vectors of the linear pencil

̃𝐼 − 𝑆 − 𝜆𝐺 in the space 𝔅̃. Here 𝔅̃ is the product of 𝑛 copies of the space
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𝔅; ̃𝐼 is the identity operator in 𝔅̃; the operators 𝑆 and 𝐺 are given in 𝔅̃ by
the matrices 𝑆 = (𝑆𝑗𝑘)𝑛

1 , 𝐺 = (𝐺𝑗𝑘)𝑛
1 , where 𝑆11 = 𝑇0, 𝑆1𝑘 = 𝑇𝑘−1𝐻 (𝑘 > 1),

𝑆𝑗𝑘 = 0 (𝑗 > 1), 𝐺1𝑛 = 𝐻, 𝐺𝑗,𝑗−1 = 𝐼 (𝑗 > 1), 𝐺𝑗𝑘 = 0 (𝑘 − 𝑗 ≠ −1, 𝑛) (see
(4)). If the operator 𝐼 − 𝑇0 is invertible, then the proof reduces to establishing
completeness of the system of root vectors of the operator 𝐴 = ( ̃𝐼 −𝑆)−1𝐺. One
can show that 𝐴𝑛 = ( ̃𝐼 +𝑇 )𝐻, where 𝑇 ∈ 𝔖∞, and 𝐻 = (𝛿𝑗𝑘𝐻)𝑛

1 , and therefore
for the operator 𝐴𝑛 the conditions of Theorem 1 from (1)* are satisfied.

Remark 1. Let 𝑛(𝑟, 𝐿) (respectively 𝑛(𝑟, 𝐻)) be the number of characteristic
numbers of the pencil 𝐿(𝜆) (respectively of the operator 𝐻), counted with their
multiplicities, lying in the disk |𝜆| < 𝑟. It is not difficult to show that if, under
the conditions of Theorem 1, the spectrum of 𝐻 lies on the positive half-axis,
then

lim
𝑟→∞

𝑛(𝑟, 𝐿)/𝑛(𝑟, 𝐻) ≥ 𝑛
and

lim
𝑟→∞

𝑛(𝑟, 𝐿)/𝑛(𝑟, 𝐻) ≤ 𝑛.

If, moreover, there exists a nondecreasing function 𝜑(𝑟) (𝑟 > 0) such that

lim
𝑟→∞

𝑛(𝑟, 𝐻)/𝜑(𝑟) = 1

and such that for all sufficiently large 𝑟 and 𝑠 > 𝑟 it is fulfilled—

* We note that in Theorems 1, 3, 7 and in the lemma from (1) the condition
𝑇 ∈ 𝔖(0)

∞ may be replaced by the condition 𝑇 ∈ 𝔖∞.

the inequality 𝜑(𝑠)/𝜑(𝑟) ⩽ (𝑠/𝑟)𝛾 (𝛾 > 0), then* lim𝑟→∞ 𝑛(𝑟, 𝐿)/𝑛(𝑟, 𝐻) = 𝑛.
The assertions stated are also valid for the pencil 𝑀(𝜆).
Modifying the method of proof of Theorem 1, one can show that it remains valid
also in the case 𝑇𝜈 ∈ 𝔖 (𝜈 = 1, 2, … , 𝑛 − 1), and also establish the following
generalization of a theorem of M. V. Keldysh (3) (see also (6)).
Theorem 2. Let the operator 𝐻 ∈ 𝔖𝑝 (𝑝 > 0) and let the spectrum of 𝐻 lie
on the rays 𝑙𝜈 = {𝑧 ∶ arg 𝑧 = 𝜈𝜋/𝑛} (𝜈 = 0, 1, … , 2𝑛 − 1), and suppose that

‖(𝐻 − 𝜆𝐼)−1‖ ⩽ 𝐶[𝜌(𝜆, 𝑙𝜈)]−1

(0 < | arg𝜆 − 𝜈𝜋/𝑛| ⩽ 𝜋/2𝑛; 𝜈 = 0, 1, … , 2𝑛 − 1).

If ℜ(𝐻) = 𝔅 and 𝑇𝜈 ∈ 𝔖∞ (𝜈 = 0, 1, … , 𝑛 − 1), then the system of eigenvectors
and associated vectors of each of the pencils

𝐼 − 𝑇0 − 𝛾𝑇1𝐻 − … − 𝜆𝑛−1𝑇𝑛−1𝐻𝑛−1 − 𝜆𝑛𝐻𝑛, (3)
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𝐼 − 𝑇0 − 𝜆𝐻𝑇1 − … − 𝜆𝑛−1𝐻𝑛−1𝑇𝑛−1 − 𝜆𝑛𝐻𝑛 (4)

is 𝑛-fold complete in 𝔅.

Remark 2. The condition 𝐻 ∈ 𝔖𝑝 may be replaced in Theorems 1 and 2 by
any of the following conditions: a) for some 𝑚 the operator 𝐻𝑚 is nuclear; b)
∑𝑖 |𝜆𝑖(𝐻)|𝑝 < ∞; c) ∑𝑖 𝑑𝑝

𝑖 (𝐻) < ∞, where 𝑑𝑛(𝐻) is the 𝑛-width (7) of the set
into which the operator 𝐻 maps the unit sphere of the space 𝔅.

In the work of V. B. Lidskii (8) the notion of Abel summability of series in the
system of root vectors of a linear operator was introduced. We shall need below
a generalization of this notion to operator pencils.

Let {𝜑(𝜈)
𝑗 }∞

𝑗=1 (𝜈 = 0, 1, … , 𝑛 − 1) be a canonical set of systems of eigenvectors
and associated vectors of the pencil 𝑀(𝜆). To any set of 𝑛 vectors 𝑓𝜈 ∈ 𝔅
(𝜈 = 0, 1, … , 𝑛 − 1) there are uniquely assigned series in the sequences {𝜑(𝜈)

𝑗 }∞
𝑗=1

(𝜈 = 0, 1, … , 𝑛 − 1) with identical coefficients

𝑓𝜈 ∼
∞

∑
𝑗=1

𝑐𝑗𝜑(𝜈)
𝑗 (𝜈 = 0, 1, … , 𝑛 − 1). (5)

Let 𝛼 > 0 be given and

𝑃 𝛼
𝑚(𝜁−1, 𝑡) = exp(𝑡𝜁−𝛼)

𝑚!
𝑑𝑚

𝑑𝜁𝑚 exp(−𝑡𝜁−𝛼) (𝑚 = 0, 1, …).

If 𝜑(0)
𝑗 , 𝜑(0)

𝑗+1, … , 𝜑(0)
𝑗+𝑘 (𝑘 ≥ 0) is a chain of eigenvectors and associated vectors

corresponding to the characteristic number 𝜆𝑗, and the multiplicity of 𝜑(0)
𝑗 is

𝑘 + 1, then we put

𝑐𝑗+𝑖(𝑡) = exp(−𝑡𝜆𝑛𝛼
𝑗 )

𝑘−𝑖
∑
𝑚=0

𝑃 𝛼
𝑚(𝜆𝑛

𝑗 , 𝑡)𝑐𝑗+𝑖+𝑚 (𝑖 = 0, 1, … , 𝑘).

If there exists a subsequence of the natural series {𝑚𝑘}∞
0 (𝑚0 = 1) such that

for all 𝑡 > 0 the series

𝑢𝜈(𝑡) =
∞

∑
𝑘=1

⎛⎜
⎝

𝑚𝑘−1
∑

𝑗=𝑚𝑘−1

𝑐𝑗(𝑡)𝜑(𝜈)
𝑗 ⎞⎟

⎠
(𝜈 = 0, 1, … , 𝑛 − 1)

converge and lim𝑡→+0 𝑢𝜈(𝑡) = 𝑓𝜈 (𝜈 = 0, 1, … , 𝑛 − 1), then we shall say that
for the set 𝑓𝜈 (𝜈 = 0, 1, … , 𝑛 − 1) the 𝑛-fold expansions (5) in the system of
eigenvectors and associated vectors of the pencil 𝑀(𝜆) are summable by the
Abel method of order 𝛼.
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* This equality is proved on the basis of Tauberian theorem of B. I. Korenblyum
(5).
Theorem 3. Let 𝐻 ∈ 𝔖∞ be an operator whose spectrum is contained in the
angle

Λ = {𝑧 ∶ | arg 𝑧| ≤ 𝛾𝜋/2} (𝛾 < 2),
and suppose that

‖(𝐻 − 𝜆𝐼)−1‖ ≤ 𝐶[𝜌(𝜆, Λ)]−1 (𝜆 ∉ Λ).

If ℜ(𝐻) = 𝔅, 𝑇𝜈 ∈ 𝔖∞ (𝜈 = 0, 1, … , 𝑛 − 1), and at least one of the two
conditions is fulfilled: a) 𝐻 ∈ 𝔐𝛽 (𝛽 > 𝛾 + 1/2); b)

∑
𝑖

𝑑𝑝
𝑖 (𝐻) < ∞ (𝑝 < 𝛾−1),

then the system of eigenvectors and associated vectors of each of the pencils
(1) and (2) is 𝑛-fold complete in 𝔅. Moreover, for any set of vectors {𝑓𝜈}𝑛−1

0
satisfying the conditions

(𝐼 − 𝑇0)𝑓𝜈 ∈ ℜ(𝐻) (𝜈 = 0, 1, … , 𝑛 − 1),

the 𝑛-fold expansions in the system of eigenvectors and associated vectors of the
pencil (2) are summable by the Abel method of order 𝛼, where

𝛾−1 > 𝛼 ≥ (𝛽 − 1/2)−1

under condition a), and
𝛾−1 > 𝛼 > 𝑝

under condition b).

Remark 3. If 𝑇0 = 𝐻𝐵0 (𝐵0 ∈ ℜ), then, evidently, the conditions (𝐼 −
𝑇0)𝑓𝜈 ∈ ℜ(𝐻) are equivalent to the conditions 𝑓𝜈 ∈ ℜ(𝐻). We also note that,
in the case 𝛼 = 1, the last assertion of Theorem 3 is true for any set 𝑓𝜈 ∈ 𝔅
(𝜈 = 0, 1, … , 𝑛 − 1), and not only for the pencil (2), but also for the pencil (1).

Remark 4. If, in the hypotheses of Theorem 3, the restriction on the spectrum
and the resolvent of the operator 𝐻 is replaced by the following: the spectrum
of the operator 𝐻 lies in the angles

Λ𝜈{𝑧 ∶ | arg 𝑧 − 2𝜋𝜈/𝑛| ≤ 𝛾𝜋/2𝑛} (𝜈 = 0, 1, … , 𝑛 − 1),

and

‖(𝐻 − 𝜆𝐼)−1‖ ≤ 𝐶 [min
𝜈

𝜌(𝜆, Λ𝜈)]−1 (𝜆 ∉
𝑛−1
⋃
𝜈=0

Λ𝜈) ,

then 𝑛-fold completeness of the system of eigenvectors and associated vectors
of each of the pencils (3) and (4) holds.
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2. Henceforth, to the end, a Hilbert space ℌ is considered.

We do not state the corollaries of Theorem 3 and Remark 4 for the pencils (1)—
(4) with an operator 𝐻 for which the values of the quadratic form (𝐻𝜑, 𝜑) are
situated in a certain angle. We note that the completeness theorems obtained in
this way admit a certain strengthening based on assumptions on the connection
between the spectra of the Hermitian components of the Volterra operator from
(9) and (10) (cf. (4)).
The following two theorems, like Theorems 1, are proved by reduction to the
case 𝑛 = 1, for which they were established by V. I. Macaev (11).
Theorem 4. Let 𝐻 ∈ 𝔖∞ be a complete self-adjoint operator, 𝑝 ≥ 0, and

𝑇𝜈 = 𝐻𝑝𝐵
𝜈 , 𝐵𝜈 ∈ 𝔖∞ (𝜈 = 0, 1, … , 𝑛 − 1).

If

lim
𝑘→∞

𝐹𝑝(𝑠𝑘(𝐻))
𝑘

∑
𝑗=1

𝑗−1𝑠𝑗(𝐵𝜈) = 0 (𝜈 = 0, 1, … , 𝑛 − 1),

where
𝐹𝑝(𝑡) = 𝑡𝑝

for 𝑝 > 0 and
𝐹0(𝑡) = −| ln 𝑡|−1,

then the system of eigenvectors and associated vectors of each of the pencils (1)
and (2) is 𝑛-fold complete in ℌ.

Theorem 5. Let 𝐻 ∈ 𝔖∞ be a complete self-adjoint operator, 𝑝 ≥ 0, and

𝑇𝜈 = 𝐻𝑝𝐵
𝜈 , 𝐵𝜈 ∈ 𝔖∞ (𝜈 = 0, 1, … , 𝑛 − 1).

If
∞

∑
𝑘=1

𝑘−1𝑠𝑘(𝐻𝑇𝜈) < ∞; lim
𝑘→∞

𝐹𝑝(𝑡(𝜈)
𝑘 )

𝑘
∑
𝑗=1

𝑗−1𝑠𝑗(𝐵𝜈) = 0 (𝜈 = 0, 1, … , 𝑛−1),

where
𝑡(𝜈)
𝑘 =

∞
∑
𝑗=𝑘

𝑗−1𝑠𝑗(𝐻𝑇𝜈),

then the system of eigenvectors and associated vectors of each of the pencils (1)
and (2) is 𝑛-fold complete in ℌ.

3. Theorem 6. Let 𝐻 ∈ 𝔖∞ be a complete self-adjoint operator, 𝑝 > 0,
𝑇𝜈 = 𝐻𝑝𝐵

𝜈 (or 𝑇𝜈 = 𝐵𝜈𝐻𝑝), 𝜈 = 0, 1, … , 𝑛 − 1. If at least one of the following
two conditions is satisfied:

a) lim
𝑟→∞

𝑟−𝑝𝑛(𝑟, 𝐻) = 0; 𝐵𝜈 ∈ ℜ (𝜈 = 0, 1, … , 𝑛 − 1);
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b) lim
𝑟→∞

𝑟−𝑝𝑛(𝑟, 𝐻) < ∞; 𝐵𝜈 ∈ 𝔖∞ (𝜈 = 0, 1, … , 𝑛 − 1),

then, for any collection of vectors 𝑓𝜈 ∈ ℌ (𝜈 = 0, 1, … , 𝑛 − 1), the 𝑛-fold expan-
sions with parentheses in the system of eigenvectors and associated vectors of
each of the pencils (1) and (2) converge unconditionally.

Theorem 6 is established analogously to Theorem 1 (on the basis of Theorem 3
from (12)). Using a somewhat different method, one can obtain certain proposi-
tions on the convergence of multiple expansions for the pencils (3) and (4). We
give one of them.

Theorem 7. Let 𝐻 ∈ 𝔖∞ be a complete normal operator, the operator 𝐻𝑛

self-adjoint, 𝑝 > 0, and 𝑟(𝜈) = 𝑛 − 𝜈 − 1 − 𝑝 for 𝑝 ≤ 1, 𝑟(𝜈) = max(𝑛 − 𝜈, 𝑝) for
𝑝 > 1 (𝜈 = 0, 1, … , 𝑛 − 1). If 𝑇𝜈 = 𝐻𝑟(𝜈)𝐵𝜈 (𝜈 = 0, 1, … , 𝑛 − 1) and at least one
of conditions a), b) of Theorem 6 is satisfied, then, for any collection of vectors
𝑓𝜈 ∈ ℜ(𝐻 𝑛−𝜈−1) (𝜈 = 0, 1, … , 𝑛 − 1), the 𝑛-fold expansions with parentheses
in the system of eigenvectors and associated vectors of the pencil (4) converge
unconditionally.

Remark 5. The requirement of completeness of the operator 𝐻 in Theorem 7
can be omitted if the condition 𝑓𝑛−1 ∈ ℜ(𝐻) is added.
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