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1. Consider the solution of the system:

dpy/dx + p(x)p; = Ay,
—dipy /dx 4 q(x) g = Apy,

P1(0) =1, ©a(0) = h, (2)

where h is an arbitrary complex number.

Suppose that we are given a continuation of the coefficients p(z) and ¢(z) to the
negative half-axis. Then the solution ¢ = {¢;(x, A), ps(x, A)} of system (1)—(2)
can be continued to the negative half-axis by solving the corresponding Cauchy
problem.

In the present note it is shown how to express the solution ¢ at the point —z
in the form of a linear operator applied to ¢ = {1 (t, A), v5(t, A)} (0 <t < z).

If the functions p(x) and ¢(x) are continued evenly, then, as is easy to see, the
solutions of system (1) with initial conditions

901(0) )‘> = 1a 902(07 )‘> = 0;

(901(0’ )‘) =0, 902(03 )‘) = 1)

are continued as follows: ¢, (z,A) is even, py(x,A) is odd (pq(z,A) is odd,
©q(x, A) is even), and since these solutions form a fundamental system of solu-
tions, it is thereby possible to continue, preserving continuity, any solution of
system (1)—(2) for a given h.

In the case when p(x) and ¢(x) are continued arbitrarily, one may use transfor-
mation operators for the solution of the problem posed (1).
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2. Denote by £,[0,b), 0 < b < oo, the space of vector-functions f(x) =
{f1(z), fo(x)}, continuously differentiable on the interval [0,b) and satis-
fying the boundary condition

£2(0) — hfy(0) = 0. (3)
Let
(b)) djda (@) dfdr)
A—(—d/dx q<x>)7 B‘(—fz/dx q1<x>)’ )

where the functions p(z), ¢(x),p;(z), and ¢, (z) are continuous on the interval
[0,0).
The operator X = X}, ;. .4 p is called a transformation operator if it maps

the space &), into the space &), and satisfies the following conditions:

1) AX = XB;

2) there exists a continuous inverse operator X .

()

It is known that the operator X can be given in the form (2)

a(@) f1(x) + Bla) fola) + / Pz, 5)f,(s)ds + / Rz, 5)f(s) ds,
X{f(x)} ’ °

Oé(w)fz(fﬂ)—ﬂ(ff)fl(fﬂ)Jr/o Q(%S)fl(S)dSJr/o H(z,s)f5(s)ds,

where the functions a(z) and S(x) are determined by the formulas

a(z) = nsin {—; /0 [p(T) — py (1) + q(7) — ¢, (7)] dT + arcsin i} , (8)

Blx) = wcos {—; /0 p(7) — py(7) + q(7) — @, (7)] dr + arcsin ;} ()

where

= {(1+hD)(1+h3)/(1+ hyhg)*}/2. (10)

From condition (5), by virtue of (6) and (7), for the functions P(x,s), R(z, s),
Q(z,s) and H(z,s) it is not difficult to obtain the system of differential equa-
tions
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apé:? s) + aHa(i, s) ={q,(s) —p(x)}R(z, s),

8H8(;;c,8) " anfC, s) = {q(z) — p,(5)}Q(x, 5),

8@(;?8) _ aRéz,S) ={q,(s) — q(z)}H(z, s),

OR(z,s) 0Q(zx,s)
s Oz

= {p(z) —p1(s)} P(z,s),

with the characteristic conditions

P(z,z) — H(z,z) = o (x) + B(z){p(x) — ¢;(z)},

Rz, x) + Q(z,2) = f'(x) — a(z){p(z) = pi(2)},

and the initial conditions

R(x,0) — hy P(x,0) =0,

H(z,0) — h;Q(z,0) = 0.

3. Let us now consider the application of transformation operators to the contin-
uation of solutions of problem (1)—(2). Suppose that the coefficients of system
(1)—(2), i.e., the functions p(z) and g(z), have been continued arbitrarily onto
the negative half-axis. Put

A= (pii_/gi ;l(/d:f)) , B= <pd<2x Cf]/(;lf) (x>0). (@)

Denote by ¢ = {¢1(x, A), p5(z,\)} the solution of system (1)—(2) for z > 0,
and put

v ={p1(=2, ), oo, A} = X{o' ) (11)

Equality (11), by virtue of the definition of the operator X, i.e., (6) and (7), is
equivalent to the two equalities
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P1(—2, ) :Of(x)sﬁ1($»>\)+5(fﬂ)%(%/\)+/0 P(z,5)p(s,A) ds+
+/O R(z,5)py(s, N) ds, (12)

po(—2, ) —a(l‘)wz(xak)ﬂ(x)sﬁl(z,/\H/o Qx,8)p1(s,A) ds+

—|—/0 H(x,s)py(s, \)ds. (13)

Let us show that the functions ¢, (—z, \) and ¢,(—x, A) satisfy system (1) on
the negative half-axis. Indeed, using equality (5) and system (1), we find the
equality

Afp™} = AX{p"} = XB{p"} = X{dp"} = AX{p"} = do7,

which, by the definition of the operator A (see (4')), is equivalent to the system
of two equations

dps (=, A) /dx + p(—2)p1 (=2, A) = Ay (=, A),

_d<p1<_$> /\)/dl‘ + q(—x)<p2(—1:, )‘> = )‘902(_1‘7 /\)7

which coincides with system (1) for the functions ¢, (—z, A) and o (—x, \).

Let us now show that this continuation is continuous. Indeed, putting x = 40
in equalities (12) and (13), we obtain

@1(=0,2) = 2(0)p1 (+0, A) + B(0)02(+0, A), (14)

P2(=0,4) = (0)p5(+0, A) = B(0)1 (40, A). (15)

Further, in our case hy = hy = h, whence from equality (10) we find that y = 1.
Then from equalities (8) and (9) it follows that «(0) = 1, 5(0) = 0. Therefore
the continuity of the continuation follows from equalities (14) and (15).

Let us show that if the coeflicients of system (1) are continued to the negative
half-axis continuously, i.e. if

p(=0) =p(+0),  q(=0) = q(+0), (16)
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then not only the continuation of the solution is continuous, but also its first
derivative. Indeed, putting in the equality

Afp™} = XB{p"}

x = 40, we obtain

dpy(—0,X)/dx + p(—0)p, (=0, X) =
= a(0){dp, (40, ) /dz + p(+0)p, (+0, \) }+
+B(0){—dp;(+0,7)/dz + q(+0)p5(+0, A) }, (17)

—dp, (—0,\)/dx + q(—0)py(—0,\) =
= a(0){—dp, (+0,\)/dz + g(+0)p5(+0,\) }—
—B(0){dwy(+0,\)/dx 4+ p(+0)@, (+0, )} (18)

Then, by virtue of equalities (16), a(0) = 1, 8(0) = 0, and the continuity of the
continuation, it follows from equalities (17) and (18) that

dp,(—0, ) /dx = dp,(+0,\)/dz, dps(—0,)/dz = dps(+0,N)/dz,

i.e. the continuity of the first derivative of the continuation.

4. The method indicated above can also be applied to the problem of contin-
uing solutions of the nonstationary Dirac system.

Consider the mixed problem

i 0uq /Ot + Ouy/0x + p(z)uy =0, .
10Uy /0t — Ouy [0z + q(z)uy = 0,} z>0; (19)
uy(z,0) = fi(z), uy(z,0) = f(x), (20)
u5(0,t) — huy (0,t) = 0. (21)

Suppose that an extension of the coefficients p(z) and g(x) to the negative
half-axis is given to us. Denote by U(x,t) = {u;(x,t),us(x,t)} the solution of
problem (19)—(20)—(21), and put
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_JU(z,1), x>0,
unt = {X{Uu,w}, v <o,

where the operator X, as before, is defined by formulas (6) and (7). It is not
difficult to verify that the function wu(z,t) is a solution of the pure Cauchy

problem for system (19) with the initial conditions

_ J @) ={f(2), falx)}, x>0,
Viw,0) = {X{f(x)}, <0,
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