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Consider the set § of all entire analytic functions f(z) of order of growth p <1
and, in the case p = 1, of minimal type ¢ = 0. This means that every f(z), for
any ¢ > 0, satisfies the inequality

|f(2)] < Cedl?,

where the constant C = C(f,¢). In what follows it is assumed that the smallest
of the possible values of C' is taken.

Obviously, § is an algebra over the field of complex numbers; addition, multi-
plication by a number, and multiplication of elements of § among themselves
are defined naturally as the corresponding operations on the functions f(z). In-
troduce in § a system of norms depending on the parameter € > 0 and defined
by the formula

Ifle = C(f:e).

The norms increase as € decreases; we obtain a space with a countably normed
topology (1), convergence meaning convergence in each of the norms. Let us
note that, without changing the topology, one may restrict the variation of &
to only a countable sequence €; — 0. In the topology introduced by us, as is
easily verified, the algebraic operations in § are continuous with respect to their
arguments.

An ideal J C § is a linear subspace that is stable under multiplication by any

fes:
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JfCJ.

We shall call an ideal trivial if J =0 or J = §. An ideal J is called closed if
it is a closed set in § (or, what in the present case is the same, if from f; — f
and f; € J it follows that f € J).

Our task is the description of all nontrivial closed ideals J C §.

Theorem 1. Let by, b,, ... be any sequence of complex numbers (possibly with
repetitions), arranged in nondecreasing order of moduli,

[b1] < 1by] < - (1)
and satisfying the single condition

1

~lb| —— oo. 2

(In the case of a finite sequence, this condition, of course, is omitted.)

Then the set of all possible functions f(z) that have among their zeros all
by, by, ... (with multiplicity not less than their multiplicity in the sequence):

1) forms a nontrivial closed ideal in §, and moreover
2) every nontrivial closed ideal J C § can be obtained in this way.

Let us note that, generally speaking, a closed ideal J is not principal, i.e. there
does not exist a function fy(z) € § for which b, b,, ... would precisely exhaust
its zeros and by which, consequently, all functions f(z) € J would be divisible.

For the existence of f,(z) it is necessary and sufficient to impose an additional
condition on the sequence by, by, ...: the convergence (possibly not absolute) of
the series y b'.

It follows from Theorem 1 that every maximal ideal among the nontrivial closed
ideals corresponds to the case of a one-term sequence b; and consists of all
possible functions f(z) € § vanishing at the point b;; such an ideal will be
maximal also among all nontrivial ideals.

The countably normed algebra § considered by us is the simplest special case
of the associative hyperenvelope F(G,) of the Lie algebra G, over the field
of complex numbers (?), namely, in our case § = F(G;) (the case when the
dimension of the Lie algebra r = 1). The analogous problem of describing closed
ideals in the general case §(G,.), apparently, should be of considerable interest
for the theory of infinite-dimensional representations of Lie groups; however, it
is very difficult.
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We can associate with the countably normed space § its conjugate space F’,
which can be identified with the space of all analytic germs ¢(u) of one complex
variable v in a neighborhood of v = 0.

The passage to the limit in §” is defined by the condition ¢, (u) — ¢(u), where
the sequence ¢, (u) tends uniformly to ¢(u) in at least one neighborhood of the
point u = 0. In §’ the strongest topology compatible with this passage to the
limit is introduced, i.e. closed sets are defined as those closed with respect to
passage to the limit along sequences.

Every function f(z) € § is interpreted in §’ as the continuous operator f(9),
where 0 = d/du.

If

then
F@)p(u) = 0™ (u);

the series converges in the topology of §'.

The spaces § and §’ are conjugate in the following sense: if one introduces the
scalar product

(f:0) = F@)p(u)]

then, for arbitrarily fixed p € §’, it gives the most general form of a continuous
linear functional in § (different from 0 when ¢ # 0), and for arbitrarily fixed
/ € F—analogously in §’.

Between nontrivial closed ideals J C § and nontrivial (# 0,§") closed subspaces
E’ C §', invariant with respect to the operator 9 = d/du, there naturally arises
a one-to-one correspondence according to the principle

f@)p(u) =0, )

where f € J, ¢ € E’; here E’ consists of all ¢ satisfying () for
for any f € J and, analogously, J consists of all f satisfying () for any ¢ € E’.

Everything said concerning §’ follows as a special case from the results of 2. If
we add Theorem 1 to this, we obtain

sovietrxiv.org/items/ru-196501.78038 Machine Translation


https://sovietrxiv.org/items/ru-196501.78038

Theorem 2. The general form of a nontrivial closed subspace E' C §’, invari-
ant with respect to the operator 0 = d/du, can be described as follows: it is the
minimal closed subspace spanned by the germs

QO(U) — ebu’ uebu . ukflebu7 (**)

where b runs through a sequence of complex values

b="by,by, s [by] < bp| <o,

k denotes the multiplicity of the given member of the sequence b; moreover, the
only condition imposed on the sequence (in the case of its infinitude) is

1

o] = oo (**%)

n—o0

Let us note that the analytic mechanism for constructing germs ¢(u) € E’
from the germs (**) can be extracted from ?, where solutions of the differential
equation of the form (x) that interests us (and even of a somewhat more general
form) are studied. Therefore, in the case of a principal ideal J, the construction
of the corresponding subspace E’ C §’ is in fact contained in 2, and moreover
with fine analytic details.

Corollary of Theorem 2. In the case when condition (x * ) is not fulfilled,
the minimal closed subspace E' C §’ containing the germs (xx) coincides with
the whole space §'.
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