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Abstract
Full Text
MATHEMATICS
OSWALD DEMUTH

ON LEBESGUE INTEGRATION IN CON-
STRUCTIVE ANALYSIS
(Presented by Academician P. S. Novikov on 11 XI 1964)

This note is devoted to problems of Lebesgue integration on the segment 0△1
of constructive functions of a real variable (c.f.r.v.), defined everywhere on 0△1.
It uses the definitions and results of the papers (1−9).
In what follows the letters 𝑎, 𝑏 serve as variables for rational numbers, 𝑥 as a
variable for real duplexes (4).
An exact disjunctive segment covering Φ of the segment 0△1 (8) will be called
simply a covering, if 𝜗l(Φ0) = 0 and 𝜗r(Φ1) = 1. Everywhere, a defined c.f.r.v.
𝑓 will be called simply a function, if

∀𝑥 ((𝑥 ⩽ 0 ⊃ 𝑓(𝑥) = 𝑓(0)) & (𝑥 ⩾ 1 ⊃ 𝑓(𝑥) = 𝑓(1))).

It is clear that, in studying integration problems for the indicated class of c.f.r.v.,
it is sufficient to restrict oneself to considering functions.

For a function 𝑓 and a covering Φ, denote by 𝑓/Φ the function such that

∀𝑘𝑥 (𝑥 ∈ Φ𝑘 ⊃ (𝑓/Φ)(𝑥) = 𝑓(𝜗l(Φ𝑘)) + 𝑓(𝜗r(Φ𝑘)) − 𝑓(𝜗l(Φ𝑘))
|Φ𝑘| (𝑥 − 𝜗l(Φ𝑘))) .

By pseudopolygonal functions we shall mean functions which are pseu-
dopolygonal in the sense of (5). By systems of constructive objects of
the given type we shall mean systems of words (1) of this type, and by se-
quences of functions (coverings) normal algorithms 𝔄 such that, for every
natural 𝑛, 𝔄𝑛 is a function (covering).

Definition 1. Let 𝛼 be a letter not belonging to the alphabet {0, |, −, /, ⋄}.
Words of the form

𝛼𝑎0𝛼𝑎1𝛼 … 𝛼𝑎𝑛𝛼𝑏0𝛼𝑏1𝛼 … 𝛼𝑏𝑛𝛼,

where 𝑛 is a natural number, 𝑎𝑖 and 𝑏𝑖 are given rational numbers (0 ⩽ 𝑖 ⩽ 𝑛),
0 = 𝑎0 < 𝑎1 < ⋯ < 𝑎𝑛 = 1, will be called polygonal bases.
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One can construct normal algorithms 𝔎 and ℑ such that, for every polygonal
basis 𝐹 , where

𝐹 = 𝛼𝑎0𝛼𝑎1𝛼 … 𝛼𝑎𝑛𝛼𝑏0𝛼𝑏1𝛼 … 𝛼𝑏𝑛𝛼,

𝔎𝐹 is a function and

∀𝑖𝑥 (1 ⩽ 𝑖 ⩽ 𝑛 & 𝑎𝑖−1 ⩽ 𝑥 ⩽ 𝑎𝑖 ⊃ 𝔎𝐹 (𝑥) = 𝑎𝑖−1 + 𝑏𝑖 − 𝑏𝑖−1
𝑎𝑖 − 𝑎𝑖−1

(𝑥 − 𝑎𝑖−1)) ;

ℑ𝐹 is an everywhere defined and everywhere differentiable c.f.r.v. for which

∀𝑥 ((ℑ𝐹 )′(𝑥) = 𝔎𝐹 (𝑥)).

For polygonal skeletons one can define the operations of addition (denote it by
+̇), subtraction (−̇), and absolute value (| |∘) so that, for any polygonal skeletons
𝐹 and 𝐺 and any real duplex 𝑥, one has

ℜ̃(𝐹+̇𝐺)(𝑥) = ℜ̃𝐹 (𝑥) + ℜ̃𝐺(𝑥), ℜ̃(𝐹−̇𝐺)(𝑥) = ℜ̃𝐹 (𝑥) − ℜ̃𝐺(𝑥),

ℜ̃|𝐹 |∘(𝑥) = ∣ℜ̃𝐹 (𝑥)∣ .

Definition 2. Let 𝑓 be a function. We shall say that 𝑓 is Lebesgue integrable
on the segment 0△1 and write 𝑓 ∈ (ℒ), if there exists a sequence of polygonal
skeletons {𝐹𝑛}𝑛 such that

∀𝑥𝑚 ∃𝑘 ∀𝑛 (𝑛 ≥ 𝑘 ⊃ ∣ℜ̃𝐹𝑛
(𝑥) − 𝑓(𝑥)∣ < 1

𝑚 + 1) , (1)

∀𝑚 ∃𝑙 ∀𝑛𝑘 (𝑛 ≥ 𝑙 ⊃ 𝔍̃𝐹𝑛−̇𝐹𝑛+𝑘|∘(1) − 𝔍̃𝐹𝑛−̇𝐹𝑛+𝑘|∘(0) < 1
𝑚 + 1) .

It is clear that for functions 𝑓, 𝑔 such that 𝑓 ∈ (ℒ), 𝑔 ∈ (ℒ), and for a real
duplex 𝑦, one has |𝑓| ∈ (ℒ), (𝑓 + 𝑔) ∈ (ℒ), (𝑦 ⋅ 𝑓) ∈ (ℒ).
Theorem 1. Let 𝑓 be a function of weakly bounded variation on 0△1 (8).
Then 𝑓 is Riemann integrable on 0△1 (for the definition see (9)), 𝑓 ∈ (ℒ).
Definition 3. For a function 𝑓 , 𝑓 ∈ (ℒ), and real duplexes 𝑣, 𝑦, 𝑧, where
0 ≤ 𝑦 ≤ 1 and 0 ≤ 𝑧 ≤ 1, we shall say that 𝑣 is the value of the Lebesgue
integral of 𝑓 with limits 𝑦, 𝑧, and write
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𝑣 = ∫
𝑧

𝑦
𝑓 𝑑𝑥,

if there exists a c.f.d.s. 𝔉, defined everywhere on 0△1 and differentiable on 0∇1,
for which ∀𝑥(0 < 𝑥 < 1 ⊃ 𝔉′(𝑥) = 𝑓(𝑥)), 𝑣 = 𝔉(𝑧) − 𝔉(𝑦).
We shall also use the customary abbreviated notation, which we explain by an
example. Let 𝑓 be a function, 𝑓 ∈ (ℒ); let 𝑦, 𝑧 be real duplexes, 0 ≤ 𝑦 ≤ 1,
0 ≤ 𝑧 ≤ 1; let 𝑃(𝑣) be a predicate. Suppose that no occurrence of 𝑣 in 𝑃 lies in
the scope of a quantifier binding 𝑣, 𝑦, 𝑧. Then we write

𝑃 (∫
𝑧

𝑦
𝑓 𝑑𝑥) ⟺ ∀𝑣 (𝑣 = ∫

𝑧

𝑦
𝑓 𝑑𝑥 ⊃ 𝑃(𝑣)) .

Theorem 2. Let 𝑓 be a function, 𝑓 ∈ (ℒ). Then there exists an everywhere-
defined and everywhere differentiable c.f.d.s. 𝔉 such that ∀𝑥(𝔉′(𝑥) = 𝑓(𝑥)), 𝔉
is a c.f.d.s. of bounded variation on 0△1, and

1
⋁
0

𝔉 = ∫
1

0
|𝑓| 𝑑𝑥.

If {𝐹𝑛}𝑛 is a sequence of polygonal skeletons such that (1) is satisfied, then

∀𝑚 ∃𝑘 ∀𝑛𝑥 (𝑛 ≥ 𝑘 ⊃ ∣𝔍̃𝐹𝑛
(𝑥) − 𝔉(𝑥)∣ ≤ 1

𝑚 + 1(|𝑥| + 1)) .

Theorem 3. Let 𝑓 be a function. Then 𝑓 ∈ (ℒ) if and only if there exist a
c.f.d.s. 𝔉, defined everywhere on 0△1 and differentiable on 0∇1, and a sequence
of polygonal skeletons {𝑇𝑛}𝑛 such that ∀𝑥(0 < 𝑥 < 1 ⊃ 𝔉′(𝑥) = 𝑓(𝑥)), and for
every system of rational numbers {𝑐𝑖}𝑝

𝑖=0, for which 0 ≤ 𝑐0 ≤ 𝑐1 ≤ ⋯ ≤ 𝑐𝑝 ≤ 1,
and every natural 𝑛,

𝑝
∑
𝑖=1

∣(𝔉(𝑐𝑖) − ℜ̃𝑇𝑛
(𝑐𝑖)) − (𝔉(𝑐𝑖−1) − ℜ̃𝑇𝑛

(𝑐𝑖−1))∣ < 1
𝑛 + 1.

Theorem 4. Let {𝑓𝑛}𝑛 be a sequence of functions, and let 𝑓 be a function,
such that ∀𝑛 (𝑓𝑛 ∈ (ℒ)), ∀𝑥𝑚 ∃𝑘 ∀𝑛 (𝑛 ≥ 𝑘 ⊃ |𝑓𝑛(𝑥) − 𝑓(𝑥)| < 1

𝑚 + 1), and

∀𝑚 ∃𝑙 ∀𝑛𝑘 (𝑛 ≥ 𝑙 ⊃ ∫
1

0
|𝑓𝑛 − 𝑓𝑛+𝑘| 𝑑𝑥 < 1

𝑚 + 1) .

Then 𝑓 ∈ (ℒ) and
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∀𝑚 ∃𝑙 ∀𝑛 (𝑛 ≥ 𝑙 ⊃ ∫
1

0
|𝑓𝑛 − 𝑓| 𝑑𝑥 < 1

𝑚 + 1) .

Theorem 5. Let 𝑓 be a function, 𝑓 ∈ (ℒ), and let 𝑛 be a natural number.
Then there exists a pseudopolygonal function 𝑔 such that 𝑔 ∈ (ℒ) and

∀𝑥 (|𝑔(𝑥) − 𝑓(𝑥)| < 1
𝑛 + 1) .

Theorem 6. Let 𝑓 be a pseudopolygonal function. Then 𝑓 ∈ (ℒ) if and only if
there exists a sequence of coverings { 𝑛Φ }𝑛 such that, for every natural 𝑛, 𝑓/𝑛Φ
is a uniformly continuous function,

∀𝑘 (
𝑘

∑
𝑖=0

| 𝑛Φ𝑖 | < 1
𝑛 + 1) ,

∀𝑘 ∃𝑙 (𝑛+1Φ𝑘 ⊆ 𝑛Φ𝑙), and

∀𝑚 ∃𝑙 ∀𝑛𝑘 (𝑛 ≥ 𝑙 ⊃ ∫
1

0
| 𝑓/𝑛Φ − 𝑓/𝑛+𝑘Φ | 𝑑𝑥 < 1

𝑚 + 1) .

Theorem 7. Let 𝑓, 𝑔 be functions, 𝑓 ∈ (ℒ), ∀𝑎𝑏 (|𝑔(𝑎) − 𝑔(𝑏)| ≤ |𝑓(𝑎) − 𝑓(𝑏)|).
Then 𝑔 ∈ (ℒ).
Theorem 8. Let 𝑓, 𝑔 be functions and let {𝑔𝑛}𝑛 be a sequence of functions
such that 𝑓 ∈ (ℒ),

∀𝑛𝑎𝑏 (|𝑔𝑛(𝑎) − 𝑔𝑛(𝑏)| ≤ |𝑓(𝑎) − 𝑓(𝑏)|) ,

∀𝑥𝑚 ∃𝑘 ∀𝑛 (𝑛 ≥ 𝑘 ⊃ |𝑔𝑛(𝑥) − 𝑔(𝑥)| < 1
𝑚 + 1) .

Then 𝑔 ∈ (ℒ), ∀𝑛 (𝑔𝑛 ∈ (ℒ)), and

∀𝑚 ∃𝑘 ∀𝑛 (𝑛 ≥ 𝑘 ⊃ ∫
1

0
|𝑔𝑛 − 𝑔| 𝑑𝑥 < 1

𝑚 + 1) .
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