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I. Let H, be a complete Hilbert space with scalar product (f,g), and norm
[ fllo- Suppose that in H, there is an everywhere dense linear set H_, which is a
complete Hilbert space with respect to another scalar product (f, g), and norm
| fll..- We shall assume that

Ifllo < I £1l+ (feH,).

We shall call the space H, a space with positive® norm, and also a space of basic
elements. We shall say that every antilinear functional a(f) on H, is generated
by a generalized element a, and we shall write the value of the functional on
the element f € H_ as a(f) = (a, f),. In what follows we use the notation

(a, f)o = (f,a)y. Obviously, the totality of all generalized elements is a linear
set. Since the space H, is Hilbert, every antilinear functional on H_ can be
represented in the form of a scalar product defined in H_, i.e.,

(avf)O = (a*vf)+ = (ya,f)+ (a‘* = yaa a* € H+7 f € H+) (1)

Equality (1) generates a linear operator J, mapping the set of generalized ele-
ments into the space H,. The range of the operator is, obviously, all of H .

We introduce in the set of generalized elements H_ a scalar product, putting

(a7 B), = (yaay/j)Jr (a76 € Hf)' (2)

The set H_ with the scalar product (2) is a Hilbert space.

It follows from (2) that the operator J is isometric, mapping H_ into H . Since

”a”7: sup |(a’7f>0|7
rem, £+
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the inequality holds

£ < 1o < 1A1+-

Thus,

H, CH,CH_.

We shall call the space H_ a space with negative norm, and also the space of
generalized elements of the Hilbert space H,. It is not difficult to prove that
H_ is dense in H_.

I1. Let Q(f,g) be a bilinear functional defined in H,. Then it is easy to show
that

Q(f7g) = (Bf7g)0 (fag € H+)’ (3)

* In the exposition of Sec. I we mainly follow the paper of Yu. M. Berezanskii
(%)

where B is a bounded linear operator acting from H, into H_, which is uniquely
determined by the bilinear functional €.

Let B be an arbitrary bounded linear operator acting from H, into H_. The
expression (f, Bg), (f,g9 € H,) is, obviously, a bilinear functional in H . Then,
according to (3), there is a uniquely determined bounded linear operator B*,
mapping H_ into H_, for which

(faBg)OZ(Bthg)O (f7geH+)'
We shall call the operator B* the generalized adjoint operator with respect

to B. If B = B*, then such an operator will be called a generalized self-
adjoint operator.

ITI. Let T be a closed operator acting in the Hilbert space H, for which

T,cT, T*cCTy,

where T}, is a symmetric operator with dense domain of definition.* Consider
the Hilbert space H, = DT6 with scalar product

(f,9)+ =151, T59)0 + (f,9)0  (fr9€ Hy).
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Construct the triple of spaces H, C Hy C H_. We now pose the following
problem: can the operators T" and T be extended linearly to all of H, = DTg
so that the obtained extensions Tj; and TILXI+ are adjoint to one another in the
generalized sense? It turns out that this can always be done; moreover, the
obtained generalized extensions TH and TH will be linear bounded operators
acting from H__ into H_, and, in contrast to T and T*, will have the same
domain of definition H,. In the paper a number of propertles of generalized
extensions are established, their resolvent is investigated, and an estimate for
its norm in the space H_ is found.

IV. Theorem 1. *If the operator T belongs to the class , then T and T* can
always be extended** to all of H, = Dy, so that the obtained extensions
Ty (H, — H_)and Ty (H, — H_) are adjoint to one another in the
generalized sense.*

Definition. A linear extension T of the operator T' to H, = Dp. will be

called generalized if Tﬁ is an extension of T* to H_ . It follows from Theorem
1 that if the operator T' belongs to the class €2, then it has a nontrivial generalized
extension Ty, , which, as examples show, is not determined uniquely by the
operator. However, the following holds.

Theorem 2. Let Ty, and TI’LI+ be generalized extensions of the operator T to
the space H, = Dr,, and let

Ty =A+iB;, Tj =A +iB,
+ :

where A, B, A", B’ are linear generalized self-adjoint operators acting from H,

into H . Then, if B= B’, then A= A".

We shall regard the generalized extension of the operator T as an operator acting
in the Hilbert space H_. This operator has in H_ the dense domain of definition

H,.

Theorem 3. If A is a regular point of an operator T belonging to the class €2,

then it is a point of regular type for any generalized extension TH+ (H, — H.)
of the operator T .

* An operator T possessing the indicated properties will henceforth be assigned
to the class €.

** In the theorem the existence is proved of a nontrivial generalized extension,
different from that which is obtained if 7" and T* are extended by zero.
Corollary 1. If TH+ is an arbitrary generalized extension of the operator T,

then at every point A regular for 7' there exists the resolvent (TH+ — )7,
whose closure is a bounded operator defined everywhere in H, and for which
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(T, =D < 1+ D (L+ (T = AD7Y|) - (4)
Corollary 2. If the number ) is not a point of regular type for some generalized
extension TH+, then it belongs to the spectrum of the operator T'.

Corollary 3. If the operator T has no spectrum in the finite part of the plane,
then every number )\ is a point of regular type for every generalized extension
Ty, and, consequently, in this case there exists the resolvent (TH+ — )7,
whose closure is a bounded operator in H, and for which (4) holds.

I express my gratitude to Prof. M. S. Livshits and Prof. Yu. M. Berezanskii for
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