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Abstract
Full Text

Mathematics

B. A. RYMARENKO

ON REAL ENTIRE FUNCTIONS BELONG-
ING TO THE CLASS W'Y

(Presented by Academician S. N. Bernstein on 31 X 1964)

Denote by WS the class of real entire functions Y (z) = 220:0 2" of finite
degree o, nonnegative on the real axis and such that

A, =l = [ erde<ox. 0

Let F;(¢,) (j = 1,...,s) be linear functionals defined on the set W,. We shall

call a function ¢ (x) € W an extremal function of the problem if its norm

A, assumes the smallest value among the norms of all functions ¢, (z) € Wil
subject to the constraints

Filpe) =7  (=1,..8), (2)

where 7, are prescribed real numbers (we shall consider only admissible con-
straints, i.e., those compatible and not contradicting the membership of the

functions ¢, (x) in the class Wél)). Then the following holds.

Theorem. There exists an extremal function satisfying the constraints (2), for
s < 2, of the form

eo(@) = [topa(@)] (3)

where t),/5() is some real entire function of degree /2.

Remark. 1) The uniqueness of the extremal function ¢ (z) is not asserted
here; 2) if s > 2, i.e., if more than two constraints of type (2) are prescribed,
then the theorem may fail to hold.

By virtue of conditions (1) and (3), the function ¢, () € W2, and therefore,
by the Wiener—Paley theorem (1), it can be represented in the form

sovietrxiv.org/items/ru-196501.86730 Machine Translation


https://sovietrxiv.org/items/ru-196501.86730

/2

Vo) = / f(t)ert dt, (4)
—o/2
where f(t) € Ly|—0/2,0/2], and

/2

A, =t = [ e de=n [ 5)

—0/2

Thus, the problem of finding an extremal function ¥ (x) € W subject to the
constraints (2), and its norm, reduces to the minimization of the integral

o/2
f?(x)dx
—o/2

under certain constraints imposed on the function f(z), which follow from con-
ditions (2) and relations (3) and (4).

To solve this problem, let us write for the function f(z) the Fourier series in the
system {P,(z)}° of Legendre polynomials normalized on [—0/2,0/2]:

fa) ~ i 0Py (x). ©)

Taking into account that the system {15”(:13)}8" is closed and that f(z) €
Ly[—0/2,0/2], we obtain:

A, =m Z az, (7)
k=0

and conditions (2) will be rewritten in the corresponding way in terms of the
coeflicients a,.

Consider the following examples:

1. Let F(¢,) =cy =1 (s =1). Then, by virtue of (3), (4), and (6),

o/2 oo R
Vgy2(0) = / > apP(x)de =1,

/2 k=0

and, consequently,

ag = o '/2. (8)
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Minimizing A, (expression (7)) under condition (8), we find

. 2
G=0 k=120 )= wym:(“zﬁf); A, =

I3

g

The analogous problem for functions ¢,(x) € B, that are monotone on the
entire real axis was solved by S. N. Bernstein (?).

2. Let Fi(p,) = ¢y, =1 and Fy(p,) = ¢y = v (s = 2). Performing calcula-
tions similar to the preceding ones, we find

6
ag = o' Gy = — V5 (74— 12) a; = 0; a, =0 (k=3,4,..);

5572
L, 180 o ?
o od v 12

(the expression for % () is not given here because of its cumbersomeness, but
it is easy to obtain it by taking (4) into account). For functions ¢, € B, that
are monotone on the real axis, the analogous problem was solved by us earlier
).

It is easy to see that, putting in this example ¢, = —0?/12, we obtain for Ay

the minimal value commdmg with A v in the first example (i.e. correspondlng
to the prescription of only one coefﬁment ¢y =1).

fo =1 =20 (+ H) P A=

g

For real polynomials of finite degree ¢, (z) € Wép ), nonnegative on the real axis,
the analogous theorem indicated here is also valid.
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