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ON ISOINVOLUTIVE DECOMPOSITIONS OF
LIE ALGEBRAS

(Presented by Academician S. L. Sobolev on 13 IV 1965)

In the present paper, for compact real semisimple Lie algebras, the theory of
isoinvolutive decompositions is set forth (without proofs) and its application to
compact symmetric spaces of rank 1.

Let I', be a compact semisimple Lie algebra over the field of real numbers; let
€1,€q,...,€, be its basis. The structure is then determined by the commutators
of the basis vectors

lerex] :C}?‘KGR, ch:fcIIEI, I,K,R=1,..,r, (1)

and by the Jacobi identities
lerlese K] + [exlereI]] + [eslexe]] = 0. (2)
The transformations of the adjoint group I'; have the form

n—en,  e(u) = |ehu], (3)

and the tensor ch is invariant under such transformations.

In a compact semisimple Lie algebra one can introduce a positive definite metric
tensor

_ P K _
ary = C1xCpy> ary = agg (4)

and consider orthonormal bases, in which

ary =90y, (5)

Then, as is known,
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i = —Cik- (6)

An automorphism A of the algebra I' is called an involomorphism if

A2=1, A+ (7)

In some orthobasis any involomorphism S has a diagonal form with 4+1 on the
main diagonal.

All n € T, such that Sy = n form a subalgebra (invoalgebra) L C T',; the pair
I',/L will be called an invopair. Obviously,

n,  nelL,

r.,—E+L,  ELL  Sj=<" " 8
r 7 {—m neE. (8)

The invopair I'/L generates the symmetric space I'*/L*, where L* has on E an
irreducible linear representation, if I" is simple.

Definition 1. We shall say that the algebra I' is an involutive sum of its
subalgebras I' = L, + L, + Ls, if L, Ly, L, are the invoalgebras of commuting
involomorphisms S, S,, S5 = 5,.5;, respectively.

Obviously, Ly N Ly, = Ly N Ly = Ly, N Ly = Ly, and L;/L, (i = 1,2,3) are
invopairs.

Definition 2. An involutive sum I' = L, + L, + L4 will be called isoinvolutive
if L, and L, are conjugate in I'*, with the conjugating automorphism of the form

) where £ € By = Ly — L.

Lemma 1. IfT'/L is a compact semisimple involpara, then there exists € E=
I' — L such that the subgroup et in T is compact.

Corollary 1. If T is a semisimple compact Lie algebra and S is its involmor-
phism, then there exist inner automorphisms @, in I'* (n a positive integer)

such that (Q,)" =1, SQ,s = Q,;'.

On the basis of Lemma 1 and its corollary the following theorem is proved:

Theorem 1. Let I' be a semisimple compact Lie algebra, and let Ly be any of
its invoalgebras; then there exists an isoinvolutive decomposition

I'=L,+ Ly+ L, Ly =¢Ly,, pel* ot=18;=¢%
Corollary 1. The restriction of ¢ to Ly acts as an involmorphism or as the

identity automorphism.

Corollary 2. The restriction of ¢ to Ly acts as an involmorphism or the
identity automorphism.

sovietrxiv.org/items/ru-196501.84819 Machine Translation


https://sovietrxiv.org/items/ru-196501.84819

Corollary 3. If the restriction of ¢ to Ls acts as an involmorphism, then Ly is
an isoinvolutive sum Ly = Ly + L{ + L{, where Ly, L{, L] are the invoalgebras
of the involmorphisms Sy, (¢'/?)718,(0Y?), @, respectively.

Definition 3. An isoinvolutive sum will be called of type I if the restriction
of the conjugating automorphism ¢ to L is the identity automorphism.

We shall consider only simple compact algebras I'.
Let IT = Ly N Lg; then
Ly=1I+E,, L =11+ EJ, L =11+ E{,
Ly = Lo+ Ey, Ly = Ly + Es,

where E, E’, E” are orthogonal to II, and E;, E, are orthogonal to L,. From
Theorem 1 and its corollaries we have

Ey=¢E;,  Ey=(9')E,  ($P)I=1,  (p*)Ej=E;. (9)
Choosing orthonormal bases in II, E, E,, E{, with the help of (9) we construct

bases in E, and E{. The union of all the indicated bases generates an orthobasis
in I', which we shall call isoinvolutive. Let, in this notation,

X; (i=1,..,n) bea basisin £,
X, (i=1,..,n) Dbeabasisin Fy;

’ - Y, (10)
Y,, (a=1,..,p) bea basisin K,
Y, (a=1,..,7) bea basisin Il
V,, (a=1,..,p) bea basisin E, v
Vo, (a=1,...,m) beabasisin Ej. ¢

1

By construction
(pXil = Xi27 (lez = _Xi1’ ()@YOC — (ngB
(praz = _Yaz’ (PYal = Yal) ’ (11)

(PVa = 9024‘/;) (@VQQ = _VQQ’ (pVal = Val) :
The automorphism 6 = ¢'/2 acts, as is easily verified, as follows:

1

1 .
0X, = —=0(X, +X,), 60X, 7

12 \/i 63(_X.71 +X]2)’

opok = o8, 0 =4,
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0Y, =V, , 0V, =—Y,, 0Y, =0.'Y,, 6V, =63V,
2 2 2 2 1 1 1 1
burbi = 6uy, 620, =0,1, 6o =05, 6o = 0L, (12)

Taking into account the action of the automorphisms S;,S,, S5, we write the
structure of the algebra I' in the form

[Xi1Xj1] = _b?ﬂi Ya’ [Xizsz] = _b?fzj’zYa’ [Xil ij] = qialj2V

a’

(X, V] =t2.X, . (X, V=X, , [Vape] ==Y, [X,Y,]=d" X

7 a ia Py’ a a act o
(13)
[Xi2Ya] = G’ZZ(IXpQ’ [VCYQ] = a‘gav;ﬂ [YaY,B] = cz(,BY’y‘
Introduce the notation
aiia = aZoﬁ bgljl = bzﬁ qujl = qu’ tffa = tzi)a' (14)
Then the automorphism ¢ from (11), for the structure (13), gives
_ 8 b _ b o j _
b%h = @%bija 4 = Paljs tz;b =—¢p Tas af;a = @gaf@
b3 = hpleabl,, ab, = lohelal,, )y =ddheles,.  (15)
From the orthonormality of the isoinvobasis it also follows that
G =W dly =l =t @ = G =—c,. (16

The automorphism 6 from (12) for the structure (13) leads to the relations

P _ pgPpk,s kpobyP __ pbys kop s _ %1 P

Lia, = 0; 0; Okay> 0;05t;, = Oathy, 070% g, = 0,81 )
AL _ T2 Ay T2 — pH€1 02 €1 _ pe1 b1 by _ pB1 b
Cayp, = _ba2ﬁ2901’ bahgz = Var e g, Gaze, = t9171 Qeyayy  Geyay = 9a1082517

(17)

by €1 _ pdigBi €1 AL H1 _ %1 Y1 M1
aclalﬂbl =0, Galadlﬁl, Ca1ﬁ19>\1 = Qalﬂﬁlcglyl.
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Finally, consideration of all Jacobi identities leads to the relations

apobfy = 2a3, bi? +th, 4t —th, ap; +th, apt — th, dy) s

iy jog 1oy

bi P 4Pyl P 4J
_ba1c1 1o t]atzcl J(‘ltuzl

b 4k _ 4k P k 4P
7a02a2tib1 - tpczaiaz + apontiCZ’

ba gk 4k P k 4p
ac10‘2ti tpcl 1o +apa2ticl7

k k P _ 4k P
aclaltlbl pozltzcl tpcl (TPl (18)
o1 l _ 1 i _ 1 7
Cay 8, %oy = ig, Yja, — Fiay, 4B,
L CY R R S R
Baay Yjoy = Uig, ja, — Gia, Yjp,»

91 l l g

— 4l
oy By ajal - ai51 ajal a

i
¢ iog 58, -

Definition 4. An isoinvolutive sum, if it is not of type I, shall be called type
IT if 62 = 407, and type III otherwise.
The use of the relations obtained above leads to the theorem:

Theorem 2. If a compact simple Lie algebra I" admits an isoinvolutive decom-
position

'=L,+Ly+ L4
of type I or II, then the maximal subalgebra of elements fixed under the action
of the conjugating auto-

morphism ¢, has center £ € L; — L. Hence it follows that, if the involara
I'/L; has rank 1, then Ly — L, is one-dimensional for type I, and L{ —II is
one-dimensional for type II.

This permits one to obtain the following theorems:

Theorem 3. If the isoinvolutive sum of type I

F:L1+L2+L3
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is simple and compact, and T'/L; is an involara I, then T'/L; is of the form
SO(n+1)/S0(n),

where L, /L, is of the form
SO(n)/SO(n —1)

(with the natural embedding).

Theorem 4. If I'/L, is a simple compact involara of rank 1, and
I'=L;,+Ly+ Ly

is an isoinvolutive decomposition of type II and E|, is one-dimensional, then
I'/L, is of the form

SU(n+1)/S(U(n) x U(1)),
and Ll/z0 is of the form

SU(n)/S(U(n—1) x U(1))
(with the natural embeddings)

(Ly—Ly=2
is a one-dimensional center in L).
Theorem 5. If I'/L, is a simple compact involara of rank 1,
=L, +Ly+ Ly

is an isoinvolutive decomposition of type II and E, is three-dimensional, then
I'/L, is of the form

Sp(n+1)/Sp(n) x Sp(1),
and Ly /L, is of the form
Sp(n)/Sp(n—1) x Sp(1)
(with the natural embeddings)
(Lo — f/0 =7
is a three-dimensional ideal in L,).
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