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ON THE m-FOLD COMPLETENESS OF HALF
OF THE EIGENFUNCTIONS AND ASSOCI-
ATED FUNCTIONS OF AN ORDINARY DIF-
FERENTIAL OPERATOR OF ORDER 2m

(Presented by Academician M. V. Keldysh, July 11, 1964)

In the work (!) M. V. Keldysh, along with other facts, proved the n-fold com-
pleteness of all eigenfunctions and associated functions of an ordinary differential
equation with coefficients depending polynomially on the parameter.

In solving certain problems of mathematical physics and mechanics, one has to
expand boundary functions not in all eigenfunctions and associated functions of
the corresponding ordinary differential operator, but in half of the sets of these
functions.

In the note (°) we proved the completeness of half of the eigenfunctions for a
non-self-adjoint differential operator of second order.

In the present work the m-fold completeness of half of the eigenfunctions and as-
sociated functions of the following non-self-adjoint differential operator of order
2m is proved:

y(2m) (I) + alAmeil(l‘) + et a27n—1>\2m71y/ (I) + CLQM)\me(I) = 07 (1)

y*(0) =0, y*® (1) =0, k=0,1,..,m—1, (2)

where the a; are constants, and it is assumed that they satisfy the ellipticity
conditions™.

Before proceeding to the proof of the m-fold completeness of half of the sets
of eigenfunctions and associated functions of problem (1), (2), consider the
following problem:

0<r<oo

LetH(Ogygl

) be a half-strip.

In the half-strip IT we seek a bounded solution of the following problem:

2m agm

Lu = Zal ISR = 0; (3)
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where ¢, (y) are given smooth functions and a; = 1. Obviously, by a linear
change problem (3), (4), (5) can be reduced to the following problem:

Lu = f, (6)
oFu Ok Ok
Qul gur 2 _o, k=0,1,..,m—1. (7)
k P k k b) ) ) )
oz 8y y=0 62{ y=1

We shall show that problem (6), (7), and therefore also problem (3), (4), (5),
has a unique solution under the assumption that f is a smooth function.

* This means that equation (3) (see below) is elliptic.

Let u(x,y) and w(x,y) be finite functions in the half-strip II. Extend them by
zero to the whole space and consider the scalar product (Lu,v) = {u,v}. Then,
applying Parseval’ s equality and taking the ellipticity condition into account,

we obtain
9mu 2 9"y 2
(Lu,u) {u,u}_a//{<axm> +<8ym> }dxdy
1

On the other hand,

oFu\’
//u2 drdy < // (8’“) dx dy, k=12, ..
i} i Y

Therefore

(Lu,u) = {u,u} Za//{(g::j)Q—i— (g;l:t)z} dxdyza//Udedy.
i

11

Completing the set of functions under consideration in the metric W2(W>(H),
we shall show that in the resulting space the equation £Lu = f has a unique
generalized solution such that {u,v} = (f,v), where v is an arbitrary function
from the space Wém (IT). For this it is necessary to show that (f,v) is a bounded
functional, and this follows from the following fact:
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[(Fs o)l < Il lole, < el fle, vl -

Hence, taking Riesz’ s theorem into account, we obtain that the posed problem
has a unique generalized solution.

Since equation (3) is elliptic, the generalized solution constructed in this way is
a classical solution inside the domain IT and on the boundary, with the exception
of the corner points. Moreover, if f(x,y) is a sufficiently smooth function (i.e.,
the ¢, are sufficiently smooth functions), then the solution of problem (3), (4),
(5) will also be a sufficiently smooth function, except at the corner points. At
these two corner points, by studying specially the solution of problem (3), (4),
(5), it is proved that it has derivatives up to order (2m — 1) inclusive with some
weight.

Let

v(hy) = /0 (e, y) d. (8)

Obviously, v(A,y) is a holomorphic function of the parameter in the right half-
plane.

Applying the transform (8) to problem (3), (4), (5), we have
2m ) )
> @A = F(A,y), (9)
=0

o]

0, ok 0, E=0,1,...,m—1, (10)

y=0 - y=1 -
where F()\,y) is a linear combination of ¢ (y), their derivatives, and the higher
derivatives of the solution of problem (3), (4), (5) at = 0 up to order (2m—1),
the existence of which was proved above.

Denote by G(A, y, ) the Green’s function of problem (9) and (10). For simplicity
of the computations assume that all eigenvalues are simple and that there are
no associated functions. Moreover, let @, (y) be the eigenfunctions of problem
(9) and (10), and let ¥, (y) be the eigenfunctions of the adjoint problem. Then
it is known (see (®)) that the Green’ s function is representable in the form

o0 Nn+171 (I) \If
Gy => > Gi\y,§), where Gj(%?«/a@:%'
n=0 j=N,, I

The solution of problems (9) and (10) is written as follows:
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o(hy) = / G\ y, O)F (N ) de. (107

We note that the function G(\, y, &) has zeros of order m — 1 at the points
¢ =0 and £ = 1, which ensures the convergence of the integral (10"), since the
functions F(X, €)™~ and F(), €)(1 — &)™ ! belong to the space L,. Taking
into account the fact that v()\,y) is a holomorphic function of A in the right
half-plane, we obtain that for Re A,, > 0

1
/ F(A. )T, (€) dé = 0.
0

Let

1 a+100
w(z,y) = 7/ e Mo\, y) d\ =

270 Joy_ oo

1 a+100 . n.+1 1 (y)\:[/ ( )
% ‘ et d)\/ JA A’ F(\€)de. (11)

It is known (3) that in the A-plane one can construct a system of contours Iy
possessing the following properties:

1°. None of the eigenvalues lies on I'y.
2°. I'y is entirely contained inside 'y ;.

3°. The shortest distance R from the origin to I'y increases without bound as
N increases.

In addition, on the contours I'yy the Green function has the estimate

const

G\ y,8)| < D=

Then in expression (11), replacing the limits of integration from a—ico to a+ico
by I'y, we obtain

1 n+1_1q) \I/
w(x,w:%m]vlgnw ”dA/ > Z LA@ F().€) dg =

n=0 j J
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where

1
¢ = /O FOLOU,(€) s, Re), <0.
Thus, we have

Npy1—1

w(z,y) = Z Z cje)‘i‘”tbj(y), Re); <0.
n=0

J=N,

We shall show that the function w(z,y) is a solution of problem (3), (4), and
(5). Clearly, w(z,y) satisfies equation (3) and the boundary condition (4). We
shall show that it also satisfies conditions (5). Obviously, for this it is necessary
to prove that

rdim Ao(A,y) = @o(y), (12)
lim ()\kilv—)\k(po—"'—A@k_1> = @k(y)7 k= 1727"' (13)

ReA—o0

Let us prove, for example, (12). To this end, divide both sides of equation (9)
by A?™ and denote 1/\ by . We obtain

2m
§ aiEQm—zv(Zm—z)

=0

= agepy + €2 (agp; + a00) + -+

We seek the solution of the last equation in the form v = v, + vy 4+ ---. Sub-
stituting this expression for v into the last equation and comparing terms with
equal powers of £, we have

vy =0, V1 = Qg e
Consequently,
v v v
:71—&—)\—%4— or /\vzvl—l—%—i—-n.
Hence

lim Av=v, = p,.
ReA—oo 1 ¥o

In an analogous way, (13) is also proved. It follows from this that as  — 0
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ak
8—1:—>g0k, k=0,1,..,m—1.
X

Thus the following has been proved.

Theorem. The system of eigenfunctions and associated functions of problem
(1), (2), corresponding to the eigenvalues {\,} for which Re\, < 0, forms an
m-fold complete system; moreover, to the system of functions g, @1, ..., ©m_1
there correspond series of the form

o0 Nn+1 -1

ST M, k=0,1,..,m—1,

n=0 j=N,

n

which are summed to the functions oy, respectively, by Abel s method.

Let us note that from the preceding arguments there follows not only com-
pleteness, but also expansion in the eigenfunctions and associated functions of
problem (1) and (2).

The author expresses gratitude to L. A. Lyusternik and M. A. Naimark for
discussion of the results and for their advice.
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