Soviet-era science, translated into English

Mathematics

1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-196501.78021

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196501.78021

Abstract
Full Text

Mathematics
N. N. Brushlinskaya

On the Behavior of Solutions of the Equations of
Hydrodynamics as the Reynolds Number Passes
Through a Critical Value

(Presented by Academician L. S. Pontryagin on 12 XII 1964)

§ 1. Consider, for the Navier—Stokes equations and the equation of continuity,
the following mixed problem in a bounded domain §2:

ov 3. v
Lv=—+ E —v, — VAV = — dp+F
v " 2 kvk vAv grad p (z),

(V(Ji,t) = {Ul(x,t),ﬂg(ai,t),’U3<JJ,t>}, T = (331,.732,.133), T e Q)’ (1)

divv =0, v|g =0, V(:L‘,t)|t:0 = a(x).

With respect to the initial condition a(x), assume that

diva(z) =0, alg = 0.

Here S denotes the boundary of the domain €2, and v is a numerical parameter
—the coefficient of viscosity.

We shall seek the solution of this problem in the space L,(Q2) of all vector
functions u(x) = {u;(x), uy(x), uz(x)}, z € Q, with components u;, from L,(£2).
The scalar product in L, is defined by the equality

(u,v) = /Q (u,v) d = /Q (Zw) da. )

We reduce problem (1) to a system of ordinary differential equations in an
infinite-dimensional space. To this end, following V. I. Yudovich ((!), see also
(7)), we shall seek the solution of problem (1) in the form of the series
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Vo t) = 3 5(t) dyla), 3)
=1

where {1, ()} is a system, complete in D(Q), of eigenvector-functions of the
linear problem

VA, = — by, + grad py, divepy, =0, Urls =0, (4)

with

/@[J%d:}:zl.
Q

The operator corresponding to this problem is self-adjoint and negative definite
(see (?)). Its spectrum —p, is negative, discrete, of finite multiplicity, and as
k — o0, —u;, — —o0; D(€) denotes the closure in Ly, in the metric (2), of the
set of smooth, solenoidal vector functions finite in ).

Substituting (3) into (1) and taking the scalar product with 1/75, we obtain

Q k=1 Q

Relations (5) are equivalent to the system of ordinary differential equations
oo
2"/k :—V,U/kzk‘i‘ Z Cklmzlzm‘i‘Fk, k: 172,...,00. (6)
I,m=1
The coefficients cy,,,, satisfy the relation
o0
Z Cklmzkzlzm = 0. (7)
k,l,m=1
The norm in the space z is defined as follows:
oo 1/p
- (1) -
k=1

In equations (6)
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Chim = /Wﬁv)@;m -y da.

Q

The free terms in (6) are the Fourier coeflicients of the body forces

Q

Identity (7) is the expression of the law of conservation of energy in the absence
of body forces (F' = 0) and viscosity (v = 0).

In what follows, by a solution of problem (1) we mean fulfillment of the integral
relations (5). After the velocity v(z,t) has been obtained in the form of the
series (3), the pressure p is found in the usual way (see (2)).

A summary of results on the existence and uniqueness of the solution of problem
(1)—(5) is given in (?). In the present note new results on the study of problem
(1)=(5)—(6)—(7) are set forth.

§ 2. In the works (3>7°)* we investigated the loss of stability of a stationary
solution zy(v) of the system of ordinary equations

z = f(z,v), = (T, Tp)s f(zy(v),v) =0.

Let A\{(v),..., A, (v) be the eigenvalues of the corresponding linear operator

AW)z = (8f;/0x;), ()T

The stationary solution x,(v) loses stability as v varies when at least one eigen-
value A(v) passes from the left half-plane Re A < 0 into the right one. The
corresponding value v is called critical, v.,: Re A;(v,,.) = 0. We considered the
case when a pair of eigenvalues crosses the imaginary axis

Ay 2(Vey) = £ib # 0, Re ), <0, k=3,4,....n.

It turned out that in the “general case” the loss of stability may occur in one
of two ways: a) from the stationary solution z,(v,,) that has lost stability there
is born a stable limit cycle; b) the stationary solution loses stability by merging
with an unstable limit cycle (375)%*.

* In the work (%) this system has the form

N
jsk :_V)‘kmk+ Z Aklmxlmm+Fk (k7lam: 17'“7N)'

l,m=1
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** After this note had been submitted for publication, the author learned of the existence of

H. Hopf s paper (®) on the birth of a cycle in a finite-dimensional space in the
analytic case, possibly analogous to part of the author’ s work (%) and the work
of Yu. I. Neimark (?), in which the nonanalytic case is considered.

In the present note we shall show that an analogous phenomenon takes place
when the laminar solution of the hydrodynamic equations (6) loses stability, if
the external forces satisfy certain conditions.

§ 3. For sufficiently large viscosity v, system (6) has a stationary solution z(v).
As v decreases, the solution z(r) may become unstable. The study of the loss
of stability is based on the following lemma, which reduces the problem, for our
purposes, to an essentially finite-dimensional one. Move the origin of coordinates
z to the point z(v): z = z(v) + 2.

Lemma 1. There exist forces F,0 < |F|| < oo, numbers v; > 0, 7 > 0 such
that for each number v in the interval co > v > v, there exists a nonlinear
invertible transformation z” — Z = 2’ + B(%’,v) of the ball |2’| < r, having the
following properties:

a) zZ; = 21 — B(Z,v)* Zy = 25 — By(Z,v); Z =2 (2 = z3,24,...); (5 =
Zay 24y .0r)
b) the operator B is completely continuous;

¢) the manifold M5°~2 of codimension 2, defined by the equations 2, = 2, =
0, is invariant with respect to system (6)**:

Zy=%2,=0 when Z;, =%,=0.

Thus, if system (6) is written in the coordinates Z, then the first two equations
Zy, (k> 2) do not contain terms free of Z,,%,. We note that the radius of the
ball r» does not depend on v. With the aid of Lemma 1 one proves

Theorem 1. There exist forces Fj,,0 < ||F| < oo, and numbers v, > vy > 0
such that:

a) system (6) has a stationary solution z(v), depending continuously on v,
when v varies in the interval co > v > vy;

b) the corresponding linear operator A has a pair of eigenvalues \; 5(v) such
that for v > v, Re); 5(v) < 0, while for v = v, these eigenvalues

pass through the imaginary axis: Ay 5(v,,) = £ib # 0, Re \; 5(v) > 0 for
V< Vg,
¢) the remaining part of the spectrum of the operator A lies strictly in the

left half-plane Re A < —a?, so that for v > v, the equilibrium positions
are stable, and for v < v, they are unstable.
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The character of the limiting cycle born at v = v, is determined by the sign of
a quantity g, depending on the coeflicients of system (6) and analogous to the
quantity g in works (3,%). The explicit expression for g is complicated, and we

shall not write it down here.

There exist forces F' and numbers v, > v, > 0 such that Theorem 1 is fulfilled
and either a) g < 0, or b) g > 0.

Theorem 2. There exists vy (v, > vy > ) such that, for each v (v, > v >
Vs), system (6) has a stable periodic solution Z(¢,v). In the notation of Lemma
1, |2(t,v)| < O((vg — v)™®), and all solutions with initial values [Z] < r***,
Z¢ M2 ast — +oo tend to the periodic one.

If, however, g > 0, then there exists v (0o > v5 > v, ) such that for v from the
interval v3 > v > v, system (6) has an unstable periodic solution Z(¢,v).

Ccr?

The set of forces F referred to in Theorems 1 and 2 is sufficiently broad: in
the coordinate system Z of Lemma 1 this set is determined by an inequality
analogous to inequality (4) of work (4).

* It is meant that a linear transformation depending on the parameter v has
been carried out.

** The existence of an invariant manifold Ml?:’r’z of codimension 2 for v = v,
was proved by V. I. Yudovich ().

*#* The velocity is determined for ¢ > 0.

The most difficult part of the proof of Theorem 2 is the main Lemma 2, of a
nonlinear character.

Lemma 2. Suppose that, under the conditions of Theorem 2, g < 0 (g > 0).
Then, for v, > v > vy (V3 > v > v, ), there exists a nonlinear invertible
transformation such that:

a) 21 :21, 222227 2k=5k+ck(§1,52,l/) (k:3747,00>7

b) the two-dimensional manifold M2 : Z = 0 is invariant: 2, = 0 when z,, = 0

(k=3,4,...);
c) the radius of the ball r(v) > c\/|v, — V|.

In the coordinates Z, a two-dimensional system of ordinary differential equations
on the invariant manifold M? is split off from system (6). We reduce the matrix
of the linear parts of this system to the form

a —b

b a
by a linear transformation of the plane Z;, Z,. Then system (6) on the manifold
M? takes the form of the first two equations (1.) from (3,%). The quantity g

appearing in Theorem 2 is now computed by formula (3) on p. 9 of work (3).
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Remark 1. In an analogous way one can split off from system (6) a 2k-
dimensional system in the case when k pairs of eigenvalues pass through the
imaginary axis.*

Remark 2. An invariant manifold of codimension 2k, M2°~2* analogous to
the manifold M2°~2? of Lemma 1, also exists in the case when 2k eigenvalues
pass through the imaginary axis.**

§ 4. In terms of hydrodynamics, Theorems 1 and 2 mean the following. For a
smooth bounded domain 2, the body forces F(x) can be chosen so that:

1) The laminar flow v(x,v) loses stability at v = v,

., and a pair of eigenvalues
A1,2 passes through the imaginary axis;

2) For viscosity values v close to v,,, in the “general case”(g # 0) there exists a
periodic flowv(z,t,v) close tov(x,v). Moreover, either a) the periodic flow
v(x, t,v) exists*™* for viscosity v somewhat less than the critical value and
is stable with respect to sufficiently small perturbations (more precisely, see
Theorem 2); or b) the periodic flow v(z,t,v) exists for viscosity somewhat
greater than the critical value, and it is unstable.

In problem (1) we imposed on the boundary the no-slip condition v|g = 0. By
an analogous method one can also study other conditions on impermeable walls:
the normal component of the velocity field on the boundary is equal to zero
(v,n)|g = 0, and the tangential field is prescribed.

The author expresses his gratitude to V. I. Yudovich for valuable discussions.
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* With the aid of the construction presented in this note one can obtain two-
dimensional tori that arise when the parameter v passes through the “next”
critical value.

** An analogous result also holds in the case of odd codimension.
*** Although all external conditions are stationary.
Note: Figure translations are in progress. See original paper for figures.
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