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Abstract
Full Text

MATHEMATICS
V. G. MAZ’YA, B. A. PLAMENEVSKII

ON SINGULAR EQUATIONS WITH A SYM-
BOL THAT VANISHES
(Presented by Academician A. D. Aleksandrov, 21 IX 1964)

By now, multidimensional integral singular equations with a symbol nowhere
equal to zero have been well studied (see (1)). In this note singular equations
in the plane are considered under the condition that the symbol may vanish
on a finite number of rays. The equations are studied in spaces of generalized
functions. The note is devoted mainly to equations of convolution type. In
contrast to the case when the symbol does not degenerate, the solution of such
equations is not determined uniquely. The general solution contains functions
of the type of a plane wave. It is therefore natural to append to the equation
additional conditions that would ensure its unique solvability. For equations of
convolution type, three well-posed problems are considered. In conclusion, one
problem is presented for an equation with a symbol weakly depending on the
pole.

1. Let polar coordinates (𝜌, 𝜃) be introduced in the plane 𝐸2. Denote by ℒ(𝑙)
2

(𝑙 a positive integer) the space of functions on the circle that are square-
summable together with derivatives up to order 𝑙 inclusive. The space
ℒ(𝑙)

2 , endowed with the norm

|𝜑|2𝑙 = ∫
2𝜋

0

𝑙
∑
𝑘=0

∣𝜕
𝑘𝜑

𝜕𝜃𝑘 ∣
2

𝑑𝜃,

is a normed ring with respect to ordinary multiplication. Let ℒ(−𝑙)
2 be the space

conjugate to ℒ(𝑙)
2 with respect to the scalar product [𝑓, 𝜑] in ℒ2 on the circle.

We shall consider functions defined on 𝐸2 as abstract functions of one variable 𝜌,
whose values belong to various spaces of functions on the circle. Introduce the
space 𝐻(ℒ(𝑙)

2 ) of functions of the variable 𝜌 with values in ℒ(𝑙)
2 , square-summable

on the half-axis (0, ∞) with weight 𝜌. This space is provided with the norm

‖𝑢‖2
𝑙 = ∫

∞

0
|𝑢|2𝑙 𝜌 𝑑𝜌.
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The space of functionals 𝐻(ℒ(−𝑙)
2 ) is defined analogously.

The Fourier transform ℱ𝑢 is defined in the space 𝐻(ℒ(𝑙)
2 ) and maps it isomet-

rically onto itself. The space 𝐻(ℒ(−𝑙)
2 ) is conjugate to 𝐻(ℒ(𝑙)

2 ) with respect to
the scalar product

(𝑣, 𝑢) = ∫
∞

0
[𝑣, 𝑢]𝜌 𝑑𝜌.

Therefore the Fourier transform is also defined in 𝐻(ℒ(−𝑙)
2 ). In order that a

homogeneous function of degree zero Φ(𝑧1, 𝑧2) = Φ(𝜃) (𝜃 is the polar angle of
the point 𝑧) be a multiplier in 𝐻(ℒ(𝑙)

2 ), it is necessary and

it is sufficient that Φ(𝜃) belong to ℒ(𝑙)
2 . Consequently, in the spaces 𝐻(ℒ(𝑙)

2 )
and 𝐻(ℒ(−𝑙)

2 ) there is defined and bounded the singular integral operator 𝐴 =
ℱ−1Φℱ with symbol Φ(𝜃) ∈ ℒ(𝑙)

2 .

2. Suppose that the symbol Φ(𝜃) vanishes on the rays 𝜃 = 𝜒1, 𝜒2, … , 𝜒𝑁 ;
denote by 𝑙𝑗 the multiplicity of the zero 𝜃 = 𝜒𝑗, and let

𝑙 = max
𝑗

{𝑙𝑗}.

If 𝑓 ∈ 𝐿2(𝐸2), then there exists a solution of the equation 𝐴𝑢 = 𝑓 be-
longing to the space 𝐻(ℒ(−𝑙)

2 ). The general solution of the homogeneous
equation has the form

ℱ𝑢 =
𝑁

∑
𝑗=1

𝑙𝑗−1

∑
𝑘=0

𝑐𝑘𝑗(𝜌) 𝛿(𝑘)(𝜃 − 𝜒𝑗), (1)

where 𝑐𝑘𝑗(𝜌) are arbitrary functions from 𝐿2[(0, ∞); 𝜌].
Assume that for all 𝜆 the function Φ(𝜃) − 𝜆 vanishes only on a finite number
of rays, and that the multiplicities of the zeros do not exceed a fixed number 𝑙.
Then the spectrum of the operator 𝐴 in the space 𝐻(ℒ(−𝑙)

2 ) coincides with the
set of values of the symbol Φ(𝜃), and every point of the spectrum is an eigenvalue
of infinite multiplicity. The form of the eigenfunctions follows directly from (1).

3. We pose the following problem:

𝐴𝑢 = 𝑓, [𝐴𝑘𝑢, 1] = 𝜓𝑘(𝜌) (𝑘 = 1, … , 𝑠 =
𝑁

∑
𝑗=1

𝑙𝑗) , (2)

where 𝐴𝑘 are singular operators with symbols Φ𝑘(𝜃) ∈ ℒ(𝑙)
2 , and 𝜓𝑘(𝜌) are

known functions from 𝐿2[(0, ∞); 𝜌].
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Let 𝐵 be a square matrix of order 𝑠 of the form 𝐵 = (𝐵1, … , 𝐵𝑁), where

𝐵𝑗 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

Φ1(𝜒𝑗) … Φ(𝑙𝑗−1)
1 (𝜒𝑗)

Φ2(𝜒𝑗) … Φ(𝑙𝑗−1)
2 (𝜒𝑗)

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

Φ𝑠(𝜒𝑗) … Φ(𝑙𝑗−1)
𝑠 (𝜒𝑗)

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

For the existence and uniqueness of a solution of problem (2) for arbitrary
𝜓𝑘(𝜌), it is necessary and sufficient that the determinant det 𝐵 be nonzero. If
this condition is fulfilled, the solution depends continuously on 𝑓 and 𝜓𝑘.

Considerations analogous to those carried out in items 2, 3 are also possible in
the space of generalized functions over a countably normed space in which the
topology is given by a countable system of norms ‖𝑢‖𝑙 (𝑙 = 0, 1, …).

4. Suppose that the multiplicity of each zero 𝜃 = 𝜒𝑗 (𝑗 = 1, … , 𝑁) of the
symbol Φ is equal to one. Choose Cartesian coordinates so that none of the
rays 𝜃 = 𝜒𝑗 lies on the axis 𝑥1 = 0, and let the rays 𝜃 = 𝜒𝑗 (𝑗 = 1, … , 𝑀)
project onto the positive half-axis 𝑥2 = 0, while the remaining rays project
onto the negative one.

In posing the second and third problems we shall use the fact that (−Δ +
𝐸)−2𝑢 ∈ ℒ(1)

2 for almost all 𝜌 for any 𝑢 ∈ 𝐻(ℒ(−1)
2 ), and therefore the function

(−Δ + 𝐸)−2𝑢 is defined almost everywhere on every straight line.

We shall seek a solution of the equation

𝐴𝑢 = 0, (3)

satisfying the conditions

(−Δ + 𝐸)−2𝐴𝑘 Re 𝑢∣𝑥=0 = 𝜑𝑘(𝑥1) (𝑘 = 1, … , 𝑁), (4)

where 𝐴𝑘 are real singular operators with symbols Φ𝑘(𝜃). By 𝜑𝑘(𝑥1) are denoted
prescribed real functions from 𝐿2(−∞, +∞),
subject to the condition

∫
+∞

−∞
|𝜑𝑘|2(1 + 𝑡2)2 𝑑𝑡

|𝑡| < ∞, (5)

where 𝜑𝑘 is the Fourier transform of the function 𝜑𝑘.

For the existence and uniqueness of the solution of problem (3)—(4) it is neces-
sary and sufficient that the determinant

det ⎛⎜
⎝

Φ1(𝜃1) … Φ1(𝜃𝑀) Φ1(𝜃𝑀+1 + 𝜋) … Φ1(𝜃𝑁 + 𝜋)
… … … … … …

Φ𝑁(𝜃1) … Φ𝑁(𝜃𝑀) Φ𝑁(𝜃𝑀+1 + 𝜋) … Φ𝑁(𝜃𝑁 + 𝜋)
⎞⎟
⎠
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not be equal to zero. Under this condition the solution depends continuously
on 𝜑𝑘.

If the number of zeros of the symbol is even and the multiplicity of each zero
is equal to one, then one can pose one more correct problem. Choose Cartesian
coordinates so that 𝑀 is equal to 𝑁/2 (this is always possible). We shall seek
a solution of the equation 𝐴𝑢 = 0 such that

(−Δ + 𝐸)−2𝐴𝑘𝑢∣𝑥2=0 = 𝜑𝑘(𝑥1) (𝑘 = 1), … , 𝑁/2), (6)

where 𝐴𝑘 are singular operators (not necessarily real) with symbols Φ𝑘. By
𝜑𝑘(𝑥1) are denoted prescribed complex functions satisfying condition (5).

For the existence and uniqueness of the solution of problem (3)—(6) for all 𝜑𝑘,
it is necessary and sufficient that the determinants

det ‖Φ𝑘(𝜒𝑗)‖, det ‖Φ𝑘(𝜒𝑁/2+𝑗)‖ (𝑘, 𝑗 = 1, … , 𝑁/2)

not be equal to zero.

5. Let 𝑓(𝑥, 𝑧) and Φ(𝑥, 𝑧) be functions homogeneous of degree zero with
respect to 𝑧. Consider the singular operator

𝐴𝑢 = 𝑎(𝑥)𝑢(𝑥) + ∫
𝐸2

𝑓(𝑥, 𝑦 − 𝑥)
𝑟2 𝑢(𝑦) 𝑑𝑦

with an infinitely differentiable symbol Φ(𝑥, 𝑧) ≡ Φ(𝑥, 𝜃). Suppose that, for
sufficiently large |𝑥|, the symbol depends only on 𝑧. The operator 𝐴 is bounded
in the spaces 𝐻(ℒ(1)

2 ) and 𝐻(ℒ(−1)
2 ).

A bounded operator 𝑇 , acting from 𝐻(ℒ(−1)
2 ) into 𝐿2(𝐸2), will be called smooth-

ing; the symbol of 𝑇 , by definition, is equal to zero. A general singular operator
will mean an operator of the form 𝐴 + 𝑇 . For such operators the rule of multi-
plication of symbols is valid.

The curve 𝐹(𝑥) = const will be called characteristic for the operator 𝐴 + 𝑇 if

Φ(𝑥, grad 𝐹) = 0. (7)

Equation (7) remains invariant under a change of coordinates. Suppose that
the symbol Φ(𝑥, 𝜃) of the operator 𝐴 has the form

Φ(𝑥, 𝜃) = (𝑒𝑖𝜒(𝑥) − 𝑒𝑖𝜃)Ψ(𝑥, 𝜃) (Im 𝜒 ≡ 0),

where |Ψ(𝑥, 𝜃)| > 0, and that the characteristic curves are given by the equa-
tion 𝑥1 cos 𝜔(𝑥) + 𝑥2 sin 𝜔(𝑥) = const. The functions Ψ(𝑥, 𝜃) − Ψ(∞, 𝜃) and
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𝜔(𝑥) − 𝜔(∞) are identically equal to zero for large |𝑥|, and, together with their
derivatives with respect to 𝑥 and 𝜃 of sufficiently high order, do not exceed in
absolute value a prescribed small positive number.

Under these assumptions, the problem

𝐴𝑢 = 𝑓, [𝑢, 1] = 𝜓(𝜌),

where 𝑓 ∈ 𝐿2(𝐸2), 𝜓(𝜌) ∈ 𝐿2[(0, ∞); 𝜌], is uniquely solvable in the space
𝐻(ℒ(−1)

2 ).
For the proof, by means of a special change of variables preserving the space
𝐻(ℒ(−1)

2 ), we straighten the characteristic curves of the operator 𝐴. Then,
multiplying 𝐴 by a certain operator with a nondegenerate symbol, we obtain a
singular operator whose symbol does not depend on the pole. Finally, using the
results of §§ 2, 3 and the method of successive approximations, we prove the
existence and uniqueness of the solution of the problem.

The authors express their sincere gratitude to Prof. S. G. Mikhlin for his constant
attention to, and discussion of, the work.

Leningrad State University
named after A. A. Zhdanov
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