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MATHEMATICS
A. D. DZHABRAILOV

ON DIRECT AND INVERSE EMBEDDING
THEOREMS FOR WEIGHTED SPACES

(Presented by Academician 1. M. Vinogradov, 19 III 1965)

1. Let nq,...,n, be natural numbers whose sum is equal to n; E™ (i =
1,...,s) are n,~-dimensional Euclidean spaces of points

y() = (yY)7 7y§f>), E" = HEm
i=1
are spaces of points

s 1 1 s s
y = <y<1)7 A ’y< )) = (y(l >7"' 7y£lb>; b ;yg )) A 7y'£745)) = (yl’ A 7yn);

if n; =1, then y@) = Y-
Let

Etni = {y(i)7 yﬁj) >0 (5, =1,....,n)}, Efn = HE-Q—ni.
i=1

For s = n, instead of E? and E™ we shall write, respectively, E” and E*™.

2. Let f(y) be an arbitrary smooth function defined in the space Ef™. Sup-

poser = (rM, .. r®), where rl?) = (7“<1i), ,rﬁfj), is a vector with positive
integer components, 1 < p < oo; @ = (ay,...,®,) is a vector whose com-
ponents satisfy the conditions a; > —1 (j =1,...,n). We introduce the

following norms:

" 1/p
||f||Lp(E;n,d) = (/ Hyjoé] Lf(y)[P dY> )
E.‘:’n

, R o [PRE
||f||L<,<E;n,&>—;HDW o

where
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g I £(y) N
D fy) = —— — e =3
(#) (8y§z))7’(1) (ay;@i))rni( ) ]; Ji

Hf”W;()r)(E::’n7d) = ”f”Lp(E_j;",d) + ”f||Lg)(E;rn,d>~

Definition. The spaces L,(E{",d), LY(E+m, &), and BY (E", @) shall be
called the closures of the set of smooth functions finite in E™, respectively in
the norms

||f||Lp(E;r",d)7 ”f”Lg)(E;n’&>

and

Hf”B(pr)(E;r",&)'

3. Let ¢(y) be a smooth function defined in E™. Suppose that numbers
p; >0 (j=1,...,n) are given. For each j set p; = p; + 3;, where p, is the
greatest integer less than p;, so that 0 < 8; < 1. Introduce

norms

A 1+8,) B dt e
P e e

where A;Hﬁj] (t)p is the finite difference of order 1 + [3,] with respect to the
variable y; with step ¢; [3,] is the integer part of 3, D;jcp(y) = 0%ip(y) /Dy,

n
”(‘OHL(J})(E+”,&) = Z ”‘PHL?W (Etm,a)r
i=1

H‘:OHB;?)(E+71@) = H@”LP(E“L,&) + ”%0”47;5)(E+",6¢)'

Definition. By the spaces L’éﬁ)(E*",éZ) and Bz(f)(E“I,&) we shall mean the
closure of the set of smooth finite functions in E™, respectively in the norms

H(IOH_L‘;)/;)(E+W,&) and ||()0HB(pﬁ)(E+n,&)'

For a; =0 (i = 1,...,n) these spaces are denoted respectively by L';ﬁ)(E*") and
B;E?ﬁ) (E+n>
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4. Some embedding theorems have been obtained for the spaces defined
above; these are a development of the corresponding results of works
(1-11).

Theorem 1. Suppose:
H)p>1, r=(W . r)= (r(11>, ,rﬁ}f; ;7“<15), s
. ,T;SS)) = (ryyeeeyTy)
is a vector with integer positive components;
2) v =W, ... o0 = (1/§1)7 s 1/,<L11); o V§S), v Vﬁlss)) = (v, .,
s Vp)

is a vector with integer nonnegative components; 3) m is a natural number
such that 0 < m < n; 4) @ = (ag,..., ), 7 = (Y15, Vym) are vectors
whose components satisfy the conditions

05]27_720 (.j:17"'7m)7 a77>_1 (T}:m+1aan)7

€= min {nl}—l zn: %_i%_
j

ie{l+,...,s} p] 1 Vg =

4) f(y) € Wi (B, @). Then

S

N o) p(s)
¥eL,(ET,7), where V¥ = Dl(l) ‘-~-D|<S> lf(yl7 ey Y 0, ..., 0),

and the inequality

”\Il||Lp(E+m,7y) <c HfHW:Lr)(E:r",(})

holds, where ¢ is a constant independent of f.

Theorem 2. Under the hypotheses of Theorem 1, if all n, (i = 1,...,s) are
equal to one another, then the inequality

9 6/(e+9)
10z, 5 5) < IF1Z G a1

holds, where

3

n
EJ_
’I"

S
Il

D=

<.

Il
N
+
Al
uﬁ"—‘

b
’B\H
SRR

m
SRy
=7

J
T
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Theorem 3. Let the conditions 1)-6) of Theorem 1 be satisfied and, in addition,
let one of the following conditions be satisfied:

LOo<p;<er;(j=1,....m),iftm<n IL0<p; <er; (j=1,...,m),if m <n.
Then ¥ € £§,’7>(E+m7 %), and the inequality

”\IJHz(pf’)(Eer’fy) < CHf”Wy)(Egn,@
holds; ¢ is a constant independent of f.

From Theorems 1 and 3 the following assertion follows:
Theorem 4. Under the conditions of Theorem 3
and the inequality

”leHBE,P)(E”rm,?y) < CHfHW})T)(E;n7&>
holds, where c¢ is a constant independent of f.
Theorem 5. Suppose that all the conditions of Theorem 1 are satisfied, m < n;
moreover, p; = er; (j = 1,...,m), and all n; (i = 1,...,s) are equal to one
another. Then the inequality

”\IIHA(IJM(Eer’ry) < CHf”L(pT)(E;n)&>
holds.
Theorem 6. Suppose that all the conditions of Theorem 1 hold and that p;
(j =1,...,m) are positive integers such that p; <er; (j =1,...,m). Then

v e L (B 3)

and the inequality

”\Ij||L;5)<E+7n7,3,) < C||f||W1(~JT)<E::7L,d>
holds, where ¢ is a constant independent of f.
From Theorems 1 and 6 the following assertion follows:
Theorem 7. Under the conditions of Theorem 6

v e Wy (BT ),

and the inequality

HlIJ”W;f’)(Eer’fy) < c||f||W;T)<E:n,,d>
holds; where c¢ is a constant independent of f.

5. Some theorems of inverse character have also been obtained.
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Theorem 8. Let p > 1; v be a natural number; r; (i = 1,...,n) be positive
integers; a; = 0 (j=1,...,n—=1), o, > —1. Tt is assumed that

e=1-v/r,—(1+a,)/pr, >0, pj=cr; (j=1,..,n—1).
Then: 1) if on the hyperplane y,, = 0 a function
P11t ) € £ (BF 160
is given, then in the space E™ one can construct a function
Fiyrse ) € L (B, )

such that
D;fl(y)’y,L:O = 901(3/17 7yn—1)a

”fl HL;")(E‘FTL’&) < C”@l ”,C:(Dﬁ)(Eﬁ»nfl’&(n—l));

2) if on the hyperplane y,, = 0 a function ¢, (Y, ..., Y,_1) € Bém(E*"*l, a1y

is given, then in §2 one can construct a function f5(yy,...,¥,) € W1§T>(Q, a)
such that

DrVsz(?/)| Oo(Yis s Yn1),

V=0

||f2HW1(JT)(Q7&) < C||(P2||B§Jpv)<E+TL*17d(7L71))7

where c is a constant independent of ¢; and ¢,,

Q = {y € E+n7 yl < 00}7 @<n_1) = (Oél, ,anil).

Theorem 9. Let p > 1,0 <m < n, v; (j = m+1,...,n) be nonnegative
integers, and a,, > —1. Suppose that

Then: 1) if on the hyperplane y,,,; = - =y, = 0 a function ¢, (y;,...,y,,) €
Ag;p >(Em) is given, then in the space E/* one can construct a function
Fi (015 9) € Ly (B a,) such that

D:;rllD;llnfl(yﬂ =<P1(y1,~-~7ym>7

I.f1 HL;")(E;*,%) < cfepy ”,Cp(ﬁ)(E'm);
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2) if on the hyperplane y,,.; = - =y, = 0 a function @y(y,...,9,,) €
BZ(,p)(Em) is given, then in Q* one can construct a function fy(yy,...,y,) €
W,@(Q*, a,,) such that

902(291, 7ym>’

Dyt = D fo(y)]

Yms1=0,.,y, =0

HfQ”Wz(JT)(Q*:U«n) < C”QOZHB(;’)(Em)?

where c is a constant independent of ¢, ¢,

Ef*={yeE" y,>0}, O ={yeE" |yl <o

(t=m+1,...,n)}

In conclusion the author takes the opportunity to express gratitude to Prof. L.
D. Kudryavtsev for posing the problems and for valuable advice.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR
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