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N. E. TOVMASYAN

SOME BOUNDARY-VALUE PROBLEMS FOR SYS-
TEMS OF ELLIPTIC EQUATIONS OF SECOND OR-
DER THAT DO NOT SATISFY THE CONDITION OF
YA. B. LOPATINSKII

(Presented by Academician M. A. Lavrent ev on 10 VIII 1964)

1. In the present paper the following problem is considered:
In a bounded plane simply connected domain D with boundary I', it is required
to find a regular solution of the elliptic system

0%u 0%u 0%u
922 + 2B +C— =0, (1)

A gu
0z0y Oy

belonging to the class C2(D) and satisfying the boundary condition

au, +bu, +cu=f onl, (2)

where u = (uq,u5) is the unknown vector, f = (fy, fy) is a given real vector on
I'; A, B,C,a,b,c are real constant square matrices of second order.

Let z = t(s) (z = = + iy) be a parametric equation of the boundary T, where s
is arc length. It is assumed that f € C2(T), t(s) € C3(T).

In paper (1) it was proved that the Ya. B. Lopatinskii condition ensures the
Noether property of problem (1)—(2). In the present paper a more general
condition is indicated under which problem (1)—(2) in any simply connected
domain is Noetherian. If this condition is not fulfilled, then one can always
indicate a domain with an arbitrarily smooth boundary where problem (1)—(2)
is not Noetherian even in the case when f is an infinitely differentiable function.

We shall call problem (1)—(2) Noetherian if the homogeneous problem (1)—(2)
has a finite number of linearly independent solutions, and the inhomogeneous
problem is solvable when the function f is subject to a finite number of orthog-
onality conditions.

2. We first consider the case where the characteristic equation

|A+2BA+CN?| =0 (3)
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has multiple roots. Let ), be a multiple root of equation (3) with positive
imaginary part. Without loss of generality we shall assume that Ay = ¢. This can
always be achieved by means of a transformation of the independent variables
of the form X =z +Re\yy, ¥ =Im A\yy.

In this case the general solution of system (1) in the domain D is given by the
formula (see (%), p. 64)

u = Re [0‘1‘:01(2) + Qg <902(Z> + kzmﬂ ’ )

where ¢;(z) and ¢,(z) are arbitrary analytic functions in the domain D, with
k =1, while a; and a4y (ay # 0) are two-dimensional constant vectors that are
particular solutions of the system of equations

(A+2Bi—C)ay, =0, (A+2Bi—C)ay +2(A+ C)ay = 0. (5)
if the rank of the matrix A + 2Bi — C' is equal to 1, and k = 0, «; = (1,0),
ay = (0,1), if all elements of the matrix A + 2Bi — C' are zero.

We note that the system of equations (5) always has solutions «; and a,, where
agy # 0. Suppose that the origin of coordinates lies inside the domain D. On
the functions ¢, (z) and ¢,(2) one may impose the conditions

Im (e — 2kay) 91 (0) 4 app9(0)] = 0.

Under these conditions the analytic functions ¢; and ¢, are determined by
u(zx,y) uniquely.

Substituting the general solution (4) into the boundary condition (2), we obtain
Re[B1¢1(2) + Ba(pa(2) + bz (2)) + Bspy(2)+
+B4(05(2) + kzp(2))] = f onT, (6)
where

By =cay, By=cay, B3=(a+bi)a;+kla—biay,, B4=(a+0bi)a,.

Let one of the following conditions be satisfied:
a) P53 =0, B, = 0; the vectors 5; and S, are linearly independent.
b) B, =0, B # 0; the vectors B, and (5 are linearly independent.

c) By =0, By # 0; the vectors 8, and B4 are linearly dependent, and the
vectors f5; and f3, are linearly independent.

d) 84 # 0, k = 0; the vectors 85 and 3, are linearly dependent, 8, and §, are
linearly independent; |ky — I4| + |l5] # 0, where ko, 1, and I, are numbers
determined from the equations

53 = k’2/647 /81 = llﬁQ + l254- (7)
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e) B, # 0, k = 1; the vectors 35 and (3, are linearly dependent, 3, and j,
are linearly independent; |k, — I;| # 0, where ky and [, are determined
from (7).

f) By # 0, By and B, are linearly dependent, 5, and j, are linearly indepen-
dent, 8, and (5, are linearly dependent.

g) B3 and B, are linearly independent.

When any one of these conditions is fulfilled, problem (1)—(2) is reduced to an
equivalent singular integral equation of normal type, if one uses, respectively
for cases a)—g), the integral representations of the analytic functions ¢, (z) and

©5(2z) in the form
1 [ (t)dt .
D el = o[BS e,

7i/ kt'ul()dtJric
e t—z 2

Here and in what follows p(¢) and p4(¢) are real functions; ¢; and ¢, are real
constants, ¢ is the imaginary unit;

, du(t , _ , o dt
wo(t) = %, t=¢E+inel, t = £—in, v =— d; = /,uj(t) ds.
T

2) gpl(z):/F,ul(t)ln(l—) ds + dy +icy,

t) + ktp,(t)t
902(2):/M2( )+ lLLl() Sdt+62.
T t—=z

3) sol<z>1./r“1“>dt+ic1,

T t—z
1 [ po(t) — py(t)(ky + Kt .
cpz(z)zﬁ/ 2(t) t1£>z( L )dt—i-zcz,
T

where k; is determined from the equality as = k,ay, t, = dt/ds.

4)

1 [ us(t)dt .
hor) +a(a) = - [ 208 e,
r

@)= | 0+ e 0t 1 (1= ) ds e
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if ko —1; # 0, and

1 [ug(t)dt .
hor(a) +oae) = o [0S e,
r

+ ¢y,

L[ () — p5(t)) dt
|

t—=z

if ky — 1, = 0.
5)

[ (t)dt
901(2)—‘4 L T

%@)Lﬁwﬁm+kWHﬂ+@M@leﬂmx

xln(l—?)dt+d2+ic2,

where k, and I, are determined from (7).

6)
_ py () di ic
pil) = [BOE vie,
wx@:izwxwﬁ+kh4@»+%manm(l—j)M+df+w?
7)

p1(2) = /ul(t) In <1 — E) ds +dy +icq,
T t

0q(2) = /F(,uQ(t) + kt py (t)) In <1 — %) ds + dy + icy.

In these integral representations the quantities pq, po,cq, ¢y are determined
uniquely by ¢;(z) and ¢,(2). The integral representations of analytic functions
p1(2) and ¢,(2) used here are simple consequences of the integral representa-
tions given in (3). Analytic integral representations of analytic functions were
used in the paper (4).

sovietrxiv.org/items/ru-196501.81944 Machine Translation


https://sovietrxiv.org/items/ru-196501.81944

After such an equivalent reduction, by virtue of the known theorems of the
theory of singular integral equations (see (3)), we obtain:

Theorem 1. If the characteristic equation (3) has a multiple root i and one of
the conditions a)— ) is satisfied, then problem (1)—(2) is Noetherian. The index
of problem (1)—(2) is equal to zero if one of the conditions a), ) is satisfied; is
equal to 2 if one of the conditions ), ) is satisfied; is equal to 4 if condition
) is satisfied. If condition ) is satisfied, the index of problem (1)—(2) is equal
to zero if kg — 1y = 0, and is equal to 2 if ky # 1y. If condition ) is satisfied,
the index of problem (1)—(2) is equal to 2 if |ky — 1] > 1, and is equal to 6 if
|ky — 1] < 1.

Let us note that the Ya. B. Lopatinskii condition is equivalent to condition ).

3. Let the characteristic equation (3) have simple roots. Denote by A; and
A, the roots of this equation with positive imagi-

parts. The general solution of system (1) in this case can be written in the form

(see (2))

u = Re (711(21) + Y22(22)) , (8)

where v; and <, are two-dimensional vectors which are nontrivial particular
solutions of the equations

A+ 2B\ +CX2 (k=1,2);

21 =T+ Ny, 29 =T+ Ay; p1(2) and p,(2) are arbitrary analytic functions,
respectively, in the domains D; and D,. The domains D; and D, are obtained
from the domain D by means of the mappings ( = x + A\;y and ¢ = = + A\yy.

The functions ¢,(z) and @4(z) at the zero point can be made subject to the
conditions Re(A;¢;(0) + Ay¢5(0)). Under these conditions ¢, (z) and @4(z) will
be determined uniquely with the aid of u(x,y).

Substituting the general solution (8) into the boundary condition (2), we obtain

Re (0101 (21) + 0902(22) + 6597 (2) + d495(2)) = f on T, 9)

where 903(2) = dgpj(z)/dz7 01 = ¢y, Oy = Y, 03 = (a+A10)7y, 64 = (a+A3b)7s.
If one of the vectors d5 and 0, is different from zero, we shall assume that 65 # 0
(this does not restrict generality).

Let one of the following conditions be fulfilled:
a*) 03 = 0, 0, = 0; the vectors ¢; and J, are linearly independent.

b*) §3 # 0, 05 and J, are linearly dependent, while the vectors d, and d5 are
linearly independent,
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[(1—Ad)lgks — (1= Ai)| # (14 Agi)lgks — (1 + Agi)],

where kg and [ are numbers determined from the equalities §, = k383, 6; =
l305 + 1403.

c*) d5 # 0, 05 and d, are linearly dependent, d, and 5 are linearly dependent, d;
and 04 are linearly independent, |ks| + |k4| # 0, where k, and k4 are determined
from the equalities 6, = k305, dy = ky05.

d*) 5 and 4, are linearly independent.

Analogously to the case of multiple roots, in this case problem (1)—(2) also
reduces to an equivalent one-dimensional singular integral equation of normal
type, and the following theorem is proved.

Theorem 2. If the characteristic equation (8) has simple roots and one of
the conditions a*)—d*) is satisfied, then the homogeneous problem (1)—(2) in
the class C/(D) has a finite number of linearly independent solutions, while
the nonhomogeneous problem in the same class has a solution for f € C.(T),
provided the function f is subject to a finite number of orthogonality conditions.
The index of this problem is equal to zero if condition a* ) is satisfied and is equal
to 4 if condition d*) is satisfied. When condition b*) is satisfied, the index of

problem (1)—(2) is equal to 2 if the inequality

[(1 = Ayi)lghs — (1 — Agd)| > [(1 4 Agi)lzks — (1 + A

holds, and is equal to 6 if the reverse inequality holds. When condition c*) is
satisfied, the index of problem (1)—(2) is equal to zero if ks = 0, and is equal
to 2 if ks # 0. In this case the Ya. B. Lopatinskii condition is equivalent to
condition d*).
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