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Abstract
Full Text

MATHEMATICS
R. GABASOV, F. M. KIRILLOVA

A STATISTICAL PROBLEM OF OPTIMAL
CONTROL OF A LINEAR SYSTEM
(Presented by Academician L. S. Pontryagin on 5 February 1965)

1. Let, in the 𝑛-dimensional strictly normed phase space 𝑉 , on trajectories
of the equation

̇𝑥 = 𝐴(𝑡)𝑥 + 𝑎(𝑡)𝑏(𝑡)𝑢 + 𝑟(𝑡), 𝑥(𝑡0) = 𝑥0, ‖𝑢‖ ≤ 1, (1)

the quantity ‖𝑥(𝑇 )‖ be minimized. Under sufficiently general assumptions the
solution 𝑥(𝑡)∣𝑡=𝑇 can be represented in the form

𝑥(𝑐, 𝑇 ) = 𝑆𝑢 − 𝑐, (2)

and the quantity Δ(𝑐, 𝑆) = min‖𝑢‖≤1 ‖𝑥(𝑐, 𝑇 )‖, and the optimal control 𝑢0 =
𝑢0(𝑡), are determined from the conditions (2):

Δ(𝑐, 𝑆) = max
‖𝑔‖=1, 𝑔∈𝑉 ∗

{(𝑔, 𝑐) − ‖𝑆∗𝑔‖}, (𝑆∗𝑔0, 𝑢0) = max
‖𝑢‖≤1

(𝑆∗𝑔0, 𝑢). (3)

We shall call the maximization (3) the problem Δ(𝑐, 𝑆). Denote the extremal
element for the problem Δ(𝑐, 𝑆) and the corresponding optimal control by 𝑔0 =
𝑔0(𝑐, 𝑆) and 𝑢0(𝑐, 𝑆). Suppose that the function 𝑟(𝑡) describes some random
process, and 𝑥0 is a random vector.

Problem. Let 𝑐 be a random vector taking the values 𝑐𝑖 with probabilities 𝑝𝑖,
‖𝑐𝑖‖ < ∞, 𝑝𝑖 > 0,

𝑚
∑
𝑖=1

𝑝𝑖 = 1, 𝑚 < ∞.

It is required to find a control 𝑢0 for which

𝛿 =
𝑚

∑
𝑖=1

𝑝𝑖‖𝑥(𝑐𝑖, 𝑇 )‖ = min
‖𝑢‖≤1

.
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2. Denote ∑𝑚
𝑖=1 𝑝𝑖𝑦𝑖, 𝑦𝑖 ∈ 𝑌 , by 𝑀𝑦. Following (3), we reduce the stated

problem to maximization with respect to 𝑚𝑛 variables:

𝛿 = max
max𝑖 ‖𝑓𝑖‖=1, 𝑓𝑖∈𝑉 ∗

{𝑀(𝑓, 𝑐) − ‖𝑆∗𝑀𝑓‖} = 𝑀(𝑓0, 𝑐) − ‖𝑆∗𝑀𝑓0‖. (4)

We simplify problem (4) for the case when 𝑓0
𝑖 = ̂𝑔, 𝑖 = 1, 2, … , 𝑚. In order that

this case occur, it is necessary and sufficient that

𝑔0(𝑐𝑖, 𝑆) = ̂𝑔, 𝑖 = 1, 2, … , 𝑚. (5)

If conditions (5) are satisfied, then

𝛿 = max
‖𝑔‖=1

{(𝑔, 𝑀𝑐) − ‖𝑆∗𝑔‖}, 𝑢0 = 𝑢0(𝑀𝑐, 𝑆).

Thus, in the special case (5), the statistical problem is equivalent to the deter-
ministic problem Δ(𝑀𝑐, 𝑆).
Suppose that conditions (5) do not hold. It is clear that ‖𝑀𝑓0‖ < 1, and
therefore there exists a vector 𝜆 such that

max
max𝑖 ‖𝑓𝑖‖=1

{𝑀(𝑓, 𝑐) − ‖𝑆∗𝑀𝑓‖} = 𝑀𝑐‖𝑐 − 𝜆‖ + (𝑔, 𝜆) − ‖𝑆∗𝑔‖, (6)

𝑀𝑓0 = 𝑔, (𝑓0
𝑖 , 𝑐𝑖 − 𝜆) = ‖𝑐𝑖 − 𝜆‖.

The vector 𝜆 satisfies relations (6) if and only if

min
𝑥

{𝑀𝑐‖𝑐 − 𝑥‖ + (𝑔, 𝑥)} = 𝑀𝑐‖𝑐 − 𝜆‖ + (𝑔, 𝜆).

Hence it follows that

𝛿 = max
‖𝑔‖<1

min
𝑥

{𝑀𝑐‖𝑐−𝑥‖+(𝑔, 𝑥)−‖𝑆∗𝑔‖} = min
𝑥

max
‖𝑔‖<1

{𝑀𝑐‖𝑐−𝑥‖+(𝑔, 𝑥)−‖𝑆∗𝑔‖}.
(7)

Thus, in the general case the problem has been reduced to a game, which always
has a saddle point. We shall denote this point by the symbol (𝑓0, 𝑥0). Note that
knowledge of one element of the point (𝑓0, 𝑥0) in problem (7) makes it possible
to determine the other, since the relations

(𝑓0, 𝑥0) − ‖𝑆∗𝑓0‖ = max
‖𝑔‖≤‖𝑓0‖

{(𝑔, 𝑥0) − ‖𝑆∗𝑔‖},
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𝑀𝑐‖𝑐 − 𝑥0‖ + (𝑓0, 𝑥0) = min
𝑥

{𝑀𝑐‖𝑐 − 𝑥‖ + (𝑓0, 𝑥)}

are valid.

Conversely, vectors 𝑓0, 𝑥0 satisfying these relations are elements of a saddle
point in the game (7).

In view of what has been said, the statistical problem is equivalent to the de-
terministic one Δ(𝑥0, 𝑆). To find the point (𝑓0; 𝑥0), one may use the Arrow–
Hurwicz method (3).

3. Suppose

‖𝑥‖ = 𝑀1/𝑝(𝑥, 𝑥)𝑝/2, 𝑝 > 1. (8)

In the general case ‖𝑓0‖ < 1. Therefore 𝛿 = minΔ(𝑥,𝑆)=0 𝑀𝑐‖𝑐 − 𝑥‖. Hence the
point 𝑥0 lies on the boundary of the attainability region 𝑄 = {𝑥 ∶ Δ(𝑥, 𝑆) = 0}
of system (1), while 𝑓0 separates the sets 𝑄 and 𝑅, 𝑅 = {𝑥 ∶ 𝑀𝑐‖𝑐 − 𝑥‖ ≤ 𝛿}, if
Δ(𝑀𝑐, 𝑆) ≥ 0. Applying the reasoning used in deriving (3) (see (2)), for 𝑝 = 2
we obtain

𝛿2 = 𝐷2𝑐 + Δ2(𝑀𝑐, 𝑆), 𝐷2𝑐 = 𝑀(𝑐, 𝑐) − (𝑀𝑐, 𝑀𝑐). (9)

As follows from (9), the optimal control 𝑢0 depends only on the mathematical
expectation 𝑀𝑐 of the random vector 𝑐 (see, in this connection, work (4)). Using
the interpretation of the vector 𝑓0 given above, one can indicate the character-
istics of the random vector by which the optimal control in the problem of item
1 is determined. Denote by 𝑙1, 𝑙2, … , 𝑙𝑛 some basis of 𝑉 , with

𝑐𝑖 =
𝑛

∑
𝑗=1

𝑎𝑖
𝑗𝑙𝑗.

The optimal control 𝑢0, for example for 𝑝 = 4, depends on 𝑀𝑐, 𝑀𝑎𝑘𝑎𝑠,
𝑀𝑎𝑘𝑎𝑠𝑎𝑚, 𝑘, 𝑠, 𝑚 = 1, 2, … , 𝑛.

4. For an arbitrary specification of the norm of the space 𝑉 , it is, generally
speaking, impossible to find characteristics of the random vector whose
number would be smaller than the number of realizations: it is not difficult
to construct an example in which the optimal control depends on the
probability of each realization. The problem is considerably simplified in
the one-dimensional case.

Denote by 𝑒 (the mean) and 𝑑 (the dispersion) quantities satisfying the relations

min
𝑥

𝑀𝑐‖𝑐 − 𝑥‖ = 𝑀𝑐‖𝑐 − 𝑒‖ = 𝑑.
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It follows from formulas (7) that (𝑓0, 𝑒) > 0. Hence it is clear that for a one-
dimensional space 𝑉 the optimal control is completely determined by the mean
𝑒. The quantities 𝑀𝑐 and 𝐷𝑐 of item 3 are the mean and the variance. In the
general case one can show that 𝛿 = 𝑑 + 𝑞Δ(𝑒, 𝑆), 𝑞 ∈ [0, 1]. From (7) one also
obtains 𝛿 = 𝑑 + 𝑘Δ(𝑒, 𝑆), if ‖𝑔0‖ = 𝑘, 𝑘 = max 𝑙,

max
𝑥

{𝑀𝑐‖𝑐 − 𝑥‖ + (𝑔, 𝑥)} = 𝑀𝑐‖𝑐 − 𝑒‖ + (𝑔, 𝑒), ‖𝑔‖ = 𝑙, (𝑔, 𝑒) > 0.

5. Suppose that the scalar function 𝛼(𝑡) in equation (1) describes a random
process. We shall restrict ourselves to the case when changes in the values
of 𝛼(𝑡) are possible at the times 𝑡𝑘, 𝑘 = 1, 2, … , 𝑙, 𝑡𝑙 = 𝑇 , and on each inter-
val [𝑡𝑘−1, 𝑡𝑘] the function 𝛼(𝑡) assumes one of the values 𝛼𝑖, 𝑖 = 1, 2, … , 𝑚.
Denote by 𝑝(𝑖1, 𝑖2, … , 𝑖𝑙) the probability of the event consisting in the re-
alization, on the first interval, of the value 𝛼𝑖1

, on the second 𝛼𝑖2
, and so

on.

Problem. Find a control for which

𝛿 = 𝑀‖𝑥(𝑇 )‖ = min
‖𝑢‖≤1

.

Following the scheme presented above, in the general case we obtain

𝛿 = max
{‖𝑓𝑘‖<𝑀𝛼(𝑡𝑘−1)}𝑙

1
min

{𝑥𝑘}1𝑙

⎧{
⎨{⎩

𝑚
∑

{𝑖𝑘=1}1𝑙
𝑝(𝑖1, 𝑖2, … , 𝑖𝑙) ∥𝑐 −

𝑙
∑
𝑘=1

𝛼𝑖𝑘
𝑥𝑘∥ +

𝑙
∑
𝑘=1

[(𝑓𝑘, 𝑥𝑘) − ‖𝑆∗
𝑘𝑓𝑘‖]

⎫}
⎬}⎭

= min
{𝑥𝑘}1𝑙

max
{‖𝑓𝑘‖<𝑀𝛼(𝑡𝑘−1)}𝑙

1
{… …}.

The optimal control 𝑢0
𝑘 on the interval [𝑡𝑘−1, 𝑡𝑘] is determined by the relation

(𝑆∗
𝑘𝑓0

𝑘 , 𝑢0
𝑘) = max

‖𝑢‖≤1
(𝑆∗

𝑘𝑓0
𝑘 , 𝑢).

Here 𝑆∗
𝑘, just like 𝑆, is expressed in terms of 𝐴(𝑡), 𝑏(𝑡).

This result may be interpreted as follows. The optimal control on the intervals
[𝑡𝑘−1, 𝑡𝑘) satisfies the maximum principle for the deterministic system

̇𝑥 = 𝐴(𝑡)𝑥 + 𝑏(𝑡)𝑢,

i.e.
(𝜓, 𝑏𝑢0) = max

‖𝑢‖≤1
(𝜓, 𝑏𝑢), ̇𝜓 = −𝐴∗(𝑡)𝜓,

and at the same time the trajectory 𝜓(𝑡) at the boundary of the interval [𝑡𝑘−1, 𝑡𝑘),
generally speaking, has a discontinuity. The question remains open of the ex-
plicit form of the relation between 𝜓(𝑡𝑘 − 0), 𝜓(𝑡𝑘), and also of the possibility
of constructing a function 𝑚(𝑡) such that the optimal control satisfies the max-
imum principle for the system

̇𝑥 = 𝐴(𝑡)𝑥 + 𝑚(𝑡)𝑢.
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The problem of determining the extremal elements 𝑓0
𝑘 is simplified for a norm

of the form (8), where 𝑝 = 2. Let, for example, 𝑙 = 2. Then

𝛿2 = 𝑀[𝜔−1(𝛼(𝑡0)𝜉 + 𝛼(𝑡1)𝜂 − 𝜔)]2(𝑐, 𝑐)+

+ max
𝑓1,𝑓2

[𝜔−1(𝑐, 𝜉𝑓1 + 𝜂𝑓2) − ‖𝑆∗
1𝑓1‖ − ‖𝑆∗

2𝑓2‖]𝑀−1𝛾,

where
𝜔 = 𝑀𝛼2(𝑡0)𝑀𝛼2(𝑡1) − 𝑀(𝛼(𝑡0), 𝛼(𝑡1));

𝜉 ≡ 𝑀𝛼(𝑡0)𝑀𝛼2(𝑡1) − 𝑀𝛼(𝑡1)𝑀(𝛼(𝑡0), 𝛼(𝑡1));
𝜂 ≡ 𝑀𝛼(𝑡1)𝑀𝛼2(𝑡0) − 𝑀𝛼(𝑡0)𝑀(𝛼(𝑡0), 𝛼(𝑡1));
𝛾 = (𝛼(𝑡1)𝑓1 − 𝛼(𝑡0)𝑓2, 𝛼(𝑡1)𝑓1 − 𝛼(𝑡0)𝑓2)𝜔−1.

The computation of the elements 𝑓0
𝑘 can be simplified further if restrictions

are imposed on the random process 𝛼(𝑡). Suppose that the values assumed by
the random function 𝛼(𝑡) in different intervals are independent and, moreover,
𝑀𝛼(𝑡) = 0, 𝑡 ∈ [𝑡𝑘−1, 𝑡𝑘), 𝑘 ≥ 2. Then, for example, in the case 𝑙 = 2 we have

𝛿2 = 𝐷2𝛼(𝑡0)𝑀−1𝛼2(𝑡0)(𝑐, 𝑐) + max
𝑓1

{𝑀𝛼(𝑡0)𝑀−1𝛼2(𝑡0)(𝑐, 𝑓1) − ‖𝑆∗
1𝑓1‖−

−𝐷𝛼(𝑡1)[1 − (𝑓1, 𝑓1)𝑀−1𝛼2(𝑡0)]1/2‖𝑆∗
2‖} ,

‖𝑆∗
2‖ = min

‖𝑓2‖=1
‖𝑆∗

2𝑓2‖ = ‖𝑆∗
2𝑓0

2 ‖.

6. The results presented above can be used in solving deterministic prob-
lems. If the operator 𝑆 in (2) is represented in quasidiagonal form with
𝑘 identical blocks, then problem (3) of minimization with respect to 𝑛
variables (and hence the corresponding optimal-control problem) reduces
to a game of type (7), in which the dimension of the vectors is 𝑛/𝑘. The
statistical problem posed in Sec. 1 can also be interpreted as the following
deterministic one.

Let there be given in the phase space 𝑉 a set 𝜔 consisting of 𝑚 points
𝑐1, 𝑐2, … , 𝑐𝑚. It is required to transfer the trajectory of equation (1), in the
time 𝑇 − 𝑡0, from the point 𝑥(𝑡0) = 𝑥0 to such a point 𝑥 = 𝑎 that

min
‖𝑢‖≤1

𝑚
∑
𝑖=1

𝑝𝑖‖𝑐𝑖 − 𝑥(𝑇 )‖ =
𝑚

∑
𝑖=1

𝑝𝑖‖𝑐𝑖 − 𝑎‖,

where the 𝑝𝑖 are prescribed numbers, 𝑝𝑖 > 0.

Closely connected with the latter is another problem: to find a control 𝑢0 for
which
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𝑚
∑
𝑖=1

𝑝𝑖‖𝑥(𝑐𝑖, 𝑇 )‖ = min
‖𝑢‖≤1

.

Here 𝑥(𝑐𝑖, 𝑡) is the trajectory of equation (1) for 𝑥(𝑡0) = 𝑐𝑖.

The problem of Sec. 5 can also be treated as the problem of hitting a neigh-
borhood of some aggregate of points, or of simultaneously transferring the set
𝜔 into a prescribed neighborhood of a point. In this case the admissible control
may have different power.

Remarks. The investigation of the problem for a nonstrictly normed space 𝑉
can be carried out by a limiting passage (5).

The problem of Sec. 1 was solved by introducing the space 𝑊 with elements
{𝑥(𝑐𝑖, 𝑇 )}𝑚

1 , which is the direct sum of 𝑚 spaces 𝑉 . If the vector 𝑐 is specified by
the probability function 𝑝(𝜎), 𝜎 < 𝑉 , then 𝑥(𝑐, 𝑇 ) is an element of some function
space 𝑊 . When 𝑊 is reflexive (6), the results obtained admit a generalization.
For the problem of Sec. 5 an analogous conclusion holds.

Ural Polytechnic Institute
named after S. M. Kirov

Received
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