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Abstract
Full Text

B. S. MITYAGIN, B. N. SADOVSKII
ON LINEAR BOOLEAN OPERATORS

(Presented by Academician A. N. Kolmogorov, 17 IV 1965)

In the present paper the complexity of Boolean, mainly linear Boolean, operators
is studied when they are realized by circuits of functional elements in the basis
(4, A;1,0).* A linear Boolean operator is an operator all of whose components
are linear functions, i.e., functions of the form a,z,+ayzo+ -+ +a,x,. In Sec. 1
it is proved that the complexity of any operator is not less than the complexity of
its linear part. In Sec. 2 the order of Shannon’ s function £(m,n) is determined
for linear operators. Circuits of a special type are introduced (called free circuits
—the complexity when they are used for realization is denoted by £ (m,n)), in
which the inputs of any element are supplied with functions having no common
essential variables. Under natural restrictions on m,n the relation

L (m,n) < £(m,n), where £(m,n) = 1{%}}( L(4), Lt(m,n)= I(I}\E)lx LH(A)
n(A)=n n(A)=n

is proved.

The following sections are devoted to the study of the function A(n) =
max £1(A)/£(A) (the maximum is taken over all square matrices of order n).
It is proved that A\(n) — co as n — oo, and the lower estimate A(n) > n'/2—°(1)
is given. The following abbreviations are used in the paper: f.e.—functional
element, f.c.—circuit of functional elements.

1. Let F(Z) = {yy (21, .oy 2), oo s Yy (X1, ..., ,,) } e a Boolean operator. Rep-
resent its components in the form of Zhegalkin polynomials (?):

yyzzaz[yj<§)] (.]: 1a27am)a
i=0

where 0;(y;) (i =0,...,n; j=1,...,m) is the homogeneous part of degree i of
the function y;(Z).

The linear operator

AEF)Z = {o1[y:(Z)]; ., 01 [y, (D)}
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will be called the linear part of the operator F.

Theorem 1. The complexity of any Boolean operator in the basis (+,A;1,0)
is not less than the complezity of its linear part: £(F) > L[A(F)].

Proof. Consider an f.c. § realizing the operator F', and perform such a global
reconstruction of this circuit that, in the course of the reconstruction, the num-
ber of f.e.” s will not increase, and the resulting f.c. 2 will realize the operator
A(F). This will prove Theorem 1.

* Definitions of the basic concepts can be found in (!). The operations +, A
denote, respectively, addition modulo 2 and conjunction. The constant 0 is
not an independent basis element; its introduction facilitates the formulation of
some results, while the complexity of any operator changes at most by one.

We shall first divide the set of all functional elements of the circuit into 6 classes
in accordance with Table 1. The membership of an element in one or another
class is determined by the following features: a) the operation performed by
the element (4+ or A); b) the number of inputs of the given element directly
connected with pole 1 (0, 1,2); ¢) the number of inputs of the element to which
functions having a nonzero constant term (0, 1,2) are fed in the circuit §.

Table 1

Class
number a) b) c) Rebuilding  Notes

1 + 0 +

2 + 1 p-e. Conducts
that
input
which
is not
con-
nected
with
plus 1

3 + 2 n.e.

4 A 0 n.e
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Class
number a) b) c) Rebuilding  Notes

5 A 1 p-e. Conducts
that
input
whose
func-
tion
has
Z€ro
con-
stant
term

6 A 2 + Change
of op-
eration

The last two columns of Table 1 show in what way the elements of each class
are rebuilt. For convenience we introduce fictitious elements: a conducting el-
ement (p.e.), whose output is considered to be one of its inputs, and a zero
element (n.e.), at whose output a function identically equal to zero is formed.
The rebuilding + consists in assigning to the given element the operation +, in-
dependently of what operation it performed in the circuit §. After the indicated
transformations it is necessary to discard the fictitious elements. If some out-
puts of the obtained circuit are taken directly from input pole 1, then they must
be transferred to pole 0. It is clear that as a result of the described rebuilding a
circuit 2 will be obtained whose complexity is no greater than £(F'). It remains
to prove that 2 realizes the operator A(F'). Let y be the output function of some
functional element a of the circuit §, and let z;, 2, be the functions of its inputs.
Then

) 01(z1)+0(2y), if a realizes the operation +,
o = X
1 00(21)01(29)+03(25)01(21), if a realizes A.

By direct verification we are convinced that if the indicated rebuilding is applied
to a, and the functions of the inputs are replaced by the functions o, (z;), 04 (25),
then at the output of the element the function o,(y) is obtained. Hence, by
induction on £(F), the required assertion is easily obtained.

The circuit 2 obtained as a result of the described rebuilding contains only
addition elements, and the input pole 1 is not used in this circuit. In view of
this remark the following is true.

Proposition 1. Let A : D™ — D™ be a Boolean linear operator and let 2
be a circuit realizing this operator in the basis (4, A;1,0). Then there exists a
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circuit B in the basis (4, 0) that also realizes the operator A, and moreover

£(B) < £L(A).

Corollary 1. If A is a linear Boolean operator, then

L(A;4,/;1,0) = £(A;450).

2. In what follows, as usual, we shall represent linear operators by matrices. It
should be borne in mind that when multiplying a Boolean matrix by a Boolean
vector, all operations are performed modulo 2. The symbols m(A) and n(A) will
denote, respectively, the number of nonzero rows and the number of columns in
the matrix A.

Definition 1. We shall call a circuit A free (f.c.) if functions having no common
essential variables are fed to the inputs of each element in it. The complexity
of an operator A when realized by an f.c. will be denoted by £7(A). It is clear
that

LH(A) > £(A). 1)

Lemma 1. If A is a Boolean matrix and A’ is the transposed matrix, then

L(A) = L(A) +m(A) —n(A), LH(A") = LH(A) +m(A) —n(A).

Lemma 2. For any Boolean matrix A the estimate
Lt (A) < Qn(A)

holds.

Lemma 3. If n/logm — oo, m/logn — oo, then

LT (m,n) <X 4mn/logmn.

For the proof, an arbitrary (m x n)-matrix A is divided into vertical strips of
width [logm|. The complexity of each strip is estimated with the aid of Lemma
2, and addition between strips is performed directly. From these considerations
one obtains the estimate £1(m,n) < 2mn/logm. If the construction described
is first carried out for the matrix A’, and then Lemma 1 is applied, we obtain
L (m,n) < 2mn/logn. The assertion of the lemma follows from these two
inequalities.

Lemma 4. If n — 0o, m/logn — oo, then

L(m,n) = mn/logmn.
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The proof of this lemma is carried out by the Shannon-Lupanov method (1).
From Lemmas 3, 4 and inequality (1) the following follows.

Theorem 2. If m/logn — oo, n/logm — oo, then

£L(m,n) < mn/logmn.

A natural question arises: can it be asserted that the relation £(A,) < £1(4,)
is valid for any sequence of Boolean matrices {A4;}? A negative answer to this
question is given by Theorem 3.

3. Here we shall single out one class of Boolean matrices for which £7(A)
is computed simply. We shall denote the rows of the matrix A by a;
(i = 1,2,...,m(A)); the symbol (a,,a ”J) denotes the ordinary (and not
modulo 2) Scalar product of the vectors a;,a;; R(A) is the number of ones
in the matrix A.

Definition 2. A Boolean matrix A will be called sparse if for it the inequalities

(a;,a;) <1 (i,j=1,2,....,m(A); i #j)
hold.

Proposition 2. If A is a sparse matrix, then

The proof is by induction on the value of £*(A). For the case £T(A) = 0 the
assertion is obvious. Further, if £T(A) = k + 1, we discard an element of a
minimal s.f.s. 2 realizing the matrix A, whose output is not fed to the inputs
of other elements, and declare its inputs to be outputs of the circuit. It is not
hard to see that the resulting f.s. 2 will be a minimal s.f.s. for the matrix A
which it realizes. Moreover, since the functions of the added outputs have no
common essential variables, A, like A, will be sparse. But then, by the induction
hypothesis,
LH(A) = R(A) —m(A).

Finally, by direct verification we are convinced that

The required result follows from these two relations.

4. Consider the operator

Fn(£'7g) = {ZO(fi,vg)v ) 22n71<§7g>}

of multiplication of two n-digit binary numbers |Z| and ||, which is defined
by the relation

~

2l =121 19l @] =) w2
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Lemma 5.
L‘(F ) < ’I’Ll+0(1).

n
This fact (in a stronger form) was proved by A. Toom (?). Consider the operator

FT?('%) =F (‘%ago)a

where 7, is a fixed vector of length n,
¢
[l = Y 2" (2)
k=0

Tt is clear that for any such g,

£(F

n

) > L(Fp). (3)

Our next task is to extract the linear part of the operator F.

Lemma 6. Let @, ¥ be Boolean vectors of length n, and let the Boolean operator

2(0,0) = {2y(@,0), ..., 2, (1,0)}

be defined by the relation

I

n
>z, )2 =[] + [3].
i=0
Then
o1(z)=u;+v; (1=0,1,...,n).
Using the “by columns” multiplication algorithm and Lemma 6, one can show

that the following is valid.

Lemma 7. The elements of the matrix A of the operator A(F?) are computed
by the formulas

t

a; =Y 6(i—r,—j) (i=1,2..,2n; j=1,2,..,n),
k=0

where 7, are the exponents in (2); §(x) =1 if = 0; §(x) =0 if  # 0.

Proposition 3. The complexity £(F,,) of the multiplication operator is not
less than the complexity of the linear operator with matrix

A= (%‘j)%n = (Z 6(i —my, —j)> )
k=0 n
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where {r,} is a set of integers such that

0<ry<ry < <r, <.

The following lemmas determine under what conditions the matrix of the oper-
ator A(F?) is sparse, and give a lower estimate for the quantity R(A).

Definition 3. A set of nonnegative integers

R={rg,r,...,r}

will be called nonuniform if

Tk, = Tk, a Try = Thy

for ky # ko, kq # kg. The set R will be called a nonuniform n-set if r,, <n
(k = 0,...,t). The maximum possible length of a nonuniform n-set will be
denoted by g(n).

Lemma 8. In order that the matrix A of the operator A(FY) be sparse, it is
necessary and sufficient that the n-set of exponents in (2) be nonuniform.

Lemma 9.

g(n) =n'’2.

It is quite easy to construct a nonuniform n-set containing 3= n'/% numbers. The
estimate stated in the lemma was essentially proved by Singer (%).

Corollary 2. For any n, the vector g, can be chosen so that the matrix A,, of
the operator A(F?) is sparse and satisfies the inequality

R(A,) 7 n®l?.

Theorem 3.
A(n) = nt/2o),

Proof. Let {A,} be the sequence of matrices constructed in Corollary 2. The
matrices A, are not square:

m(4,,) = 2n, n(4,) =n.

We obtain square matrices B,, from A,, by deleting certain n rows so that

R(B,) = 5 R(A,).

Note that B,,, like A,,, are sparse; therefore, from Proposition 2 and Corollary
2 we obtain

1
£*(B,)=R(B,) —n> 5R(An) —n = n32
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On the other hand, obviously,

£(B,) < L(A,).

Therefore (B,
b > - _vn/ —
(n) 2 L(B,) ’

and the theorem is proved.
Voronezh State University

Received
17 IV 1965
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