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Let K be an arbitrary metric space, where the distance between any pair of
elements z € R, y € R is determined by a certain nonnegative real function
p(z,y) with the properties p(x,y) = 0 if and only if z = y, and

p(x,y) < p(x, 2) + py, ).

A real function f(z) defined on R is called H6lder-continuous if, for some
positive a < 1 and some C' < oo, for any two elements x,,z, € R for which
p(z1,24) < 1, the inequality

|f(z1) = fza)] < C{p(zy1, 25)}" (1)
holds.

Numerous problems of analysis are connected with the concept of Holder con-
tinuity. In this note we wish to point out one addition to a known general
theorem on the extension of continuous functions (see (), Chap. VI, § 13),
which refines this theorem for the case when the functions under consideration
are Holder-continuous.

Theorem. Whatever closed set of the metric space R is taken, and whatever
bounded real Holder-continuous function p(x) is defined on it, it can be extended
to the whole space R without increasing the mazximum of its modulus, in such a
way that the new function f(x) remains Holder-continuous.

Let A and B be two closed subsets of the space R, the distance d between them
being positive. For any two real numbers a and b (a < b) and for any positive
a < 1, there exists a function F(z), defined in the whole space and such that
a< F(x)<b, Flx) =aforz € A, F(z)=>for z € B, and

|F (1) = F(x)] < (b —a){p(ay, 25)/d}*. (2)
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As in the consideration of all continuous functions, one constructs a sequence
of functions ¢,,(x), defined on the set P, by the recurrence formula

Son(x) :(pn71<x)_fnfl(l.) (nZ 1)7

where ¢y (z) = p(x); f,(x) is the function indicated above, constructed for the
sets A,, and B,, for which, respectively, ¢, (z) > u,/3 and ¢, () < —u,,/3,
with

p, = max o, ()]
zeP

and a = —p,,/3, b = p, /3. Passing to the consideration of Holder-continuous
functions, we introduce a sequence of distances d,, between the sets A,, and B,,,
and establish the following proposition, which plays the principal role here.

Lemma. If the function p(x), for some positive « < 1 and some positive Cy,
satisfies, for distinct pairs of points x; € P, x4 € P, the condition

[p(z1) — p(z2)| < Cofp(ay,22)}, (3)
then, whatever nonnegative integer value of n is taken, it is true

inequality

« 1 Hn
Codn Z 2’”71 ? (4)

Inequality (4) is connected with the inequality

lon (1) — @, (22)] < 2"Co{p(xq,79)}* (5)

and, together with it, can be obtained by applying double induction.

The lemma given above makes it possible to show that the function f(z) =
Z:O:O f,,(x), which is an extension of the function (z), is Holder continuous
on the whole space R, provided that ¢(z) has this property on P.

It should be noted that in the case when the space R is a finite-dimensional Eu-
clidean space, the extension can be carried out in such a way that the exponent
« in the Holder continuity condition does not decrease. For the one-dimensional
case this fact is well known, and in the multidimensional case it was recently es-
tablished in the work of E. M. Landis (?), where the constant C' in condition (1)
after extension depends essentially on the dimension of the space and, together
with it, increases without bound.
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