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PHYSICS
LI CHEN-CHUNG

KINETIC EQUATION OF A NONIDEAL DE-
GENERATE BOSE GAS

(Presented by Academician N. N. Bogolyubov, 27 IIT 1965)

The purpose of the present work is to derive a kinetic equation for a degenerate
Bose gas by means of the method of N. N. Bogolyubov and K. P. Gurov (1).

Consider a dynamical system of N identical spinless Bose particles, contained
in a volume V| interacting pairwise with one another by a potential ®(r — ),
and described by a Hamiltonian of the form

H= —/z/ﬁ(t, T) <2hmA + )x) W(t,r)dr+
1 AWEE + ’ ’ ’
+§ /@(r—r YT (t, )t (E, 7))t v )(t, r) dr’ dr, (1)

where ¥(t, ), ¥ (¢,r) are Bose operators; A is the chemical potential.

In order to separate out the condensate part of the Bose operators, we represent
them in the form

¢(t7 7") =1 <t7 7") + QO(L ’I“); @(ta T) = <¢<ta T)>; <¢1 (t7 T>> =0. (2)

Here the brackets (...) denote a quasiaverage () with respect to the nonequi-
librium density matrix. Starting from (1), (2), it is easy to write the equations
of motion for the operator ¢, (¢,r) and the quantity ¢(¢,7). In the spatially
homogeneous case considered by us, the following equalities hold:

p(t,r) = /(Ng/V) = ng/* = const; (3)
1 4 )
htr) = o= fz by efarih, (4)
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where N, is the number of particles in the condensate; the sum Z} denotes
1

summation over all momenta f; not equal to zero. This corresponds to the
assumption that the creation and annihilation operators of particles with zero
momentum are replaced by c-numbers. For convenience, we perform the canoni-
cal Bogolyubov u—v transformation b g =g & g £t £ and at the same time

introduce a dimensionless small parameter € (3): v(f;) — ev(fy); Ny — ¢ 1 N,.

Then the equation of motion will have the form

33 12
ih—=0 = —(B+ A, =81 (£0€ 1 —(nors ) YAQUE Fi—hi 181,
fa

+P(frs for —(f1r + f2))€5, (5,45, T 2Q(f15 f2 — f1§f2>f?2ffrfl}
— () D AW foi S I ERER AT + Fo = fo = Fi)+
f1f3752
-I-R(f{, fQ/a fas f1)§f{ff§ff2A(f{ + fé + fat+ fi)+
+S(f1: 55 fa3 f1>f?{§?£§};A(f{ +fot+ fo— o)+
+3S(f1, £33 fus f2)£}_ég}2€flA(f{ +fo+fi—fa)} (5)
and contain two small parameters (nye/V)'/2, (¢/V), where Q, P are the matrix

elements of three-particle processes; W, R, S are the matrix elements of four-
particle processes;

1
QU fo 1) = Gl (F) gy + o) gy, +vgvp )+
T v(f)(ug, +op ) (ugvg +opug)ls
’ 1 /
P(fi, f5, f3) = YR V(D) (g + o) (ugvp +vgug);
/ /7 1
WL, fas Frs f2) = S0 (e = F) (g upy + op vg ) (ug gy +og, o)+
T (i + f)up vy, —upvp ) (ugvg +upvg)h;

1
R for for F2) = GV (4 FD) g up,vpog o v ugug);

/ ’ 1 / ’
S(fi 5, f23 F1) = E'Yf{;fé;hy(fl + o) (upupupvp +vpvpvpug);
1
$1(.) = (3 ) U + 0+ o)2ug,vp, 0, + v(fy + £)0, + 3 gy,
f2

(6)
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Here v(f}) is a Fourier component of the potential ®, v, . ., = Z(p)(—i-l)P
denotes the symmetrized sum over all permutations of s particles with momenta
fis--, fs- The quantity A;l),

Aﬁ” = —% ZW(f1»f2;f2af1)+
fa

- {—)\+noV(0) +(5) X 5000 +V(f2))} wh+v) O

is a part of the correction to the energy of the Bogoliubov elementary excitation

E§O). It is easy to find the chemical potential by means of the equation of motion
for the quantity ¢(t,r), taking into account assumption (3) (2). Then, in the
first approximation in €, A can be represented in the form

A = nov(0) + (;) Z(V(O) +v(fy))+

+(5 )Z{ 0) + w(f2))02, + v(fo)uprvp, M1+ 2n0)i  my = (€],67,). (8)

Starting from (5), we obtain the equation

L0 1/2
Zh% =— (n0%> fzz{Q(anfl - f2§f1>(<f}_2€;1,f2§f1> —c. c)+

+ P(fy, fo, =(fr + L)) (€1, €8 (1)) — € )t
+2Q(f1, fo — fus f2)(<§f1£f2—f1£f2> —c. c)f—

- () D VU1 o B )G G87860) — DM+ o= i =
+ R(f1, f5, 2, 1) (€ €11, ) — € DA+ o+ fo+ f1)+
S B bt D ERELEE0) — e COAL+ T3+ fo— Fi)+
+ 38U f2 15 J) UL €0 € ) — e )AL+ o+ i — fo)}—

S £ ) — (ELE ).

(9)

According to N. N. Bogoliubov and K. P. Gurov, taking (5) into account we make
the following assumption about the order of the mean quantities and about the
possibility of their splitting:
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3

1/2
(€1ELE+p) = (nov> 91 (frs fos fr + o)

+ oot ot _ £ 12 , _ )
(SRFRITITRY ("ov) 91(f1; fa, —=(f1 + £2));

<§}2£2§f2§f1> = Vf;;f;n1”2A(f1 — [5)A(fy — f1) + (%) 9o (f1: 155 fo, F1)s

(€66 = () B b b 10 (61 E580.60) = (57) 95(F Fon Foi )

(€165, = eg¥ (Fro—F); (10)

1 € 1/2 / ’ ’
<£;1£?2£}r§§;{+f3§f3> D) (nOV) Vivitaipy A1 = f3) 91 (o for F1+ f3) 5

<§££Ef}r§£f3£*(f{+fg)> =

1/2 1
= (“0%) 27f1;f2;f;{”1A(f1 — [3)91(fa, fo5 —(f1 + f3))+

+ny A(f; + f{ + f3)g1(f2>fé§f3)} 4

(64606060 E60) = Mntagmimans AR — AU = F)AU; = f3) ++-

where g1 (f1, fo; f1+f2), s 92 (f1, [5; fas f1) are correlation deviations for the av-

erages (fjfl 5};5 Fitfa)s e (f}r, f}/ &4,€y,) from multiplicative products of the one-
1 2

quasiparticle distribution. Then equation (9) is written in the following form:
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Zhﬁ - <n0%) %{Q(f%ﬁ — f2; fi)(g1(fo, f1 — fa3 f1) — ¢ c)+

+2Q(f1, f2 — fi; f2) (g1 (frs fo = fr5 fo) — ¢ e)+
+ P(f1, fo, —(fr + )01 (f1, fo, —=(f1 + f2)) —c. )}

2
- () D 1o By )l S fis ) = M+ i fo = )
RO F3 fa JO(GE (P fos fo 1) = 0 DU+ S+ fo + fi)+
o S(FL fas Fo PGB f3 foi 1) — € )AL+ fa+ fa = Fi)+
+3S(f1, fos f15 f2)(95 T (f1s fos fr5 fo) — ¢ c)A(f1 + fo + f1 — f2)}

_5251(f1)(gé”+( 1, —f1) —c c).
(11)

Obviously, in order to obtain the kinetic equation with accuracy up to and
including terms of order €2 it is necessary to find all the correlation deviations g,
in the zeroth approximation and all the quantities g; in the first approximation.
Since the chain of coupled equations for g, and g, is too complicated, we shall
not present it.

For simplicity, in what follows we shall consider only the lowest order of the
three- and four-particle processes and shall neglect all higher-order processes,
except for the proper energy part. On this basis, using the decoupling method
(10), the initial condition of weakening of correlations ¢ — —oo: g1,97 — 0,
92595, 99,95 — 0, and the assumption that n, varies slowly in time in compar-
ison with the variation of the correlation deviations g;, ] and g, g5, g5, ... (%),
it is easy to find the solution gq, g7 and g, g5, ... in the adopted approximation
and to obtain the final form of the kinetic equation
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0
Zﬁ% =2 <n0%) fz2 {|Q(f27f1 — fo; F1)IPx

(L4 ng)(L4+ny o)y —ngng (1 +ny) .. 0.1 n
LB + By — B +is + 72+ 12 + 1)
+[P(fy, for =y + F2)) %

[ nynon_(149) — (14 1) (14 ny)(1 4+ n_(149)
(B + B+ EQ&H)) +i(s+ 71+ 7 +7-142) e } *
+2(Q(f1, fo — f1; f2)|PX

y nny_1(L+ng) — (1 +ny)(1+ny )0y —c. c.] }+
)

LB + B — BY) s+ + v + %
£\2 ;o 2m
HEES {2IW(f1,f2;f27f1)l2 () 8B + B~ B — B x
F1fsfa
X [(1+ny) (14 ng)ngng —nymg (1 +ny)(1+n)JAf + f3— fo— fi)+
. L 2
VOIR(S]. S o (5 ) 0 (B + B9 + B0+ BY)
X [nyngmgng — (14+np)(1+ny ) (L+ny)(L+ny)]A(f] + f2+ fo+ f1)+
;L 2T
HOISUL S b PP (5 ) 8 (B + B + B — E)
X [(T+ny ) (1 +ny)(1+ng)ny —npngng(L+n) | A(f] + f3+ fo— fL)+
;. 2w
SIS S Fi f () 8 (B + B9 + B = B)

X [nymgng (1 +ng) = (14 ny ) (1 +ny ) (L4 n)no| A(f] + fo + f1 — f2)}+

42215, (2 6 (B + B by — () (14 7))
(12)

where

s — 0,3 E%l) = E;()) + Agl) + A/Q(D;
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Mn(;);mawm,f{;f{,m2(%5) {Q(f{,fé;f1>l2x

fi53

Lbmy Ena) Ny 4 PO S f) [ )

(B + EY + B (BY + EY + BY)

AU+ T3+ 1) + 21U £ 1P (E?)(ZQ’ETOF_/)Em))A(fl f- fé)};

1/ 2/

(13)

€ / ’
7 =27 (ngw ) 3 {IQUA f5: FIP(L 4y + g )3(EY + B — BYY)x
13
A(F! ’ P(f!. f 2 1 5E(0) E(0> E(())
XA(f1+ 5= f1) + P 5 fOIF(A+ 0y +ny)d(E) + By + By )X
XAf] + f5+ F1) + QU 15 1) P(nys — nyy)x
x6(EY + By — EQVA(f + f{ - 1)},
(14)

where v, is a positive quantity. Its reciprocal is the lifetime of the state of
quasiparticles with momentum f;; it is associated with quasiparticle damping.

From this it is easy to observe that, in the first approximation in €, expression
(12) coincides with the result of N. N. Bogoliubov (). In this case the kinetic
equation has the standard form of the Boltzmann equation. In the general case
the kinetic equation we have obtained differs from the result of work (%) in
the following respects: first, four-quasiparticle processes appear, which make
important contributions to the theory of relaxation of helium II (°); second,
the J-functions are broadened, which is connected with the appearance of the
damping v. They mean that in scattering, strictly speaking, energy is not
conserved—this is one of the important retardation effects in kinetic equations,
as was noted in work (7).

In conclusion we note that, using (6), (7), (8), and (13), it is easy to verify that
as f; — 0 the correction A<11> + A’lm to the spectrum of elementary excitation
also tends to zero. This means that there is no gap in the elementary-excitation
spectrum of the Bose system.

The author expresses deep gratitude to Academician N. N. Bogoliubov for his
constant attention and valuable comments, and also to Yu. A. Tserkovnikov
and V. A. Moskalenko for useful discussions.
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