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ASYMPTOTICS OF CLASSICAL GREEN
FUNCTIONS IN THE “VISCOUS HYDRODY-
NAMIC APPROXIMATION”

(Presented by Academician N. N. Bogolyubov on 19 IV 1965)

In the note (1) a closed equation was obtained for the basic Green function for
a system of elastic spheres:
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We investigate this equation first in the simplest case, when
Ty K U,,/E < A\, where v,, = 1/20/m, and the mean free path is A ~ 1/nr3.
Using the method of successive approximations, we directly obtain
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here
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As an example of the use of this solution, let us determine the correlation func-
tion of the form
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(n,(py1,P’,t) - n,(pP1,P’, 7)), v # 0. For this purpose we shall apply the method
developed by us in (?). Then, in the adopted approximation, we shall have

<n9(p17p/7t) ! nf/<p15 p/37)> =

_ P ] ,
= PPy exp | i (¢~ 1) [t~ o nigA(y, p)| +

+n2 R (p) L (p').

Now let us pass to the case v,,/F > A, corresponding to the hydrodynamic
approximation (). For this purpose, putting

rs(p) = FIO(p) / Gsal(p. 0))3 (") A

we obtain from (1)
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where L is the collision operator corresponding to the integral term on the right-
hand side of (1), while F(p’) is a regular function, whose choice will be made
later.

From this equation there follow directly 5 equations of the type of transport
equations:

—Epy, + oD v un (B ) = Em/sﬁor,(p) dp,
~Epgui(E59) + Y v PolB:0) = B [ pigos(p)do. @
p?
—Egg, + Zvaqa(E; v) = E/ %@Oﬁ(P) dp,
in which the following notation has been used: p, = mN/V,

Pry, = m/sogv(p) dp;  poug(E;0) = /msﬁm(p) dp;
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2 a DPiDPq
P, (E;9) = - ©,(P) dp.

With the aim of obtaining an analogue of the equations of hydrodynamics in
Green functions, let us use the ideas of Chapman—Enskog (4). Put

0 1
05.(P) = ¢ (P) + £ (p)

and require that

/@%i(m dp = /Pasﬁ%i(P) dp = /pzwgi(w dp =0,

i.e., the introduced quantities prU, uy,(E; V), €p, are determined only with the
: (0)
aid of . (p).

It should be emphasized that, in order to obtain the desired asymptotics of the
Green functions, it will suffice for us, in accordance with the very construction
of the initial equations (1), to restrict ourselves only to the “acoustic approx-
imation” (). Therefore, using the analogy with the corresponding expressions
of the calculation of the hydrodynamic approximation, one can observe that the

function cpgi(p) should be taken in the form

(0) _ M 1 * 1 * .2 72p2 3 —1 %
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N
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In the zeroth approximation, according to the definitions (5), carrying out the
necessary integration, we obtain
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Let us note that, substituting these expressions into equation (4), we obtain
equations in which the analogy with the linearized Euler equations is directly
apparent; however, in contrast to the latter, they will already be inhomogeneous.

In constructing the first approximation let us put @%l(p) = fM(p)Yg, ().
Then it can be shown that the equation for ¢, (p) is an integral equation
of the Chapman—Enskog equation type (*).

Indeed, retaining, as usual, in the collision integral the terms linear in vz, (p)
(i.e. in @%i(p), and in the left-hand side neglect-

--neglecting the gradients of the introduced quantities p};, ul,(E; ), 05 (bear-
ing in mind the hydrodynamic approximation), i.e., assuming go%)% > apg%, we
have (for example, in the case Im E > 0)

i (—E +3 T) Plo(P) = iBpg, () + LU | ¥py).

Following the usual procedure, we express the left-hand side of this equation
with the aid of the equations of the “zeroth” approximation:

) WU
i (—E+Zp> Pos(p) =
= m
ey |3 el LA P
—Jo P’ — m 6 \2mf 2 Ev

1 i 1
+@ ;U up(E;0) (Papg - §5aﬁp2>

X (5 p2> Z <p2 ) Y, P,
—\cm—F5 |+ — |55 —m |+ — | >
Po (2 20 pot) \ 30 za: Pot

+

where

2
X=/900v<p) dp; Y, = /pas%v(p) dp; Z = /L%U(p) dp.

2m

Being interested in slow ( “hydrodynamic” ) processes, i.e., the case of small E
and U, we may here neglect the term proportional to E (as will be seen below,
its contribution has practically no effect on the final results). Then the equation
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for the function ¢, (p) reduces to the equation investigated by Chapman and
Enskog (4).

After performing the corresponding operations we obtain

~(1 . "
q&) = =XV 075

- . 1, 1.0 P
PJ%)(E; 7) = —2pu {2 (wauj(E; v) + wjua(E;v)) — géjaz ;vBuB(E;U)} .

Here the coefficients of viscosity p and thermal conductivity x have the standard
form. Substituting the expressions obtained for ¢, ]Sm into equation (4), we
arrive at a system of “inhomogeneous” linear algebraic equations in the Navier-
Stokes approximation.

The solutions of the system have the form of ratios of two determinants and
may be represented in the form
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where the speed of sound is

56
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(we have taken into account that the damping I'(F;¥) is substantial near the
resonance E = ¢yv).

The solutions obtained above directly determine the asymptotic (°) (F <
1/T; v < 1/A, T is the relaxation time) expressions for a whole set of Green’ s
functions directly connected with the physical characteristics of the system.
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Indeed, using the definitions introduced by us, and assuming, for example,
F(p') = 1,p.,, respectively, we have

(U () 0} = 00 / 45— s (B8 | () = 1),

{(n(r); Jo(r' ) g = —— [ 5™ pps(F (') = pl),

(er)s Jalr' D) g = 304 Julr ) g — 222 [ A8 =) B3y (T 0 = 94,

where e(r) =), %5((12» —7).
Expressions for the corresponding correlation functions can be obtained directly

in accordance with the general procedure developed earlier (?).

We also see that the zeros of the denominators of these Green functions deter-
mine the dispersion of acoustic excitations in the system, while the damping
coefficients are expressed in a natural way through the kinetic coefficients of
viscosity p and thermal conductivity .

The generalization of the results obtained to the case of quantum systems
presents no difficulties.

In conclusion I express my sincere gratitude to Acad. N. N. Bogolyubov, under
whose guidance the work was carried out, to I. A. Kvasnikov, who made a
number of valuable comments, and also to N. N. Bogolyubov (Jr.) for useful
discussions.
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