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Abstract
Full Text
THEORY OF ELASTICITY
Corresponding Member of the Academy of Sciences of the USSR E. I.
GRIGOLYUK, L. A. FILSHTINSKII

ELASTIC EQUILIBRIUM OF AN ISOTROPIC
PLANE RESTING ON A DOUBLY PERIODIC
SYSTEM OF POINT SUPPORTS UNDER THE
ACTION OF AN ARBITRARY DOUBLY PE-
RIODIC TRANSVERSE LOAD
In works (1,2) the solution of the problem of bending of a plate resting on a
doubly periodic system of point supports is constructed in double trigonometric
series. In work (3) the solution of this problem for the case of a uniformly
distributed transverse load was obtained in closed form. In the present note a
closed-form solution is given for an arbitrary doubly periodic transverse load.

1. Let 𝜔1 = 2, 𝜔2 = 2𝑙𝑒𝑖𝛼 (𝑙 > 0, 0 < 𝛼 ≤ 𝜋/2) be the fundamental periods.
The exterior of the system of congruent support points 𝑃 = 𝑚𝜔1 + 𝑛𝜔2
(𝑚, 𝑛 = 0, ±1, ±, …) will be called the domain 𝐷. The problem consists in
constructing Green’s function in 𝐷. For this purpose, taking an arbitrary
point 𝑧0 in the fundamental parallelogram of periods, we apply to the
system of congruent points 𝑃 ∗ = 𝑧0 + 𝑚𝜔1 + 𝑛𝜔2 in 𝐷 a concentrated
transverse force 𝑠.

The elastic equilibrium of the system is determined by two analytic functions
Φ(𝑧) and Ψ(𝑧) by means of the relations (4)

𝑀𝑥 + 𝑀𝑦 = 4𝐷(1 + 𝜇) Re Φ(𝑧),

𝑀𝑦 − 𝑀𝑥 + 2𝑖𝐻𝑥𝑦 = 2𝐷(1 − 𝜇) [ ̄𝑧Φ′(𝑧) + Ψ(𝑧)],

𝑁𝑥 − 𝑖𝑁𝑦 = −4𝐷Φ′(𝑧), 𝜕𝑤
𝜕𝑥 + 𝑖𝜕𝑤

𝜕𝑦 = 𝜑(𝑧) + 𝑧Φ(𝑧) + 𝜓(𝑧), (1)

𝑤(𝑥, 𝑦) = Re[ ̄𝑧𝜑(𝑧) + 𝜒(𝑧)], Φ(𝑧) = 𝜑′(𝑧), Ψ(𝑧) = 𝜓′(𝑧) = 𝜒″(𝑧),
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where 𝑀𝑥, 𝑀𝑦 and 𝐻𝑥𝑦 are the bending and twisting moments on the corre-
sponding areas; 𝑁𝑥 and 𝑁𝑦 are the transverse forces; 𝑤(𝑥, 𝑦) is the deflection
function; 𝐷 = 𝐸ℎ3/12(1−𝜇2) is the cylindrical rigidity; ℎ is the thickness of the
plate, 𝜇 is the Poisson ratio of the material. It is easy to see that all quantities
defined in (1) are doubly periodic functions in 𝐷.

2. To construct Φ(𝑧) and Ψ(𝑧), introduce the functions

𝜉‴(𝑧) = 𝜈″(𝑧) = 𝜁′(𝑧) = −℘(𝑧), 𝛾″
∗ (𝑧) = 𝜁′

∗(𝑧) = −𝑄(𝑧), (2)

where

℘(𝑧) = 1
𝑧2 +

′
∑
𝑚,𝑛

{ 1
(𝑧 − 𝑃)2 − 1

𝑃 2 } , 𝑄(𝑧) =
′

∑
𝑚,𝑛

{
̄𝑃

(𝑧 − 𝑃)2 − 2𝑧
̄𝑃

𝑃 3 −
̄𝑃

𝑃 2 } ,

℘(𝑧) is the Weierstrass elliptic function, and 𝑄(𝑧) is a special meromorphic
function.

The properties of the functions (2), indicated in works (5−7), make it possible to
construct the required analytic functions Φ(𝑧) and Ψ(𝑧), satisfying all periodicity
conditions of the problem.

Put

Φ(𝑧) = 𝐴𝜈(𝑧) − 𝐴𝜈(𝑧 − 𝑧0) − 𝐴𝑎0𝑧 + 𝐴𝑎1,

Ψ(𝑧) = −𝐴𝜁∗(𝑧) + 𝐴𝜁∗(𝑧 − 𝑧0) − 𝐴𝛽𝜈(𝑧) + 𝐴𝛽𝜈(𝑧 − 𝑧0) − 𝐴𝛽0𝑧 + 𝐴𝛽1. (3)

The constant 𝐴 in (3) must be determined from the condition that the resultant
vector of transverse forces along any closed contour enclosing the origin is equal
to 𝑠. The remaining constants are determined by the periodicity conditions.

The resultant vector of transverse forces along the curve 𝐿 has the form (4)

𝑄𝑧 = 2𝑖𝐷[Φ(𝑧) − Φ(𝑧)]𝐿. (4)

From (4) and (2) we find

𝐴 = −𝑠/8𝜋𝐷. (5)

The periodicity condition for the transverse forces is satisfied automatically.
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The periodicity condition for the first combination of moments in (1) reduces
to the system of equations

Re(𝛿1𝑧0 − 𝛼0𝜔1) = 0, Re(𝛿2𝑧0 − 𝛼0𝜔2) = 0, (6)

whence, with the aid of Legendre’s relation (8), we find

𝛼0 = (𝛿1 − 𝜋
2𝑙 sin 𝛼) 𝑧0

𝜔1
+ 𝜋

2𝑙 sin 𝛼
𝑧0
𝜔1

. (7)

In (6) and (7), 𝛿1 = 2𝜁1(𝜔1/2), 𝛿2 = 2𝜁(𝜔2/2), and 𝜁(𝑧) is the Weierstrass
zeta-function.

The periodicity condition for the second combination of moments in (1) reduces
to the system of equations

𝛽0𝜔1 + 𝛽𝛿1𝑧0 − 𝛾1𝑧0 + 𝛼0𝜔1 = 0; 𝛽0𝜔2 + 𝛽𝛿2𝑧0 − 𝛾2𝑧0 + 𝛼0𝜔2 = 0. (8)

The solution of this system has the form

𝛽 = −𝑧0
𝑧0

, 𝛽0 = (𝛾1 − 𝛿1 + 𝜋
2𝑙 sin 𝛼) 𝑧0

𝜔1
+ (𝛿1 − 𝜋

2𝑙 sin 𝛼) 𝑧0
𝜔1

, (9)

where (7)

𝛾1 = 2𝑄 (𝜔1
2 ) − 𝜔1℘ (𝜔1

2 ) .

Finally, the periodicity condition for the complex combination of angles of rota-
tion in (1) leads to the system

(𝛼1 + 𝛼1)𝜔1 + 𝛽1𝜔1 = 1
2(𝛿1𝑧0 + 𝛿1𝑧0)𝑧0 + 1

2𝛾1𝑧 2
0 ,

(𝛼2 + 𝛼2)𝜔2 + 𝛽1𝜔2 = 1
2(𝛿2𝑧0 + 𝛿2𝑧0)𝑧0 + 1

2𝛾2𝑧 2
0 , (10)

whence

Re 𝛼1 = 1
4𝜔1

{𝛿1(𝑧2
0 + 𝑧 2

0 ) − 𝜋
2𝑙 sin 𝛼 (𝑧2

0 − 𝑧0𝑧0 + 𝑧 2
0 )} ,

𝛽1 = 1
2𝜔1

{𝛿1𝑧0𝑧0 + (𝛾1 − 𝛿1)𝑧 2
0 + 𝜋

2𝑙 sin 𝛼 (𝑧2
0 − 𝑧0𝑧0 + 𝑧 2

0 )} . (11)
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Relations (3), (5), (7), (9), and (11) determine the required Green’s function
for the domain 𝐷.

3. Let us denote the functions Φ and Ψ corresponding to the concentrated
force 𝑠(𝑡) applied at the point 𝑡 by Φ[𝑧, 𝑡, 𝑠(𝑡)] and Ψ[𝑧, 𝑡, 𝑠(𝑡)]. We have

Φ[𝑧, 𝑡, 𝑠(𝑡)] = 𝑠(𝑡)
8𝜋𝐷 [𝜈(𝑧 − 𝑡) − 𝜈(𝑧) + 𝑧𝛼0(𝑡) − 𝛼1(𝑡)] = 𝑠(𝑡)

8𝜋𝐷Φ∗(𝑧, 𝑡),

Ψ[𝑧, 𝑡, 𝑠(𝑡)] = 𝑠(𝑡)
8𝜋𝐷 [𝜁∗(𝑧) − 𝜁∗(𝑧 − 𝑡) + 𝛽(𝑡)𝜈(𝑧) − 𝛽(𝑡)𝜈(𝑧 − 𝑡)−

−𝑧𝛽0(𝑡) − 𝛽1(𝑡)] = 𝑠(𝑡)
8𝜋𝐷Ψ∗(𝑧, 𝑡). (12)

A solution corresponding to an arbitrary doubly periodic transverse load dis-
tributed along lines or over areas can be represented through the functions (12)
in the usual way

Φ(𝑧) = 1
8𝜋𝐷 ∫

𝜎

𝑠(𝑡)Φ∗(𝑧, 𝑡) 𝑑𝜎, Ψ(𝑧) = 1
8𝜋𝐷 ∫

𝜎

𝑠(𝑡)Ψ∗(𝑧, 𝑡) 𝑑𝜎. (13)

With the aid of (12) and (13) one can solve problems on the bending of a plane
supported by columns of arbitrary cross section. The indicated relations can
also be used to solve certain boundary-value problems of plate bending.

In conclusion, we note that the solution given here is free of the requirement of
symmetry of the periodic system 𝑃 = 𝑚𝜔1 + 𝑛𝜔2, which occurs in work (3).
Received
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