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ON THE MULTIPLICATIVE REPRESENTA-
TION OF CHARACTERISTIC FUNCTIONS
OF OPERATORS CLOSE TO UNITARY ONES

(Presented by Academician V. I. Smirnov on 1 III 1965)

In the present communication it will be shown that the authors’ investigations
(1) on the factorization of operators, in combination with various investigations
of other authors (2-%), make it possible to obtain a multiplicative representation
of the characteristic functions of operators of a comparatively broad class.

1. Let & be an arbitrary symmetrically normed ideal (see (1)) of the ring
R of all linear bounded operators acting in the separable Hilbert space §). As is
known, & C &, where & is the ideal of all completely continuous operators
of the ring.

By 4(&) we shall denote the class of all operators T' € R possessing the following
properties: 1) T*T — I € &; 2) in the disk |A| < 1 there is at least one regular
point of the operator T'. The following assertions are easily proved.

If an operator T' € (&), then in this and only in this case it admits a polar
representation of the form T = U(I + K), where U is a unitary operator and
K € &. Therefore, it T € 3(6), then also T* € (&), and consequently
TT*—1 € 6.

If T € $4(S), then the set of points of its spectrum o(T) not lying on the
unit circle is either empty or consists of isolated eigenvalues to which finite-
dimensional normally splitting root subspaces correspond.

An operator whose entire spectrum lies on the unit circle will be called an
operator with unitary spectrum.

Let the monotone chain {P,}, ycoria (Py = 0, Py = It P, < P, for
t; < ty) of orthogonal projectors be an eigenchain (see (!)) of some operator

T(€ R) with unitary spectrum: TP, = P,ppt. We agree to say that the chain
{P,} s<i<2rro separates the spectrum o(7') of the operator T, if the spectrum
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of the restriction of T' to the subspace P,$ lies on the arc eir (a <7 <t), while
the spectrum of the restriction of the operator (I —P,)T(I — P,) to the subspace
(I — P,)$ lies on the complementary arc '™ (t < 7 < 27 + «).

Operators possessing eigenchains separating their spectrum form a sufficiently
broad class. The method of V. I. Macaev (?) for estimating the resolvents of
linear operators and the theorem of Yu. I. Lyubich and V. I. Macaev (*) make
it possible, in particular, to assert that every operator T € (&) (for the
definition of &, see (1)) with unitary spectrum, for every a (0 < a < 27),
possesses an eigenchain separating the spectrum.*

* Moreover, the operator T is an S-operator (in the terminology of Yu. I. Lyu-
bich and V. I. Macaev (3)).

Theorem 1. In order that an operator T' € U(S_,) be representable in the
form T = U(I + V), where V is a Volterra operator with maximal chain of
eigenspaces 3, and U is the unitary operator defined by the equality

U= /m exp(ip(P)) dP, (1)

in which ¢(P) (P € PB; 0 < ¢(P) < 27) is a nondecreasing continuous-from-
the-left function, it is necessary and sufficient that the spectrum of the operator
T be unitary and that the operator T' possess a chain { P, }o,<,, separating its

spectrum.

An analogous theorem for bounded operators with real spectrum and completely
continuous imaginary component was proved earlier by M. S. Brodskii (°).

If the operator T' admits the representation indicated in Theorem 1, then as the
chain {P;}o<;<o, separating its spectrum one may choose a certain part of the
chain . Conversely, if a certain chain {P,},<;<o, separating the spectrum of
the operator T is given, then every maximal eigenspace chain 98 of the operator

T containing { P, }o<;<o, generates the required representation of the operator
T.

Let us also note that in the representation A = U(I + V'), which is discussed in
Theorem 1, the operator I + V can be obtained from the formula

I+V) =TI+ /(I — PHP)"'PHdP, (2)
B

where H = I — T*T. The last formula follows from general propositions on
factorization from (!). Theorem 1 itself, with the addition of (2), was essentially
indicated in the same paper of the authors (1).
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2. Starting from Theorem 1 and formula (2), one can obtain a multiplicative
representation of the characteristic function of an operator 7" € (&) with
unitary spectrum.

For the purpose of simplifying the exposition we shall restrict ourselves to the
consideration of such functions only for contractions 7' (|T'] < 1). For a con-
traction 7' the characteristic function 6,(A) may be defined as a function of
A (JA] < 1), whose values are again contractions acting from the closure &,
of the range of the operator I — T*T (Ry = (I — T*T)$H) into the closure
Ay = (I —TT*)$ according to the following formula (see (46-12))*:

0p(N) = [T+ AXI —TT*)V2(I = AT*)"Y (I —T*T)'/?] | &. (3)

For arbitrary p and A (|p|, |A| < 1) the identity

07(1)07(\) = [I — (I =T*T)"*(I = gT)" (I = AT*) (I = T*T)"?] | K¢,
(4)
holds, from which, in particular (for A = p), it follows that [6,()\)| < 1, and
moreover that [0,(N)f] < |f| for f#0 (f € &p).

A contraction T is called simple (in the terminology of (), completely non-
unitary) if it is not unitary on any of its invariant subspaces. For every con-
traction T, 61(A) = 67, (A), where T}, is the maximal simple part of the operator
T. A simple contraction is determined by its characteristic function 6, () up
to unitary equivalence (see Theorem 3 in (*); a more general theorem is proved
in (%)).

Let & and &, be certain unitary spaces (either finite-dimensional or separable
Hilbert spaces), and let () (|A| < 1) be a certain function whose values are
linear bounded—

* By A|R we denote the restriction of an operator A, acting in £, to the subspace
R.

operators acting from K into K,. The following fundamental theorem, proved
in (*) (Theorem 2), holds:

A. In order that there correspond to the spaces K, K, and the function 8(\) a
simple contraction 7" such that

ONU = 0r(NU, (]A <1), ()

where U and U, are certain operators mapping unitarily £ and K,, respectively,
onto & and K., it is necessary and sufficient that the function () have the
following properties: 1) the function 6(\) is holomorphic inside the unit disk; 2)

0N <1 (JA[ = 1); 3) [0(0)f] < [f] for f# 0 (f € R).
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Denote by €(&) the totality of all contractions T' € A(S&). Thus, T' € C(6) if:
1) |T| <1; 2) I —T*T € &; 3) the operator T has at least one regular point
inside the disk |A\| < 1.

Let A be a linear operator acting from K into £,. We shall agree to write
A€ C(G; ], K,) if either dim & = dim &, < oo, or W, AW ! € (&), where W,
and W are any operators mapping unitarily K, and K onto $. It is easy to see
that if, for at least one such pair of unitary operators W, and W, the condition
W, AW~ € (&) is fulfilled, then it is fulfilled for every other such pair.

Proposition A may be supplemented by the following;:

B. In order that an operator-valued function #()), acting from K into &,, cor-
respond to a simple contraction T' € C(&), for which (5) holds, it is necessary
and sufficient that, in addition to properties 1), 2), and 3), it also have the prop-
erty: 4) there exists a point A\, such that 6(\;) maps & one-to-one onto &, and
0(Ng) € C(6; 8, R,). If properties 1)—4) are fulfilled, then 6(\) € C(G; R, R,)
for all A (|A] < 1).

Proposition B can be given a proof independent of Theorem A, which leads
to the construction of an operator T different from that given in (%) and re-
lated in its idea to the constructions proposed in (*!,12) for the recovery of a
bounded operator with a completely nonunitary imaginary component from its
characteristic function.

Let us present this construction. Since 6(0) € C(&; &, R,), there is a unitary
mapping F of the space &, onto & such that £6(0) will be a nonnegative operator
with spectrum lying in the interval (0, 1), and in addition I —E6(0) € C(&; R, R).
If we form the function

F\) =[I—EONI + EON)],

then it will be holomorphic inside the unit disk and take there values in
C(6; &, R), and, moreover, have the property that F(A) + F*(\) > 0. It can
then be proved that there exist a unitary operator U, acting in the Hilbert
space $), and a contraction R, acting from R into $), such that

F(\) =R*(U+ X)(U—X)'R.
It turns out that the contraction
T=U(T —RR*)(I+RR")'€€(5)
will satisfy condition (5).

3. Theorem 2. If the operator T' € C(S,,) with unitary spectrum possesses
an eigenchain separating the spectrum, then its characteristic function 6,(X)
admits the multiplicative representation

HY?4dp (I — PHP)1H1/2> (©)

Or(N) = (9}(0))14 (I + Aeivr(P) — 1
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where ¢(P) and 3 are the function and the maximal chain from the correspond-
ing representations (1), (2), and H = I —T*T.

In this theorem the multiplicative integral (6) is understood as the limit in
operator norm (in Shatunovskii’ s sense) of products of the form

HY?2AP (I—P —1p1/2 H2AP, (I — P,HP,) 1 H/?
m, = (I+ n ( ' WHPT) 1+ 1 ( ‘ WHPy) :
)\elﬁa(PTJ —1 )\e“P(Pﬂ —1

where P, € B, 0= Py < P, << P, =1, AP;=P;— P, ;.

The multiplicative representation (6), in its structure and in its derivation, is
considerably more complicated than the multiplicative representation of the
characteristic operator-function of bounded operators with real spectrum and
a completely continuous imaginary component, which was obtained by M. S.
Brodskii ('3). Moreover, the latter can be obtained as a consequence of repre-
sentation (6). At the same time, the authors consider it their duty to note that
the ingenious and exceptional, in their elegance, constructions of M. S. Brod-
skii served for the authors as a model without which they would hardly have
obtained their result in such a general form.

A number of formal transformations makes it possible to obtain from represen-
tation (6) also the following:

A ete(P) 1\
O,r(N\) = U/ (I + W)\R*(P)Hm dP Hl/QR(P)> , (7)
Y ¢ -

where U is a unitary operator mapping K, onto K., and

R(P) = /H (I + %HW(I — PHP)™! dPHl/Q) ; (8)
B

P

where by Bp is denoted the part of the chain B from 0 to P.

A rigorous justification of representation (7) has so far been obtained for the
case T € €(6;). Apparently this representation is valid also in the general case.
Under the condition T' € €(&,), formulas (7) and (8) can also be written in the
form

< ip(P)
0r(\) = U/ exp (16.+)\R*(P)H1/2 dp H1/2R(P)> , (9)
h 2 ele(P) — )\

where
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R(P) = AF exp (%HW(I — PHP)™'dP H1/2> . (10)

P

In an analogous form one may also rewrite formula (6). Let us explain that
formula (10) is understood by us in the sense that R(P) is the limit (in the
sense of Shatunovskii) in operator norm of products of the form

exp (1) HYA(I = Pypn) M AP, ) oxp (1, HY(I — PLHPy) T AP HY2)

where P; € B, 0= Py < P, <.+ <P, =P, AP; = P, — P;_;. Formula (9) is
interpreted similarly.

As was already noted in Sec. 2, the results on the characteristic operator-
function generalize to arbitrary operators T' € U(S ) with |T'| < 1.

Representation (9), in combination with Proposition B, as well as the corre-
sponding generalizations of them to the case where |T'| > 1, contain as conse-
quences the main part of the fundamental results of V. P. Potapov '*) and Yu.
P. Ginzburg (™ on the representation of J-contractive matrices and operator-
functions holomorphic inside the unit circle.
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