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Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1965. Vol. 164, No. 5

UDC 532.516

PHYSICS

B. I. SADOVNIKOV

ASYMPTOTICS OF CLASSICAL GREEN
FUNCTIONS IN THE “VISCOUS HYDRODY-
NAMIC APPROXIMATION”
(Presented by Academician N. N. Bogolyubov on 19 IV 1965)

In the note (1) a closed equation was obtained for the basic Green function for
a system of elastic spheres:

𝐺𝐸 ⃗𝑣(p1, p′)𝐹 (0)
1 (p1) {p1 ⃗𝑣

𝑚 − 𝐸} = 𝐸𝐺0 ⃗𝑣(p1, p′)𝐹 (0)
1 (p1)∓

∓ 𝑖𝑛𝑟2
0 ∫

(p2)
𝑑p2 ∫

(g⋅j)>0
𝑑j (p2 − p1

𝑚 ⋅ j) 𝐹 (0)
1 (p1)𝐹 (0)

1 (p2) {𝐺𝐸 ⃗𝑣(p∗
1, p′)+

+𝐺𝐸 ⃗𝑣(p∗
2, p′)𝑒𝑖𝑟0( ⃗𝑣⋅j) − 𝐺𝐸 ⃗𝑣(p1, p′) − 𝐺𝐸 ⃗𝑣(p2, p′)𝑒−𝑖𝑟0( ⃗𝑣⋅j)} . (1)

We investigate this equation first in the simplest case, when
𝑟0 ≪ ̄𝑣av/𝐸 ≪ 𝜆, where ̄𝑣av = √2𝜃/𝑚, and the mean free path is 𝜆 ∼ 1/𝑛𝑟2

0.
Using the method of successive approximations, we directly obtain

𝐺𝐸 ⃗𝑣(p1, p′) = 𝐸𝐺0 ⃗𝑣(p1, p′)
p1 ⃗𝑣/𝑚 − 𝐸(∓)𝑖𝑟2

0𝑛𝐴(p1, p′) ; (2)

here

𝐴(p1, p′) = ∫
(p2)

𝑑p2 ∫
(g⋅j)>0

𝑑j (p2 − p1
𝑚 ⋅ j) 𝐹 (0)

1 (p2).

As an example of the use of this solution, let us determine the correlation func-
tion of the form
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⟨𝑛𝜈(p1, p′, 𝑡) ⋅ 𝑛𝜈(p1, p′, 𝜏)⟩, 𝜈 ≠ 0. For this purpose we shall apply the method
developed by us in (2). Then, in the adopted approximation, we shall have

⟨𝑛 ⃗𝜈(p1, p′, 𝑡) ⋅ 𝑛 ⃗𝜈(p1, p′, 𝜏)⟩ =

= 𝑛𝛿(p1 − p′)
(2𝜋)3 𝐹 (0)

1 (p1) exp [−𝑖p1 ⃗𝑣
𝑚 (𝑡 − 𝜏) − |𝑡 − 𝜏| 𝑛𝑟2

0𝐴(p1, p′)] +

+𝑛2𝐹 (0)
1 (p1)𝐹 (0)

1 (p′).

Now let us pass to the case ̄𝑣av/𝐸 ≫ 𝜆, corresponding to the hydrodynamic
approximation (3). For this purpose, putting

𝜑𝐸 ⃗𝑣(p) = 𝐹 (0)
1 (p) ∫ 𝐺𝐸 ⃗𝑣(p, p′)𝔉(p′) 𝑑p′,

we obtain from (1)

−𝐸𝜑𝐸 ⃗𝑣(p) + ∑
𝛼

𝑝𝛼
1 𝑣𝛼

𝑚 𝜑𝐸 ⃗𝑣(p) = 𝐸𝜑0 ⃗𝑣(p) + 𝐿 (𝐹 (0)
1 ∣ 𝜑𝐸 ⃗𝑣) , (3)

where 𝐿 is the collision operator corresponding to the integral term on the right-
hand side of (1), while 𝔉(p′) is a regular function, whose choice will be made
later.

From this equation there follow directly 5 equations of the type of transport
equations:

−𝐸𝜌∗
𝐸⃗𝑣 + 𝜌0 ∑

𝛼
𝑣𝛼𝑢∗

𝛼(𝐸; ⃗𝑣) = 𝐸𝑚 ∫ 𝜑0 ⃗𝑣(p) 𝑑p,

−𝐸𝜌0𝑢∗
𝑖 (𝐸; ⃗𝑣) + ∑

𝛼
𝑣𝛼 ̂𝑃𝑖𝛼(𝐸; ⃗𝑣) = 𝐸 ∫ 𝑝𝑖𝜑0 ⃗𝑣(p) 𝑑p, (4)

−𝐸 ̂𝜀𝐸⃗𝑣 + ∑
𝛼

𝑣𝛼 ̂𝑞𝛼(𝐸; ⃗𝑣) = 𝐸 ∫ p2

2𝑚𝜑0 ⃗𝑣(p) 𝑑p,

in which the following notation has been used: 𝜌0 = 𝑚𝑁/𝑉 ,

𝜌∗
𝐸⃗𝑣 = 𝑚 ∫ 𝜑𝐸⃗𝑣(p) 𝑑p; 𝜌0𝑢∗

𝛼(𝐸; ⃗𝑣) = ∫ 𝑝𝛼𝜑𝐸⃗𝑣(p) 𝑑p;
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̂𝜀𝐸⃗𝑣 = ∫ p2

2𝑚𝜑𝐸⃗𝑣(p) 𝑑p; ̂𝑞𝛼(𝐸; ⃗𝑣) = ∫ 𝑝𝛼
𝑚

p2

2𝑚𝜑𝐸⃗𝑣(p) 𝑑p; (5)

̂𝑃𝑖𝛼(𝐸; ⃗𝑣) = ∫ 𝑝𝑖𝑝𝛼
𝑚 𝜑𝐸⃗𝑣(p) 𝑑p.

With the aim of obtaining an analogue of the equations of hydrodynamics in
Green functions, let us use the ideas of Chapman—Enskog (4). Put

𝜑𝐸⃗𝑣(p) = 𝜑(0)
𝐸⃗𝑣(p) + 𝜑(1)

𝐸⃗𝑣(p)

and require that

∫ 𝜑(1)
𝐸⃗𝑣(p) 𝑑p = ∫ 𝑝𝛼𝜑(1)

𝐸⃗𝑣(p) 𝑑p = ∫ p2𝜑(1)
𝐸⃗𝑣(p) 𝑑p = 0,

i.e., the introduced quantities 𝜌∗
𝐸⃗𝑣, 𝑢∗

𝛼(𝐸; ⃗𝑣), ̂𝜀𝐸⃗𝑣 are determined only with the
aid of 𝜑(0)

𝐸⃗𝑣(p).
It should be emphasized that, in order to obtain the desired asymptotics of the
Green functions, it will suffice for us, in accordance with the very construction
of the initial equations (1), to restrict ourselves only to the “acoustic approx-
imation”(5). Therefore, using the analogy with the corresponding expressions
of the calculation of the hydrodynamic approximation, one can observe that the
function 𝜑(0)

𝐸⃗𝑣(p) should be taken in the form

𝜑(0)
𝐸⃗𝑣(p) = 𝑓𝑀

0 (p) { 1
𝜌0

𝜌∗
𝐸⃗𝑣 + ∑

𝛼

1
𝜃 𝑝𝛼𝑢∗

𝛼(𝐸; ⃗𝑣) + (𝜃−2 p2

2𝑚 − 3
2𝜃−1) 𝜃∗

𝐸⃗𝑣} .

𝑓𝑀
0 (p) = 𝑁

𝑉 (2𝑚𝜋𝜃)−3/2𝑒−p2/2𝑚𝜃.

In the zeroth approximation, according to the definitions (5), carrying out the
necessary integration, we obtain

̂𝜀(0)
𝐸⃗𝑣 = 3

2
𝜃
𝑚𝜌∗

𝐸⃗𝑣 + 3
2

𝜌0
𝑚 𝜃∗

𝐸⃗𝑣; ̂𝑞(0)
𝛼 (𝐸; ⃗𝑣) = 5

2
𝜌0𝜃
𝑚 𝑢∗

𝛼(𝐸; ⃗𝑣);

̂𝑃 (0)
𝑖𝛼 (𝐸; ⃗𝑣) = 𝛿𝑖𝛼 { 𝜃

𝑚𝜌∗
𝐸⃗𝑣 + 𝜌0

𝑚 𝜃∗
𝐸⃗𝑣} .
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Let us note that, substituting these expressions into equation (4), we obtain
equations in which the analogy with the linearized Euler equations is directly
apparent; however, in contrast to the latter, they will already be inhomogeneous.

In constructing the first approximation let us put 𝜑(1)
𝐸⃗𝑣(p) = 𝑓𝑀

0 (p)𝜓𝐸⃗𝑣(p).
Then it can be shown that the equation for 𝜓𝐸⃗𝑣(p) is an integral equation
of the Chapman—Enskog equation type (4).
Indeed, retaining, as usual, in the collision integral the terms linear in 𝜓𝐸⃗𝑣(p)
(i.e. in 𝜑(1)

𝐸⃗𝑣(p), and in the left-hand side neglect-

⋯neglecting the gradients of the introduced quantities 𝜌∗
𝐸 ⃗𝑣, 𝑢∗

𝛼(𝐸; ⃗𝑣), 𝜃∗
𝐸 ⃗𝑣 (bear-

ing in mind the hydrodynamic approximation), i.e., assuming 𝜑(0)
𝐸 ⃗𝑣 ≫ 𝜑(1)

𝐸 ⃗𝑣, we
have (for example, in the case Im 𝐸 > 0)

𝑖 (−𝐸 + ∑
𝛼

𝑝𝛼𝑣𝛼

𝑚 ) 𝜑(0)
𝐸 ⃗𝑣(p) = 𝑖𝐸𝜑0𝑣(p) + 𝐿(𝑓𝑀

0 ∣ 𝜓𝐸 ⃗𝑣).

Following the usual procedure, we express the left-hand side of this equation
with the aid of the equations of the “zeroth”approximation:

𝑖 (−𝐸 + ∑
𝛼

𝑝𝛼𝑣𝛼

𝑚 ) 𝜑(0)
𝐸 ⃗𝑣(p) =

= 𝑓𝑀
0 (p) {𝑖 [∑

𝛼

𝑝𝛼𝑣𝛼

𝑚
1
𝜃 ( p2

2𝑚𝜃 − 5
2) 𝜃∗

𝐸 ⃗𝑣+

+ 1
𝑚𝜃 ∑

𝛼,𝛽
𝑣𝛼𝑢∗

𝛽(𝐸; ⃗𝑣) (𝑝𝛼𝑝𝛽 − 1
3𝛿𝛼𝛽p2)] +

+𝑖𝐸 [ 𝑋
𝜌0

(5
2𝑚 − p2

2𝜃 ) + 𝑍
𝜌0𝜃 (p2

3𝜃 − 𝑚) + ∑
𝛼

𝑌𝛼𝑝𝛼
𝜌0𝜃 ]} ,

where

𝑋 = ∫ 𝜑0𝑣(p) 𝑑p; 𝑌𝛼 = ∫ 𝑝𝛼𝜑0𝑣(p) 𝑑p; 𝑍 = ∫ p2

2𝑚𝜑0𝑣(p) 𝑑p.

Being interested in slow (“hydrodynamic”) processes, i.e., the case of small 𝐸
and ⃗𝑣, we may here neglect the term proportional to 𝐸 (as will be seen below,
its contribution has practically no effect on the final results). Then the equation
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for the function 𝜓𝐸𝑣(p) reduces to the equation investigated by Chapman and
Enskog (4).
After performing the corresponding operations we obtain

̂𝑞(1)
𝛼 = −𝑖𝜒𝑣𝛼𝜃∗

𝐸 ⃗𝑣,

̂𝑃 (1)
𝑗𝛼 (𝐸; ⃗𝑣) = −2𝜇 {1

2 (𝑖𝑣𝛼𝑢∗
𝑗(𝐸; ⃗𝑣) + 𝑖𝑣𝑗𝑢∗

𝛼(𝐸; ⃗𝑣)) − 1
3𝛿𝑗𝛼𝑖 ∑

𝛽
𝑣𝛽𝑢∗

𝛽(𝐸; ⃗𝑣)} .

Here the coefficients of viscosity 𝜇 and thermal conductivity 𝜒 have the standard
form. Substituting the expressions obtained for ̂𝑞𝛼, ̂𝑃𝑖𝛼 into equation (4), we
arrive at a system of“inhomogeneous”linear algebraic equations in the Navier–
Stokes approximation.

The solutions of the system have the form of ratios of two determinants and
may be represented in the form

𝜃∗
𝐸 ⃗𝑣 = 𝑄(𝐸; ⃗𝑣)

𝐸2 − 𝑐2
0𝑣2 + 𝑖Γ(𝑐0𝑣; ⃗𝑣) + Ω; 𝜌∗

𝐸 ⃗𝑣 = 𝑅(𝐸; ⃗𝑣)
𝐸2 − 𝑐2

0𝑣2 + 𝑖Γ(𝑐0𝑣; ⃗𝑣) + Ω;

𝜉 = ∑
𝛼

𝑣𝛼𝑢∗
𝛼(𝐸; ⃗𝑣) = 𝐵(𝐸; ⃗𝑣)

𝐸2 − 𝑐2
0𝑣2 + 𝑖Γ(𝑐0𝑣; ⃗𝑣) + Ω,

where the speed of sound is

𝑐0 = (5
3

𝜃
𝑚)

1/2
,

Ω(𝐸; ⃗𝑣) = 4
3𝜇𝜒 2

3
𝑚
𝜌2

0
𝑣4,

Γ(𝐸; ⃗𝑣) ≃ Γ(𝑐0𝑣; ⃗𝑣) = (2
3𝜒 𝑚

𝜌0
+ 4

3𝜇 1
𝜌0

) 𝑐0𝑣3 − 𝜒2
5

𝜃
𝜌0

𝑣3

(we have taken into account that the damping Γ(𝐸; ⃗𝑣) is substantial near the
resonance 𝐸 = 𝑐0𝑣).

The solutions obtained above directly determine the asymptotic (5) (𝐸 ≪
1/𝑇 ; 𝑣 ≪ 1/𝜆, 𝑇 is the relaxation time) expressions for a whole set of Green’s
functions directly connected with the physical characteristics of the system.
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Indeed, using the definitions introduced by us, and assuming, for example,
ℱ(𝑝′) = 1, 𝑝′

𝛼, respectively, we have

⟨⟨𝑗𝛼(𝑟); 𝑛(𝑟′)⟩⟩𝐸 = 𝜌0 ∫ 𝑑 ⃗𝑣 𝑒𝑖 ⃗𝑣(𝑟−𝑟′) 𝑢∗
𝛼(𝐸; ⃗𝑣 ∣ ℱ(𝑝′) = 1),

⟨⟨𝑛(𝑟); 𝑗𝛼(𝑟′)⟩⟩𝐸 = − 1
𝑚 ∫ 𝑑 ⃗𝑣 𝑒𝑖 ⃗𝑣(𝑟−𝑟′) 𝜌∗

𝐸 ⃗𝑣(ℱ(𝑝′) = 𝑝′
𝛼),

⟨⟨𝑒(𝑟); 𝑗𝛼(𝑟′)⟩⟩𝐸 = 3
2𝜃 ⟨⟨𝑛(𝑟); 𝑗𝛼(𝑟′)⟩⟩𝐸 − 3

2
𝜌0
𝑚 ∫ 𝑑 ⃗𝑣 𝑒𝑖 ⃗𝑣(𝑟−𝑟′) 𝜃∗

𝐸 ⃗𝑣(ℱ(𝑝′) = 𝑝′
𝛼),

where 𝑒(𝑟) = ∑𝑖
p2

2𝑚 𝛿(𝑞𝑖 − 𝑟).
Expressions for the corresponding correlation functions can be obtained directly
in accordance with the general procedure developed earlier (2).
We also see that the zeros of the denominators of these Green functions deter-
mine the dispersion of acoustic excitations in the system, while the damping
coefficients are expressed in a natural way through the kinetic coefficients of
viscosity 𝜇 and thermal conductivity 𝜘.

The generalization of the results obtained to the case of quantum systems
presents no difficulties.

In conclusion I express my sincere gratitude to Acad. N. N. Bogolyubov, under
whose guidance the work was carried out, to I. A. Kvasnikov, who made a
number of valuable comments, and also to N. N. Bogolyubov (Jr.) for useful
discussions.

Received
18 III 1965
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