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Abstract
Full Text

Yu. L. Ershov

THE UNDECIDABILITY OF CERTAIN FIELDS
(Presented by Academician A. I. Mal’cev on 1 X 1964)

1. The present note arose in connection with A. I. Mal’cev’s conjecture on
the undecidability of fields of rational functions and fields of formal power
series over an arbitrary field (2).

Theorem 1. The field of rational functions in one variable over any finite field
of characteristic not equal to 2 has an undecidable theory.

Theorem 2. The theory of all fields of any fixed finite characteristic not equal
to 2 is undecidable.

Theorem 3. The field of formal power series in one variable over a field with
an undecidable theory has an undecidable theory.

2. We shall formulate a simple proposition on the possibility of proving the
undecidability of various theories, which will be needed in the proof of
Theorems 1 and 2.

Let 𝐾1 and 𝐾2 be classes of models of signatures 𝜎1 = ⟨𝑃 𝑛1
1 , … , 𝑃 𝑛𝑘

𝑘 ⟩ and 𝜎2.
We shall say that the class of models 𝐾1 is relatively elementarily definable
(r.e.d.) in the class 𝐾2 if there exist formulas

𝔄(𝑥1, … , 𝑥𝑛; 𝑦1, … , 𝑦𝑚)

(abbreviated 𝔄( ̄𝑥; ̄𝑦)),
𝔅(𝑥; ̄𝑦1; ̄𝑦2)

(𝔅(𝑥1, … , 𝑥𝑛; 𝑦1
1, … , 𝑦1

𝑚; 𝑦2
1, … , 𝑦2

𝑚)),
ℭ1( ̄𝑥; ̄𝑦1, … , ̄𝑦𝑛1), … , ℭ𝑘( ̄𝑥; ̄𝑦1, … , ̄𝑦𝑛𝑘)

of signature 𝜎2, such that the following conditions are satisfied: 1) for every
model 𝔐 ∈ 𝐾1 there exists a model 𝔑 ∈ 𝐾2 and elements 𝑎1, … , 𝑎𝑛 ∈ 𝔑
such that the set 𝐿 of 𝑚-tuples ⟨𝑏1, … , 𝑏𝑚⟩ such that 𝔄( ̄𝑎; 𝑏̄) is true in 𝔑, is
nonempty; 2) the formula 𝔅( ̄𝑎; ̄𝑦1; ̄𝑦2) defines a congruence relation ∼ on the
model of signature 𝜎1 obtained from the set 𝐿 by defining the predicate 𝑃 𝑛𝑖

𝑖
with the aid of the formula

ℭ𝑖( ̄𝑎; ̄𝑦1, … , ̄𝑦𝑛𝑖);

3) the model
⟨𝐿/ ∼, 𝑃 𝑛1

1 , … , 𝑃 𝑛𝑘
𝑘 ⟩,
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where 𝐿/ ∼ is the set of equivalence classes of 𝑚-tuples from the set 𝐿, and the
predicates 𝑃 𝑛𝑖

𝑖 are induced by the predicates defined above on 𝐿, is isomorphic
to the model 𝔐.

Remark. It is clear that if 𝐾1 is r.e.d. in the class 𝐾2, and 𝐾2 is r.e.d. in the
class 𝐾3, then 𝐾1 is r.e.d. in the class 𝐾3.

The class 𝐾1 has a hereditarily undecidable theory if every class 𝐾′
1 ⊇ 𝐾1

of signature 𝜎1 has an undecidable theory (see (6)). It is known (6) that the
class 𝐾1, consisting of the single model

𝑁 = ⟨{0, 1, …}, 𝑆3, 𝑃 3⟩

—the natural numbers with the predicates of addition and multiplication—has a
hereditarily undecidable theory.

Proposition 1. If the class 𝐾1 has a hereditarily undecidable theory and is
r.e.d. in the class 𝐾2, then 𝐾2 also has a hereditarily undecidable theory.

3. Let Ω be a finite field of characteristic not equal to 2. Let Ω(𝑥) and Ω[𝑥]
be the field of rational functions and the ring of polynomials in 𝑥 over
the field Ω. The proof of Theorem 1 is analogous to D. Robinson’s proof
(4) of the undecidability of fields of algebraic numbers and uses Hasse’s
theorem on quadratic forms.

The local conditions for the representability of zero by a nondegenerate quadratic
form in 4 variables can be formulated by means of the Hilbert symbol (𝑎, 𝑏)𝑝 (𝑝
is a point of the field Ω(𝑥)): (𝑎, 𝑏)𝑝 = 1, 𝑎, 𝑏 ∈ Ω(𝑥), if the equation 𝑎𝑥2

1+𝑏𝑥2
2 = 1

is solvable in the 𝑝-adic completion of the field Ω(𝑥); (𝑎, 𝑏)𝑝 = −1 otherwise.

The following properties of the Hilbert symbol are valid:

1) (𝑎, 𝑏)𝑝 = (𝑎, −𝑎𝑏)𝑝.

2) (𝑎, −𝑎)𝑝 = 1.
3) (𝑎, 𝑏)𝑝 = (𝑎′, 𝑏)𝑝, if 𝑎𝑎′ is a 𝑝-adic square.

4) If 𝑎, 𝑏 ∈ Ω[𝑥], 𝑝 = 1/𝑥, 𝑝 ∈ Ω[𝑥], 𝑝2 ∤ 𝑎𝑏, then

(𝑎, 𝑏)𝑝 =
⎧{
⎨{⎩

(𝑎/𝑝), if 𝑝 ∤ 𝑎, 𝑝 ∣ 𝑏,
(𝑏/𝑝), if 𝑝 ∣ 𝑎, 𝑝 ∤ 𝑏,
1, if 𝑝 ∤ 𝑎, 𝑝 ∤ 𝑏,

where (𝑎/𝑝) is the Legendre symbol (see (3), where the reciprocity law is also
given).

5) (𝑎, 𝑏)𝑝 = (𝑏, 𝑎)𝑝.

6) ∏𝑝(𝑎, 𝑏)𝑝 = 1.

sovietrxiv.org/items/ru-196501.93130 Machine Translation

https://sovietrxiv.org/items/ru-196501.93130


If 𝑎, 𝑏 ∈ Ω[𝑥] and the coefficients of the highest powers of 𝑥 are equal to 1 (in
what follows, when polynomials are discussed, this condition is assumed to be
fulfilled), then (𝑎, 𝑏)1/𝑥 = (−1)𝜇𝜇′(𝑞−1)/2, where 𝑞 is the number of elements
of the field Ω, and 𝜇 and 𝜇′ are the degrees of the polynomials 𝑎 and 𝑏; in
particular, if 𝑎 or 𝑏 has even degree, then (𝑎, 𝑏)1/𝑥 = 1.
Lemma 1. The form 𝑓 = 𝑎1𝑥2

1 + 𝑎2𝑥2
2 + 𝑎3𝑥2

3 + 𝑎4𝑥2
4 is not zero in the 𝑝-adic

completion of the field Ω(𝑥) only in the case when 𝑎1𝑎2𝑎3𝑎4 is a 𝑝-adic square
and (−𝑎1𝑎2, −𝑎1𝑎3)𝑝 = −1.
From the condition of local representability of zero (Lemma 1) and Hasse’s
theorem it follows immediately that

Lemma 2. An element ℎ of the field Ω(𝑥) can be represented by the ternary
quadratic form 𝑥2

1 − 𝑎𝑥2
2 − 𝑏𝑥2

3 in Ω(𝑥) if and only if, for every point 𝑝 such that
(𝑎, 𝑏)𝑝 = 1, −𝑎𝑏ℎ is not a 𝑝-adic square.

Lemma 3. Let 𝑝 be an irreducible polynomial in Ω[𝑥]; then there exist two rel-
atively prime polynomials 𝑎 and 𝑏, without multiple factors, such that (𝑎, 𝑏)𝑝 =
−1, and at least one of them has even degree. (We note that then (𝑎, 𝑏)1/𝑥 = 1.)
Proof. Find an irreducible polynomial 𝑏 such that (𝑏/𝑝) = −1. If 𝑝 or 𝑏 has
even degree, then one may take 𝑎 = 𝑝; if 𝑝 and 𝑏 have odd degree, then let
𝑎 = 𝑝𝑞, where 𝑞 ≠ 𝑝 is an irreducible polynomial of odd degree. By property 4,
(𝑎, 𝑏)𝑝 = (𝑏/𝑝) = −1. Lemma 4 and Proposition 2 are proved as in (4).

Lemma 4. Let 𝑎 and 𝑏 be relatively prime polynomials without multiple factors,
the degree of at least one of them even, and let 𝑝1, 𝑝2, … , 𝑝𝑘 be all irreducible
polynomials dividing 𝑎𝑏 such that (𝑎, 𝑏)𝑝𝑖

= −1 for 𝑖 = 1, … , 𝑘. Then, for an
element 𝑐 ∈ Ω(𝑥), there exist 𝑥1, 𝑥2 and 𝑥3 such that 1 − 𝑎𝑏𝑐2 = 𝑥2

1 − 𝑎𝑥2
2 − 𝑏𝑥2

3,
if and only if 𝑐 is a 𝑝𝑖-adic integer for all 𝑖 = 1, … , 𝑘.
Proposition 2. Let

Φ(𝑎1, 𝑏, 𝑐) ⟺ (∃𝑥1, 𝑥2, 𝑥3) (1 − 𝑎𝑏𝑐2 = 𝑥2
1 − 𝑎𝑥2

2 − 𝑏𝑥2
3),

𝔄(𝑠, 𝑡) ⟺ (∀𝑎, 𝑏){[(∀𝑐)(Φ(𝑎, 𝑏, 𝑐)) → 𝛼∈Ω& Φ(𝑎, 𝑏, 𝑐 + 𝛼)&

& Φ(𝑎, 𝑏, 𝑠 ⋅ 𝑐)] → Φ(𝑎, 𝑏, 𝑡)}.

Then the set of those 𝑡 for which the formula 𝔄(𝑥, 𝑡) is true in Ω(𝑥) is exactly
the ring of polynomials Ω[𝑥].
Thus, the ring of polynomials Ω[𝑥] is e.d. in Ω(𝑥); R. Robinson in (5) showed
that 𝑁 is e.d. in the ring of polynomials over any field. From the remark
and Proposition 1 follows Theorem 1. Since among all fields of fixed charac-
teristic not equal to 2 there are fields of rational functions over finite fields of
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this characteristic, Theorem 2 follows from the hereditary undecidability of the
latter.

4. Proposition 3. Let Ω(𝑥) be the field of formal power series in the variable
𝑥 over the field Ω. Then the ring of formal power series without negative
powers of 𝑥 is formally distinguishable.

Proof. Let Ω be a field of characteristic not equal to 2. Consider the formula

𝔄(𝑦) ⟺ (∃𝑡){(∀𝑤)(𝑡 ≠ 𝑤2) & (∀𝑢, 𝑣)[(∃𝑧)(1 + 𝑡𝑢2 = 𝑧2) &

& (∃𝑧)(1 + 𝑡𝑣2 = 𝑧2) → (∃𝑧)(1 + 𝑡𝑢2𝑣2 = 𝑧2)] & (∃𝑧)(1 + 𝑡𝑦2 = 𝑧2)}.

We shall show that the elements 𝑦 satisfying the formula 𝔄 in Ω{𝑥} are precisely
the formal power series without negative powers of 𝑥, i.e.

𝑦 = 𝑥𝑚(𝛽0 + 𝛽1𝑥 + …), 𝛽𝑖 ∈ Ω, 𝛽0 ≠ 0, 𝑚 ⩾ 0. (*)

Let us note that 𝑡 = 𝑥𝑛(𝛼0 + 𝛼1𝑥 + …), 𝛼𝑖 ∈ Ω, 𝛼0 ≠ 0, is a square in Ω{𝑥} if
and only if 𝑛 is even and 𝛼0 is a square in Ω. This follows immediately from
Hensel’s lemma.

A. Take 𝑥 as the element 𝑡; then 𝑥 is not a square, and the set of elements 𝑦
such that (∃𝑧)(1+𝑥𝑦2 = 𝑧2) is precisely the set of elements of the form (∗), and,
consequently, is closed under multiplication. Indeed, if 𝑚 < 0, then

1 + 𝑥𝑦2 = 1 + 𝑥2𝑚+1(𝛽0 + 𝛽1𝑥 + …) = 𝑥2𝑚+1(𝛽0 + 𝛽′
1𝑥 + …),

and since 2𝑚 + 1 is odd, this element is not a square. If, however, 𝑚 ⩾ 0, then

1 + 𝑥𝑦2 = 1 + 𝛽0𝑥2𝑚+1 + 𝛽1𝑥2𝑚+2 + … ,

and, consequently, is a square. Thus, if 𝑦 = 𝑥𝑚(𝛽0 + 𝛽1𝑥 + …), 𝛽𝑖 ∈ Ω, 𝛽0 ≠ 0,
𝑚 ⩾ 0, then 𝔄(𝑦) is true.

B. Let 𝑦 = 𝑥𝑚(𝛽0 + 𝛽1𝑥 + …), 𝛽𝑖 ∈ Ω, 𝛽0 ≠ 0, 𝑚 < 0. Suppose that 𝔄(𝑦) is
true; then there exists

𝑡 = 𝑥𝑘(𝛾0 + 𝛾1𝑥 + …), 𝛾𝑖 ∈ Ω, 𝛾0 ≠ 0,

such that 𝑡 is not a square, the set of elements 𝑢 for which (∃𝑧)(1 − 𝑡𝑢2 = 𝑧2) is
closed under multiplication, and this set contains the element 𝑦. Consequently,
this set contains every positive power of 𝑦. Let 𝑙 > 0 be such that 2𝑙𝑚 + 𝑘 < 0.
The element 1 + 𝑡(𝑦𝑙)2 must be a square. We shall show that this is impossible.

1 + 𝑡(𝑦𝑙)2 = 1 + 𝑥𝑘+2𝑙𝑚(𝛾0𝛽2𝑙
0 + 𝛿1𝑥 + …), 𝛿𝑖 ∈ Ω.
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Since 𝑘 + 2𝑙𝑚 < 0, we have

1 + 𝑡(𝑦𝑙)2 = 𝑥𝑘+2𝑙𝑚(𝛾0𝛽2𝑙
0 + 𝛿′

1𝑥 + …).

If 𝑘 is odd, then 𝑘 + 2𝑙𝑚 is also odd, and therefore this element is not a square;
if 𝑘 is even, then 𝛾0 is not a square in Ω, since otherwise

𝑡 = 𝑥𝑘(𝛾0 + 𝛾1𝑥 + …)

would be a square, but then 𝛾0𝛽2𝑙
0 is not a square in Ω. Thus, in all cases the

element 1 + 𝑡(𝑦𝑙)2 is not a square in Ω{𝑥}. The contradiction obtained proves
the assertion.

If the field Ω has characteristic 2, then the formula

𝔅(𝑦) ⟺ (∃𝑡){(∀𝑤)(𝑡 ≠ 𝑤3) & (∀𝑢, 𝑣)[(∃𝑧)(1 + 𝑡𝑢3 = 𝑧3) &

& (∃𝑧)(1 + 𝑡𝑣3 = 𝑧3) →

(∃𝑧)(1 + 𝑡𝑢3𝑣3 = 𝑧3)] & (∃𝑧)(1 + 𝑡𝑦2 = 𝑧3)}

is true for exactly those elements of the field Ω{𝑥} which are formal power series
without negative powers of 𝑥. The proof is entirely analogous. The proposition
is proved.

Theorem 3 now follows from the fact that the ring of formal power series in the
variable 𝑥 without negative powers of 𝑥 over an undecidable field is undecidable.
This follows directly from the formal definability in such a ring of the ideal of
noninvertible elements. The quotient ring by this ideal is isomorphic to the
coefficient field (see, for example, (5)).
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