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Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1965. Volume 164, No. 6

THEORY OF ELASTICITY
V. K. FEDYANIN

ON A PROBLEM IN THE THEORY OF ELAS-
TICITY
(Presented by Academician A. A. Dorodnitsyn, 23 III 1965)

1. Let us pose the problem of finding a solution of the equations of the theory
of elasticity for the half-space (𝑧 ≥ 0), which has, at a certain point located
at a distance ℎ from the boundary surface (𝑧 = 0), a singularity of the
type of a center (of compression or expansion). We shall assume that the
boundary condition

𝑝𝑧(𝑟, 0) = 0; (1)

is satisfied; 𝑝𝑧 is the 𝑧-component of the pressure, and all quantities are functions
of (𝑟, 𝑧): since there is cylindrical symmetry, it is convenient to consider the
problem in cylindrical coordinates; the plane 𝑧 = 0 is assumed to coincide
with the boundary, and the 𝑧-axis is directed downward and passes through the
point (0, ℎ). Condition (1) leads to the following boundary conditions for the
components of the stress tensor 𝜎𝑖𝑘:

a) 𝜎𝑧𝑧(𝑟, 0) = 0, b) 𝜎𝑧𝑟(𝑟, 0) = 0. (2)

We note that the solution of the same problem for the case

𝑝𝑧(𝑟, 0) = 𝑓(𝑟) (3)

can be carried out quite analogously (with the corresponding modification of
(2)), as will be seen from what follows.

2. A solution with a singularity of center type satisfying condition (2b) can
be obtained by taking the displacement vector in the form

𝑢0
𝑧 = 𝐴0 (𝑧 − ℎ

𝑅3
1

+ 𝑧 + ℎ
𝑅3

2
) , 𝑢0

𝑟 = 𝐴0𝑟 ( 1
𝑅3

1
+ 1

𝑅3
2

) , (4)
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𝑅2
1 = 𝑟2 + (𝑧 − ℎ)2; 𝑅2

2 = 𝑟2 + (𝑧 + ℎ)2; 𝐴0 is a constant.

In obtaining (4), we have used the known solution of the elasticity equations
for an infinite medium (1), taking two centers (at the points (0, ℎ) and (0, −ℎ)).
Convenient formulas for transforming the components of the stress tensor and
displacement vector are given in (16).
For the components of the stress tensor, (4) gives

𝜎0
𝑧𝑧 = −4𝜇𝐴0 { 1

𝑅3
1

(1 − 3𝑟2

2𝑅2
1

) + 1
𝑅3

2
(1 − 3𝑟2

2𝑅2
2

)} , 𝜎0
𝜃𝜃 = 2𝜇𝐴0 ( 1

𝑅3
1

+ 1
𝑅3

2
) ,

𝜎0
𝑟𝑟 = 2𝜇𝐴0 { 1

𝑅3
1

(1 − 3 𝑟2

𝑅2
1

) + 1
𝑅3

2
(1 − 3 𝑟2

𝑅2
2

)} , (5)

𝜎0
𝑟𝑧 = −6𝜇𝐴0 {𝑟(𝑧 − ℎ)

𝑅5
1

+ 𝑟(𝑧 + ℎ)
𝑅5

2
} ,

where 𝜃 is the polar angle in the plane ((𝑥, 𝑦) ∶ 𝑧 = 0), and 𝜇 is the shear modulus
(for notation, see, for example, (1)). The expressions (5) make it possible to
satisfy one of the boundary conditions [𝜎𝑟𝑧(𝑟, 0) = 0], but for 𝜎𝑧𝑧(𝑟, 0) we have

𝜎0
𝑧𝑧(𝑟, 0) = −8𝜇𝐴0

𝜌3 (1 − 3𝑟2

2𝜌2 ) , 𝜌2 = 𝑟2 + ℎ2. (6)

Thus, we shall be able to satisfy all the stated requirements if we construct
a solution (𝑢1

𝑟, 𝑢1
𝑧) having no singularities in the region 𝑧 ⩾ 0, for which the

following boundary conditions are satisfied:

a) 𝜎1
𝑧𝑧(𝑟, 0) = 8𝜇𝐴0

𝜌3 (1 − 3𝑟2

2𝜌2 ) ; b) 𝜎1
𝑧𝑟(𝑟, 0) = 0. (7)

We shall solve this problem by means of the Laplace-transform method (2).
3. A solution having no singularities for 𝑧 ⩾ 0 is obtained from Hankel trans-
forms of the form (26)

𝐺(𝜉, 𝑧) = [𝐴(𝜉) + 𝑧𝐵(𝜉)]𝑒−𝜉𝑧, (8)

where 𝜉 is the transform parameter (0 ≤ 𝜉 < ∞); 𝐴(𝜉), 𝐵(𝜉) are unknown
functions, for the determination of which we shall use (7). Using the expressions
for 𝜎𝑖𝑘 in terms of 𝐺(𝜉, 𝑧), given in (26), and substituting (8), we obtain
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𝜎𝑧𝑧 = ∫
∞

0
2𝜉3𝑒−𝜉𝑧[(𝜆 + 𝜇)𝜉𝐴 + (𝜇 + 𝜉𝑧(𝜆 + 𝜇))𝐵]𝐽0(𝜉𝑟) 𝑑𝜉,

𝜎𝑟𝑧 = ∫
∞

0
2𝜉3𝑒−𝜉𝑧[(𝜆 + 𝜇)𝜉𝐴 + (−𝜆 + 𝜉𝑧(𝜆 + 𝜇))𝐵]𝐽1(𝜉𝑟) 𝑑𝜉; (9)

𝜆, 𝜇 are the Lamé elastic constants (see (1)); 𝐽𝑘(𝑥) is the Bessel function of
order 𝑘. Taking (9) for 𝑧 = 0 and comparing with (7) by means of the Hankel-
transform theorem, we obtain the following algebraic equations for 𝐴(𝜉) and
𝐵(𝜉):

𝜇𝐵(𝜉) + 𝜉(𝜆 + 𝜇)𝐴(𝜉) = ∫
∞

0

2𝜇𝐴0
𝜉2

𝑟𝐽0(𝜉𝑟)
𝜌3 (−1 + 3ℎ2

𝜌2 ) 𝑑𝑟 = 𝑗(𝜉, ℎ),

−𝜆𝐵(𝜉) + 𝜉(𝜆 + 𝜇)𝐴(𝜉) = 0. (10)

It is obvious that all the arguments carry over unchanged to the case (3), leading
only to a complication of 𝑗(𝜉, ℎ) in (10).

The integral in (10) is readily evaluated (26,3), and we finally obtain

𝑗(𝜉, ℎ) = 2𝜇𝐴0
𝜉 𝑒−ℎ𝜉, 𝐵(𝜉) = 𝜆𝑒−ℎ𝜉

(𝜆 + 𝜇)2
𝐴0
2𝜉2 , 𝐴(𝜉) = 𝐴0𝑒−ℎ𝜉

2𝜉(𝜆 + 𝜇) , (11)

𝐺(𝜉, 𝑧) = 𝐴0𝑒−𝜉(ℎ+𝑧)

2𝜉2(𝜆 + 𝜇) [ 𝜆
𝜆 + 𝜇 + 𝜉𝑧] .

Formulas (11), (9), and the corresponding expressions for 𝜎𝑟𝑟, 𝜎𝜃𝜃, 𝑢𝑟, 𝑢𝑧, given
in (26), make it possible without difficulty to obtain the desired expressions:

𝑢1
𝑟 = 2𝐴0𝑟

𝑅3
2

( 𝜇
𝜆 + 𝜇 − 3𝑧(𝑧 + ℎ)

𝑅2
2

) ,

𝑢1
𝑧 = −2𝐴0

𝑅3
2

[𝜆 + 2𝜇
𝜆 + 𝜇 (𝑧 + ℎ) + 2𝑧 (1 − 3𝑟2

2𝑅2
2

)] , (12)

𝜎1
𝑧𝑧 = 8𝜇𝐴0

𝑅3
2

[(1 − 3𝑟2

2𝑅2
2

) + 3𝑧(𝑧 + ℎ)
𝑅2

2
(1 − 5

2
𝑟2

𝑅2
2

)] ,

𝜎′
𝑟𝑧 = −12𝜇𝐴0𝑟𝑧

𝑅5
2

(1 − 5(𝑧 + ℎ)2

𝑅2
2

) ,
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𝜎1
𝑟𝑟 = 4𝜇𝐴0

𝑅3
2

{2𝜆 + 𝜇
𝜆 + 𝜇 − 3𝑧(𝑧 + ℎ)

𝑅2
2

− 3 𝑟2

𝑅2
2

+ 15𝑟2(𝑧 + ℎ)𝑧
𝑅4

2
} ,

𝜎1
𝜃𝜃 = 4𝜇𝐴0

𝑅3
2

{2𝜆 + 𝜇
𝜆 + 𝜇 − 3𝑧(𝑧 + ℎ)

𝑅2
2

− 3𝜆
𝜆 + 𝜇

𝑟2

𝑅2
2

} ; (12)

the integrals that arise from the Bessel functions have been calculated with the
aid of the formulas given in (26, 3).
The sum of (4) and (5) with (12) also solves our problem:

𝑢𝑧 = 𝐴0 [𝑧 − ℎ
𝑅3

1
− (𝑧 + ℎ

𝑅3
2

𝜆 + 3𝜇
𝜆 + 𝜇 + 4𝑧

𝑅3
2

− 6𝑧𝑟2

𝑅5
2

)] ,

𝑢𝑟 = 𝐴0𝑟 [ 1
𝑅3

1
+ 𝜆 + 3𝜇

𝜆 + 𝜇
1

𝑅3
2

− 6𝑧(𝑧 + ℎ)
𝑅5

2
] ,

𝜎𝑧𝑧 = 4𝜇𝐴0 {− 1
𝑅3

1
(1 − 3

2
𝑟2

𝑅2
1

) + 1
𝑅3

2
(1 − 3

2
𝑟2

𝑅2
2

) + 6𝑧(𝑧 + ℎ)
𝑅5

2
(1 − 5

2
𝑟2

𝑅2
2

)} ,

𝜎𝑟𝑟 = 2𝜇𝐴0 { 1
𝑅3

1
(1 − 3 𝑟2

𝑅2
1

) + 1
𝑅3

2
(5𝜆 + 3𝜇

𝜆 + 𝜇 − 9 𝑟2

𝑅2
2

) − 6𝑧(𝑧 + ℎ)
𝑅5

2
(1 − 5 𝑟2

𝑅2
2

)} ,
(13)

𝜎𝜃𝜃 = 2𝜇𝐴0 { 1
𝑅3

1
+ 1

𝑅3
2

(5𝜆 + 3𝜇
𝜆 + 𝜇 − 6𝜆

𝜆 + 𝜇
𝑟2

𝑅2
2

) − 6𝑧(𝑧 + ℎ)
𝑅5

2
} ,

𝜎𝑟𝑧 = −6𝜇𝐴0 {𝑟(𝑧 − ℎ)
𝑅5

1
+ 𝑟(𝑧 + ℎ)

𝑅5
2

+ 2𝑟𝑧
𝑅5

2
(1 − 5(𝑧 + ℎ)2

𝑅2
2

)} .

4. The results can be applied to certain concrete physicochemical problems:
the question of deep chemical adsorption (4), the formation of cracks near
a surface, etc. In particular, one can calculate the insertion energy of an
absolutely rigid sphere of radius 𝑅0 as a function of the distance ℎ of its
center from the surface. Modeling the insertion as a uniform expansion
of the sphere (𝑅0 → (1 + 𝛿)𝑅0), we obtain for the insertion work the
expression

𝑊 = 𝑊0
1 − 2𝑞3

[1 − 2𝑞3

(1+𝑞2)3/2 + 3𝑞5

(1+𝑞2)5/2 ]
≃ 𝑊0(1 − 6𝑞5 + 𝑜(𝑞6)); (14)
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here

𝑊0 = 6𝜇 (4𝜋𝑅3
0

3 ) 𝛿2, 𝑞 = 𝑅0
2ℎ , lim

𝑥→0
𝑥𝑜(𝑥) = 0.

Expression (14) makes it possible to conclude that 𝑊 is a monotonic func-
tion of 𝑞, rapidly approaching 𝑊0 as 𝑞 → 0 (𝑊(1/2) ≃ 0.85𝑊0, 𝑊(1/3) ≃
0.98𝑊0, 𝑊(1/4) ≃ 0.994𝑊0).
I express my gratitude to M. I. Temkin, who suggested that I take up this prob-
lem and discussed with me various physicochemical applications of the results,
as well as to D. V. Anosov and V. P. Korobeinikov for discussion of the results.

Physicochemical Institute
named after L. Ya. Karpov

Received
18 III 1965
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