Soviet-era science, translated into English

ON THE ELEMENTARY
THEORY OF
CLASSICAL LIE
ALGEBRAS

MATHEMATICS
1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196501.86205

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196501.86205

Abstract

Full Text
UDC 519.46
MATHEMATICS
M. A. TAITSLIN

ON THE ELEMENTARY THEORY OF CLAS-
SICAL LIE ALGEBRAS

(Presented by Academician A. 1. Mal tsev, 22 III 1965)

1. Yu. L. Ershov has proved the hereditary undecidability of the elementary
theories of various classes of matrix groups. In this note analogous results are
obtained for classical Lie algebras.

Let L denote the set of all closed formulas of first-order predicate calculus with
equality, containing no nonlogical constants other than the function symbols +
and Xx.

Let U(L) denote the collection of all formulas from L that are true under every
interpretation; let B(M) denote the collection of all such formulas from L that
are true on every model from the class M of models of signature (+, x). In
what follows the symbol + will be interpreted as the operation of addition of
vectors, and the symbol x as the operation of vector multiplication.

In the present note it is shown that, whatever the class M of simple finite-
dimensional complex Lie algebras containing Lie algebras of arbitrarily large
finite dimensions, there is no recursive set of formulas ® satisfying the condition

U(L)C ® C B(M).
In particular, the set B(M) is nonrecursive, and the elementary theory of the
class M is undecidable.

To each real finite-dimensional Lie algebra K we associate a complex algebra
[K] in the following way. Consider the totality of all expressions of the form
z = x+iy, where x € K,y € K, i = v/—1. Define on this totality the operations
of addition, multiplication, and multiplication by complex numbers by the rules:

(z1 +iyy) + (23 +iys) = (¥4 + 23) + (Y1 + Ya);

(z1 +iyp) X (29 +1ys) = [(T1 X T) + (yo X y1)] +i[(z1 X yo) + (y1 X 33)],
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(B+iv)(x +iy) = (Br —yy) +i(yx + By).

It is known that in this way one obtains a complex Lie algebra [K]; the dimen-
sions of the algebras K and [K] (the first over the field of real numbers, and
the second over the field of complex numbers) coincide, and the algebras K and
[K] are simultaneously simple or nonsimple.

There exists a well-known effective procedure which to each formula 2 € L
assigns a formula ¢2A € L such that ¢(2() is true on K if and only if 2 is true
on [K]. From the effectiveness of the construction ¢ and the result mentioned
at the beginning of this note, it follows that, whatever the class M of finite-
dimensional real simple Lie algebras containing Lie algebras of arbitrarily large
finite dimensions, there is no recursive set of formulas ® satisfying the condition

U(L) C ® C B(M).

It follows from this that the elementary theory of every class of isotypic models
containing the class M is undecidable. In particular, the elementary theories of
the classes of compact Lie algebras, simple real Lie algebras, etc., are undecid-
able. From the latter it follows that the classes of compact Lie algebras, etc.,
and even the elementary theories of these classes are not finitely or recursively
axiomatizable.

2. Adhering to the terminology adopted in (1), we shall set out some infor-
mation on the structure of complex finite-dimensional simple Lie algebras.

Let R be a finite-dimensional complex simple Lie algebra. Then R= [R], where
R is a compact simple real Lie algebra. Let S be a regular subalgebra of the
algebra R, and let ¥ C S be the root system of the algebra R. There exists
a ¢ € S such that, for z € R, one has x € [S] if and only if  x ¢ = 0. If
a € X, then —a € X. In ¥ one can choose a subsystem II consisting of simple
root vectors. Let II = {ay,...,a,}. Then {aq,...,,} is a basis of the linear
space S over the field of real numbers. Every vector in ¥ is an integral linear
combination of vectors from II, all coefficients in this combination being of the
same sign. Setting p,(z) = a x x for a,x € R, (v,y) = —Sp(p,p, ), we make the
space R, together with the scalar product (x,y) thus introduced, Euclidean.

To each a € X one can associate a vector r,, € R such that the collection of

vectors {ay,...,q,;r,, a € X} forms a basis of the linear space ﬁ, and for
s €[], o, B € £ we have

sxry, =1i(a,s)ry; Ty X T_o =i To X7 = NygTo s,

if o+ p € X, where N,z is a complex number;
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ro X1 =0,

ifa+p¢X.

If y € R and for every = € [S] one has x x y = N,,, where N, is a complex

number, then either y € [S], or there exist a € ¥ and a complex number M
such that y = Mr,.

If a, 8 € II, then there exists v € ¥ such that («,v) # 0 and (5,7v) # 0 (see
).
3. Choose h € [S] such that (a,h) = —i for j =1,...,n. An element = € R

satisfies the condition h x x = «x if and only if there exist complex numbers
Ny, ..., N, such that = Nyr, +--+ Nyr, .

Now consider the formula

Qll(:z:,c,h)<d:f>Vy(c><y:O%Vz(([y><z] X z =

=0&yxax#£0—>axx2=0)) &hxz=x&x+0.

It is clear that if x = Nyrq, where N, is a complex number, N, # 0,1 <k < n,
then 2, (x, ¢, h) is true.

Now suppose that 2 (z,c,h) is true. Then there exist complex numbers
Ny, ..., N, such that © = Nyr, + -+ N,r, . Suppose that among the

n

numbers Ny,..., N, there are two, for example N,, and N, , which are
nonzero. Let s; € [S], (sq,q,, ) = —i, and (sq,a;) = 0 for j # m;. Then
sy xc=0,s xx=N,7, . Hences; xx # 0. Now let (55,0, ) = —i

my
and (sy,a;) = 0 for j # my. Then sy x @ # 0, but s5 x [s; x ] = 0. The
contradiction obtained shows that z = N To, s where N is a complex number,
N#0,1<m<n.

Now consider the formula

B (21, 29, %1, Ts) ? Fuow ([ X u] X w=w & [xy X V] X w =

=w&w#0& [z Xxul Xxw= [z X V] X w).

Let z; = Mz, 2 = Myxs, and let B(zy, 29, 21, Z4) be true. Then [z; Xu]xw =
Myw, [z5 X v] X w = Myw, whence M; = M,.

Let z, = Nlrajv Ty = Norg,, Ny # 0, Ny # 0, 2y = Mz, 2, =
Mxy; Ny, Ny, M are complex numbers, 1 < 5,k < n. We shall show that
B (21, 29,71, To) is true. Let S € 3, (B,a;) #0, (8,a;) # 0. Put
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1 1
————Tas V=T o,
Nl(ﬂ7a]> ’ NQ'(67ak) b

u = w=rg.

Then [2; X u] X w =w, [2y X V] X W =w, w# 0, [z, X u] X w=[z9 X V] X w.
Thus the formula B(z;, 25, 21, 25) is true for x; = Niro,s @y = Norg, s 21 =
M,zq, 2o = Myxy, where Ny, Ny, M;, M, are complex numbers, N; # 0, N, #
0, 1 <j,k <n,if and only if M; = M,.

Finally, consider an arbitrary partition of the set {1,...,n} into k parts
Aq, .. s Ay Choose hy € [S] so that (b, ;) = N, if j € A}, where N, # N, if
U+1.

Consider the formula B(hy X 1, hq X g, 2, 25). It is clear that this formula is
true if and only if z; = Nyr, , ¥y = Nyr, , where Ny #0, N, # 0, Ny, N, are
complex numbers, 1 < j,k < n, when j and k belong to the same part.

)
@

4. Theorem. Whatever the class M of simple finite-dimensional complex Lie
algebras containing Lie algebras of arbitrarily large finite dimensions, there does
not exist a recursive set of formulas ® satisfying the condition

U(L) C & C B(M).

Proof. One must follow the scheme described in detail in (%) (see also (4,%)).

)

Let L, be the set of formulas of the first-order predicate calculus without equal-

ity, of signature <E§2>,E§2>); U(L,) the set of identically true closed formulas

from L,; B(E?) the set of closed formulas from L, true on every finite model in
which E, and E, are equivalence relations. From (°) it follows that there does
not exist a recursive set ® satisfying the condition

U(L,) C® C B(E?).

To each formula € € L, we assign a formula ¢€. Namely, let

@(El(xay)) = %(hl X :E7h1 X yax7y>7

@(EQ(‘Tay» = %(hQ X 1'7h2 X yaxvy)a

P(€ [ €)= (9€)) [ (v&y),  @(Va&(z)) = Va (U (z,c,h) = ¢(€(x))),

Pz &(x)) = Fu (& (2, ¢, h) & p(&(x))).
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Let

P(<) g Vchyhoh (32U, (x, ¢, h) — ¢(€)).

Tt is verified that if € € TU(L;), then ¢(€) € TU(L), and that if (&) € B(M),
then € € B(E?).
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