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Abstract
Full Text
MATHEMATICS
A. D. DZHABRAILOV

ON DIRECT AND INVERSE EMBEDDING
THEOREMS FOR WEIGHTED SPACES
(Presented by Academician I. M. Vinogradov, 19 III 1965)

1. Let 𝑛1, … , 𝑛𝑠 be natural numbers whose sum is equal to 𝑛; 𝐸𝑛𝑖 (𝑖 =
1, … , 𝑠) are 𝑛𝑖-dimensional Euclidean spaces of points

y(𝑖) = (𝑦(𝑖)
1 , … , 𝑦(𝑖)

𝑛𝑖 ); 𝐸𝑛
𝑠 =

𝑠
∏
𝑖=1

𝐸𝑛𝑖

are spaces of points

y = (y(1), … , y(𝑠)) = (𝑦(1)
1 , … , 𝑦(1)

𝑛𝑖 ; … ; 𝑦(𝑠)
1 , … , 𝑦(𝑠)

𝑛𝑠 ) = (𝑦1, … , 𝑦𝑛);

if 𝑛𝑖 = 1, then y(𝑖) = 𝑦𝑖.

Let

𝐸+𝑛𝑖 = {y(𝑖), 𝑦(𝑖)
𝑗𝑖

> 0 (𝑗𝑖 = 1, … , 𝑛𝑖)}, 𝐸+𝑛
𝑠 =

𝑠
∏
𝑖=1

𝐸+𝑛𝑖 .

For 𝑠 = 𝑛, instead of 𝐸𝑛
𝑛 and 𝐸+𝑛

𝑛 we shall write, respectively, 𝐸𝑛 and 𝐸+𝑛.

2. Let 𝑓(y) be an arbitrary smooth function defined in the space 𝐸+𝑛
𝑠 . Sup-

pose r = (r(1), … , r(𝑠)), where r(𝑖) = (𝑟(𝑖)
1 , … , 𝑟(𝑖)

𝑛𝑖 ), is a vector with positive
integer components, 1 ≤ 𝑝 ≤ ∞; ⃗𝛼 = (𝛼1, … , 𝛼𝑛) is a vector whose com-
ponents satisfy the conditions 𝛼𝑗 > −1 (𝑗 = 1, … , 𝑛). We introduce the
following norms:

‖𝑓‖𝐿𝑝(𝐸+𝑛𝑠 ,𝛼⃗) = (∫
𝐸+𝑛𝑠

𝑛
∏
𝑗=1

𝑦𝛼𝑗
𝑗 |𝑓(y)|𝑝 𝑑y)

1/𝑝

,

‖𝑓‖𝐿(r)
𝑝 (𝐸+𝑛𝑠 ,𝛼⃗) =

𝑠
∑
𝑖=1

∥𝐷|r(𝑖)|
(𝑖) 𝑓∥

𝐿𝑝(𝐸+𝑛𝑠 ,𝛼⃗)
,

where

sovietrxiv.org/items/ru-196501.73808 Machine Translation

https://sovietrxiv.org/items/ru-196501.73808


𝐷|r(𝑖)|
(𝑖) 𝑓(y) = 𝜕 |r(𝑖)|𝑓(y)

(𝜕𝑦(𝑖)
1 )𝑟(𝑖)

1 ⋯ (𝜕𝑦(𝑖)
𝑛𝑖 )𝑟𝑛𝑖

(𝑖) , |r(𝑖)| =
𝑛𝑖

∑
𝑗𝑖=1

𝑟(𝑖)
𝑗𝑖

,

‖𝑓‖𝑊 (r)
𝑝 (𝐸+𝑛𝑠 ,𝛼⃗) = ‖𝑓‖𝐿𝑝(𝐸+𝑛𝑠 ,𝛼⃗) + ‖𝑓‖𝐿(r)

𝑝 (𝐸+𝑛𝑠 ,𝛼⃗).

Definition. The spaces 𝐿𝑝(𝐸+𝑛
𝑠 , ⃗𝛼), 𝐿(r)

𝑝 (𝐸+𝑛
𝑠 , ⃗𝛼), and 𝐵(r)

𝑝 (𝐸+𝑛
𝑠 , ⃗𝛼) shall be

called the closures of the set of smooth functions finite in 𝐸𝑛, respectively in
the norms

‖𝑓‖𝐿𝑝(𝐸+𝑛𝑠 ,𝛼⃗), ‖𝑓‖𝐿(r)
𝑝 (𝐸+𝑛𝑠 ,𝛼⃗)

and

‖𝑓‖𝐵(r)
𝑝 (𝐸+𝑛𝑠 ,𝛼⃗).

3. Let 𝜑(y) be a smooth function defined in 𝐸𝑛. Suppose that numbers
𝜌𝑗 > 0 (𝑗 = 1, … , 𝑛) are given. For each 𝑗 set 𝜌𝑗 = ̄𝜌𝑗 + 𝛽𝑗, where ̄𝜌𝑗 is the
greatest integer less than 𝜌𝑗, so that 0 < 𝛽𝑗 ≤ 1. Introduce

norms

‖𝜑‖ℒ𝜌𝑗
𝑝,𝑦𝑗 (𝐸+𝑛,𝛼⃗) = (∫

∞

0
‖Δ1+[𝛽𝑗]

𝑗 (𝑡)𝐷 ̄𝜌𝑗
𝑗 𝜑‖𝐿𝑝(𝐸+𝑛,𝛼⃗)

𝑑𝑡
𝑡1+𝑝𝛽𝑗

)
1/𝑝

,

where Δ1+[𝛽𝑗]
𝑗 (𝑡)𝜑 is the finite difference of order 1 + [𝛽𝑗] with respect to the

variable 𝑦𝑗 with step 𝑡; [𝛽𝑗] is the integer part of 𝛽𝑗, 𝐷 ̄𝜌𝑗
𝑗 𝜑(𝑦) = 𝜕𝜌𝑗𝜑(𝑦)/𝜕𝑦 ̄𝜌𝑗

𝑖 ,

‖𝜑‖ℒ( ⃗𝜌)
𝑝 (𝐸+𝑛,𝛼⃗) =

𝑛
∑
𝑖=1

‖𝜑‖ℒ𝜌𝑖𝑝,𝑦𝑖 (𝐸+𝑛,𝛼⃗),

‖𝜑‖𝐵( ⃗𝜌)
𝑝 (𝐸+𝑛,𝛼⃗) = ‖𝜑‖𝐿𝑝(𝐸+𝑛,𝛼⃗) + ‖𝜑‖ℒ( ⃗𝜌)

𝑝 (𝐸+𝑛,𝛼⃗).

Definition. By the spaces ℒ( ⃗𝜌)
𝑝 (𝐸+𝑛, ⃗𝛼) and 𝐵( ⃗𝜌)

𝑝 (𝐸+𝑛, ⃗𝛼) we shall mean the
closure of the set of smooth finite functions in 𝐸𝑛, respectively in the norms
‖𝜑‖ℒ( ⃗𝜌)

𝑝 (𝐸+𝑛,𝛼⃗) and ‖𝜑‖𝐵( ⃗𝜌)
𝑝 (𝐸+𝑛,𝛼⃗).

For 𝛼𝑖 = 0 (𝑖 = 1, … , 𝑛) these spaces are denoted respectively by ℒ( ⃗𝜌)
𝑝 (𝐸+𝑛) and

𝐵( ⃗𝜌)
𝑝 (𝐸+𝑛).

sovietrxiv.org/items/ru-196501.73808 Machine Translation

https://sovietrxiv.org/items/ru-196501.73808


4. Some embedding theorems have been obtained for the spaces defined
above; these are a development of the corresponding results of works
(1–11).

Theorem 1. Suppose:

1) 𝑝 > 1, r = (r(1), … , r(𝑠)) = (𝑟(1)
1 , … , 𝑟(1)

𝑛1 ; … ; 𝑟(𝑠)
1 , … ,

… , 𝑟(𝑠)
𝑛𝑠 ) = (𝑟1, … , 𝑟𝑛)

is a vector with integer positive components;

2) ⃗𝜈 = ( ⃗𝜈(1), … , ⃗𝜈(𝑠)) = (𝜈(1)
1 , … , 𝜈(1)

𝑛1 ; … ; 𝜈(𝑠)
1 , … , 𝜈(𝑠)

𝑛𝑠 ) = (𝜈1, … ,

… , 𝜈𝑛)

is a vector with integer nonnegative components; 3) 𝑚 is a natural number
such that 0 < 𝑚 ≤ 𝑛; 4) ⃗𝛼 = (𝛼1, … , 𝛼𝑛), ⃗𝛾 = (𝛾1, … , 𝛾𝑚) are vectors
whose components satisfy the conditions

𝛼𝑗 ≥ 𝛾𝑗 ≥ 0 (𝑗 = 1, … , 𝑚), 𝛼𝜂 > −1 (𝜂 = 𝑚 + 1, … , 𝑛);

3)

𝜀 = min
𝑖∈{1+,…,𝑠}

{𝑛𝑖} − 1
𝑝

𝑛
∑

𝑗=𝑚+1

1
𝑟𝑗

−
𝑛

∑
𝑗=1

𝜈𝑗
𝑟𝑗

− 1
𝑝

𝑛
∑
𝑗=1

𝛼𝑗
𝑟𝑗

+ 1
𝑝

𝑚
∑
𝑗=1

𝛾𝑗
𝑟𝑗

> 0;

4) 𝑓(𝑦) ∈ 𝑊 (r)
𝑝 (𝐸+𝑛

𝑠 , 𝛼). Then

Ψ ∈ 𝐿𝑝(𝐸+𝑚, ⃗𝛾), where Ψ = 𝐷| ⃗𝜈(1)|
(1) ⋯ 𝐷| ⃗𝜈(𝑠)|

(𝑠) 𝑓(𝑦1, … , 𝑦𝑚, 0, … , 0),

and the inequality

‖Ψ‖𝐿𝑝(𝐸+𝑚,𝛾⃗) ≤ 𝑐 ‖𝑓‖𝑊 (r)
𝑝 (𝐸+𝑛𝑠 ,𝛼⃗)

holds, where 𝑐 is a constant independent of 𝑓 .

Theorem 2. Under the hypotheses of Theorem 1, if all 𝑛𝑖 (𝑖 = 1, … , 𝑠) are
equal to one another, then the inequality

‖Ψ‖𝐿𝑝(𝐸+𝑚,𝛾⃗) ≤ 𝑐 ‖𝑓‖𝜀/(𝜀+𝛿)
𝐿𝑝(𝐸+𝑛𝑠 ,𝛼⃗)‖𝑓‖𝛿/(𝜀+𝛿)

𝐿(r)
𝑝 (𝐸+𝑛𝑠 ,𝛼⃗)

holds, where

𝛿 = 1
𝑝

𝑛
∑

𝑗=𝑚+1

1
𝑟𝑗

+
𝑛

∑
𝑗=1

𝜈𝑗
𝑟𝑗

+ 1
𝑝

𝑛
∑
𝑗=1

𝛼𝑗
𝑟𝑗

− 1
𝑝

𝑚
∑
𝑗=1

𝛾𝑗
𝑟𝑗

> 0.
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Theorem 3. Let the conditions 1)–6) of Theorem 1 be satisfied and, in addition,
let one of the following conditions be satisfied:

I. 0 < 𝜌𝑗 ⩽ 𝜀𝑟𝑗 (𝑗 = 1, … , 𝑚), if 𝑚 < 𝑛. II. 0 < 𝜌𝑗 < 𝜀𝑟𝑗 (𝑗 = 1, … , 𝑚), if 𝑚 ⩽ 𝑛.
Then Ψ ∈ ℒ( ⃗𝜌)

𝑝 (𝐸+𝑚, ⃗𝛾), and the inequality

‖Ψ‖ℒ( ⃗𝜌)
𝑝 (𝐸+𝑚,𝛾⃗) ⩽ 𝑐‖𝑓‖𝑊 (𝑟)

𝑝 (𝐸+𝑛𝑠 ,𝛼⃗)

holds; 𝑐 is a constant independent of 𝑓 .

From Theorems 1 and 3 the following assertion follows:

Theorem 4. Under the conditions of Theorem 3

Ψ ∈ 𝐵( ⃗𝜌)
𝑝 (𝐸+𝑚, ⃗𝛾),

and the inequality
‖Ψ‖𝐵( ⃗𝜌)

𝑝 (𝐸+𝑚,𝛾⃗) ⩽ 𝑐‖𝑓‖𝑊 (𝑟)
𝑝 (𝐸+𝑛𝑠 ,𝛼⃗)

holds, where 𝑐 is a constant independent of 𝑓 .

Theorem 5. Suppose that all the conditions of Theorem 1 are satisfied, 𝑚 < 𝑛;
moreover, 𝜌𝑗 = 𝜀𝑟𝑗 (𝑗 = 1, … , 𝑚), and all 𝑛𝑖 (𝑖 = 1, … , 𝑠) are equal to one
another. Then the inequality

‖Ψ‖ℒ( ⃗𝜌)
𝑝 (𝐸+𝑚,𝛾⃗) ⩽ 𝑐‖𝑓‖𝐿(𝑟)

𝑝 (𝐸+𝑛𝑠 ,𝛼⃗)

holds.

Theorem 6. Suppose that all the conditions of Theorem 1 hold and that 𝜌𝑗
(𝑗 = 1, … , 𝑚) are positive integers such that 𝜌𝑗 < 𝜀𝑟𝑗 (𝑗 = 1, … , 𝑚). Then

Ψ ∈ 𝐿( ⃗𝜌)
𝑝 (𝐸+𝑚, ⃗𝛾)

and the inequality
‖Ψ‖𝐿( ⃗𝜌)

𝑝 (𝐸+𝑚,𝛾⃗) ⩽ 𝑐‖𝑓‖𝑊 (𝑟)
𝑝 (𝐸+𝑛𝑠 ,𝛼⃗)

holds, where 𝑐 is a constant independent of 𝑓 .

From Theorems 1 and 6 the following assertion follows:

Theorem 7. Under the conditions of Theorem 6

Ψ ∈ 𝑊 ( ⃗𝜌)
𝑝 (𝐸+𝑚, ⃗𝛾),

and the inequality
‖Ψ‖𝑊 ( ⃗𝜌)

𝑝 (𝐸+𝑚,𝛾⃗) ⩽ 𝑐‖𝑓‖𝑊 (𝑟)
𝑝 (𝐸+𝑛𝑠 ,𝛼⃗)

holds; where 𝑐 is a constant independent of 𝑓 .

5. Some theorems of inverse character have also been obtained.
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Theorem 8. Let 𝑝 ⩾ 1; 𝜈 be a natural number; 𝑟𝑖 (𝑖 = 1, … , 𝑛) be positive
integers; 𝛼𝑗 ⩾ 0 (𝑗 = 1, … , 𝑛 − 1), 𝛼𝑛 > −1. It is assumed that

𝜀 = 1 − 𝜈/𝑟𝑛 − (1 + 𝛼𝑛)/𝑝𝑟𝑛 > 0, 𝜌𝑗 = 𝜀𝑟𝑗 (𝑗 = 1, … , 𝑛 − 1).
Then: 1) if on the hyperplane 𝑦𝑛 = 0 a function

𝜑1(𝑦1, … , 𝑦𝑛−1) ∈ ℒ( ⃗𝜌)
𝑝 (𝐸+ 𝑛−1, ⃗𝛼(𝑛−1))

is given, then in the space 𝐸+𝑛 one can construct a function

𝑓1(𝑦1, … , 𝑦𝑛) ∈ 𝐿(𝑟)
𝑝 (𝐸+𝑛, ⃗𝛼)

such that
𝐷𝜈

𝑛𝑓1(𝑦)∣𝑦𝑛=0 = 𝜑1(𝑦1, … , 𝑦𝑛−1),
‖𝑓1‖𝐿(𝑟)

𝑝 (𝐸+𝑛,𝛼⃗) ⩽ 𝑐‖𝜑1‖ℒ( ⃗𝜌)
𝑝 (𝐸+ 𝑛−1,𝛼⃗(𝑛−1));

2) if on the hyperplane 𝑦𝑛 = 0 a function 𝜑2(𝑦1, … , 𝑦𝑛−1) ∈ 𝐵( ⃗𝜌)
𝑝 (𝐸+𝑛−1, ⃗𝛼(𝑛−1))

is given, then in Ω one can construct a function 𝑓2(𝑦1, … , 𝑦𝑛) ∈ 𝑊 (𝑟)
𝑝 (Ω, ⃗𝛼)

such that

𝐷𝜈
𝑛𝑓2(𝑦)∣𝑦𝑛=0 = 𝜑2(𝑦1, … , 𝑦𝑛−1),

‖𝑓2‖𝑊 (𝑟)
𝑝 (Ω,𝛼⃗) ≤ 𝑐‖𝜑2‖𝐵( ⃗𝜌)

𝑝 (𝐸+𝑛−1,𝛼⃗(𝑛−1)),

where 𝑐 is a constant independent of 𝜑1 and 𝜑2,

Ω = {𝑦 ∈ 𝐸+𝑛, 𝑦1 < ∞}, ⃗𝛼(𝑛−1) = (𝛼1, … , 𝛼𝑛−1).

Theorem 9. Let 𝑝 ≥ 1, 0 < 𝑚 < 𝑛, 𝜈𝑗 (𝑗 = 𝑚 + 1, … , 𝑛) be nonnegative
integers, and 𝑎𝑛 > −1. Suppose that

𝜀∗ = 1 −
𝑛

∑
𝑗=𝑚+1

𝜈𝑗
𝑟𝑗

− 1
𝑝

𝑛
∑

𝑗=𝑚+1

1
𝑟𝑗

− 𝛼𝑛
𝑝𝑟𝑛

> 0,

𝜌𝑗 = 𝜀∗𝑟𝑗 (𝑗 = 1, … , 𝑚).

Then: 1) if on the hyperplane 𝑦𝑚+1 = ⋯ = 𝑦𝑛 = 0 a function 𝜑1(𝑦1, … , 𝑦𝑚) ∈
ℒ( ⃗𝜌)

𝑝 (𝐸𝑚) is given, then in the space 𝐸+∗
𝑛 one can construct a function

𝑓1(𝑦1, … , 𝑦𝑛) ∈ 𝐿(𝑟)
𝑝 (𝐸+∗

𝑛 , 𝑎𝑛) such that

𝐷𝜈𝑚+1
𝑚+1 ⋯ 𝐷𝜈𝑛𝑛 𝑓1(𝑦)∣𝑦𝑚+1=0,…,𝑦𝑛=0 = 𝜑1(𝑦1, … , 𝑦𝑚),

‖𝑓1‖𝐿(𝑟)
𝑝 (𝐸+∗𝑛 ,𝑎𝑛) ≤ 𝑐‖𝜑1‖ℒ𝑝( ⃗𝜌)(𝐸𝑚);
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2) if on the hyperplane 𝑦𝑚+1 = ⋯ = 𝑦𝑛 = 0 a function 𝜑2(𝑦1, … , 𝑦𝑚) ∈
𝐵( ⃗𝜌)

𝑝 (𝐸𝑚) is given, then in Ω∗ one can construct a function 𝑓2(𝑦1, … , 𝑦𝑛) ∈
𝑊 (𝑟)

𝑝 (Ω∗, 𝑎𝑛) such that

𝐷𝜈𝑚+1
𝑚+1 ⋯ 𝐷𝜈𝑛𝑛 𝑓2(𝑦)∣𝑦𝑚+1=0,…,𝑦𝑛=0 = 𝜑2(𝑦1, … , 𝑦𝑚),

‖𝑓2‖𝑊 (𝑟)
𝑝 (Ω∗,𝑎𝑛) ≤ 𝑐‖𝜑2‖𝐵( ⃗𝜌)

𝑝 (𝐸𝑚),

where 𝑐 is a constant independent of 𝜑1, 𝜑2,

𝐸+∗
𝑛 = {𝑦 ∈ 𝐸𝑛, 𝑦𝑛 > 0}, Ω∗ = {𝑦 ∈ 𝐸+∗

𝑛 , |𝑦𝑖| < ∞

(𝑖 = 𝑚 + 1, … , 𝑛)}.

In conclusion the author takes the opportunity to express gratitude to Prof. L.
D. Kudryavtsev for posing the problems and for valuable advice.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
11 III 1965
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