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Abstract
Full Text

M. N. OLEVSKII

ON RELATIONS BETWEEN SOLUTIONS OF A SIN-
GULAR CAUCHY PROBLEM CONCERNING A GEN-
ERALIZED DIFFERENTIAL-OPERATOR EULER-
POISSON-DARBOUX EQUATION

(Presented by Academician I. N. Vekua on 1 VIII 1964)

1. In a number of recent works (}~?), for the equation

%u  kou

— +—— +cu=Xu 1

ot? + t Ot + ( )
(k and ¢ are constants), in which X is the Laplace operator with respect to the
variables ¥, ...,x,, (}7®), or, more generally ("#), a linear differential opera-

tor of second order of elliptic type in the same variables, the singular Cauchy
problem

ou

ul,_y = f(@), Fn L =0; = (Tq, ., Tpy). (2)

was studied.

Independently of the nature of the linear operator X in the variables z, in (°)
formulas were established expressing the solution u(t, z; k, ¢; f) of problem (1)—
(2) in terms of u(t,z; k', ¢’; f).

In the present work there are established (Sec. 2) the corresponding relations
between solutions of the more general problem

oma kot k,_, 0u
jad s n-1 27 7= X1 3
ot T ot T gy T " )
- ot
u|t:0:f<x); ﬁ 0, l= L..,n—1; n2>2, (4)
t=0
corresponding to two systems of values of the constants ky,...,k,_;,c. Also

indicated (Sec. 4) is a formula expressing the solution of the Cauchy problem
for equation (3) with n = 1 in terms of the solution of problem (3)—(4) with
n > 1. In Sec. 5 some applications of the formulas obtained are given.

2.1. Equation (3) can be written in the form
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[t7"6(6 +n(by — 1)) (6 +n(b, 1 —1)) + c]u= Xu, (3")

where § =tD, D = 0/0t, and the numbers

n(b; — 1) = p;, i=1,...,n—1, (47

are found from &, ..., k,,_; from the system

n—1

n—1 n—1
Z pi, "'Piera(l”H_s) Z pi, "'pi.;71+"'+a<£_11) Z pi1+a<s") = k,, s=1,..
i=1

iyig=1 ipyenie =1
(5)

whose coefficients are determined by the representation

oP :tpr—i—a(lp)tp’le’l —|—~--—|—a£)p_)2t2D2 +1tD, p=1,..,n.  (6)

The solution @(t, €1, ..., T3 k1, - s k1, ¢; f) of problem (3)—(4) as a function of
the parameters by, ..., b,,_;, c will be denoted by w(t, z1,..., T, 01, 0,1, )
(more briefly: u(t,x;by,...,b,,_1,¢; f)).

2.2. Suppose that for the values under consideration of the parameters
by,...,b,_1,c and of the given function f(x) there exists a solution of problem
(3')—(4). The following relations hold:

u(tam;bl+ﬂ17"'7bn71+6n7176+7;f>: (7)

1

1
:An/ / K(t7§7b7ﬁ7fy)u(tn 51"'57171"%; bla"'ubnflac;f) dfl"'dé-nfh
0 0

K(tvgvbvﬁvly) =
" b
=oF, 1 (ﬁh s P — (g) (1-¢&)...(1— §n1)7> H & (1—¢)P L,
=1
n—1
A’I’_Ll = HB(waZ)’ qu(Mu“-an;t):
=1
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i +1) . T(ug+1)
u1+8+1) T(ug+s+1)s

Re(b; + B;) > Reb, >0°  (i=1,...,n—1);

u(tax; bl + ﬁla 7bl + ﬁlvbl+1v ~~~abn71ac; f) = (71)

1 1
- / L = e (b by i f) ¢
0

wde, ..d&,  l=1,...n—1; (8)
Re(bz + 62) > Re bl > O, 1= ]., ceey l7 (81)
w(t, 30y, .y b, q,05 f) = (9)

n—1 N;
- Btn(lib"*) { [(8?") tn(bibilJrNi)] } u(t’x;b1+va 7bn71+Nn71aC;f);

B~ =], Ny, (b,N)=0b(b+1)...(b+ N —1); N, >0, integers;
=1
by = 1; b, #0,—1,...,—(N;,—1) (i=1,...,n—1); (9Y)

here it is assumed that the linear operator X, acting with respect to the variables
x, is commutable with integration with respect to the variables £ (independent
of z) in the right-hand sides of formulas (7), (8), and, respectively, with differ-
entiation with respect to ¢ in (9).

3.1. It may be practically useful to reduce problem (3)—(4) with coefficients
variable in ¢ to the corresponding problem (3)—(4) with coefficients constant in
t (i.e., to the case when k; = ... = k,_; = 0). In this connection, we note that,
since

(6 + ) tw(t,z) = t1(§ + a + Dw(t,z) ()
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and (6—(n—1)) ... (6—1)dw = t" D™w, equation (3') for b, =i/n (i = 1,...,n—1)
turns into (D™ + ¢)u = Xu. More generally: to the system of parameter values
ky,ky = ... = k,_; = 0 in (3) there corresponds the system of parameters
by =(ky +1)/n, by=2/n,...,; b, 1 =(n—1)/nin (3").*

3.2. In order to express a(t, z; k7, ..., k,,_1,¢'; f) interms of 4(t, z; ky, ... , k1,65 f),
one should, from system (5), using the values k1, ..., k},_; and kq, ..., k,_;, find
the corresponding b}, ...,b/, _; and by,...,b, ;. In the cases Reb, > Reb, > 0
(i =1,...,n—1), or b, = b, — N, (i = 1,...,n — 1), N, are integers > 0,
b; # 0,—1,—2,..., we achieve the goal by applying (7) or, respectively, (9).
In all other cases, but under the conditions Reb; > 0 and b, # 0,—1,—2, ...
(t=1,...,n—1), by successive use of (9) and (7), with appropriate N, and 3,
we obtain the required reduction.*** In particular, the formula of transition
from u(c’) = u(t, z;bq,...,b,_1,¢; f) to u(c) can be obtained successively—

* For uniqueness of the solution of problem (3")—(4), it is necessary that Reb; >
1/n, i=1,...,n—1 (see items 3, 4).

** The parameters by, ..., b,,_; for arbitrarily prescribed k4, ..., k,,_; are the roots
of an algebraic equation of degree (n — 1), obtained directly from system (5);
among them, even for real k4, ..., k,,_;, complex ones may occur.

*% If one of the parameters b, (say b;) is equal to —r, r an integer > 0, then,

using (9), with N; = r — 1, we can reduce u for b; = —r to the function u
for b, = —1, and the latter (by a formula analogous to (1,) from (9)) can be
brought to u for b; > 0.

by applying formula (9) successively to u(c¢’) with Ny = -+ = N,_; =1, and
formula (7) with 8 = - = 8,1 =1, v = ¢’ —¢. The formula thus obtained,
when written for b, = i/n (i = 1,...,n — 1), establishes a connection between
the solutions of the Cauchy problem (4) for the equations (D" + ¢)u = Xu and
D"y = Xu, n > 2. For n = 2 it was obtained in (*?); see also formula (15)
in ¥ compare in this connection (**), since in the case under consideration
(ky = -+ =k,_; = 0) the singularity of the problem disappears.

3.3. For v = 0 formula (7) turns into formula (8), but with [ = n — 1. Formula
(9) is obtained by inverting (8) for integer ;. Applying (8) for I = 1, in view
of Sec. 3.1, we obtain a formula expressing @(t, z; kq,0,...,0,¢; f), k; > 0, in
terms of 7i(t, x;0,0,...,0,¢; f), noted (in a special case) in (19); see also ). For
n = 2 formulas (7)—(9) and (12) were obtained in ().

3.4. Putting in equation (3’) u = t'v and taking into account the equality (*)
(Sec. 3.1) for I=(1—b;)n (i=1,...,n— 1), we find that, along with
uy = u(t,x; by, ..., b,_1,¢; f), the equation (3”) is also satisfied by

w; = "Iyt 2 by —b 41, e by —by A1, 2—b,, by —by L e by —bi L ¢ f)*
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(i =1,...,n— 1); hence it follows that if a solution of problem (3")—(4) exists
for arbitrary values of b; (i = 1,...,n—1), then it is not unique if at least one of
the parameters b; (i = 1,...,n—1), for example b,, is such that Reb; < 1/n, for

in that case u; is a solution of equation (3") satisfying zero initial conditions.

3.5. Formula (8) can be represented in the form

w(t,x;by + By by + B by, by g, 65 f) = (8)

1
:/ K (&by, oy by; Bry s B) w(t /€ a3 by s o by s f) dE
0

(l=1,..,n—1)

with kernel obtained recurrently from

K1(&§0158,) = —_¢him 1( €)ﬂ171

(blvﬁl)

by the formula

Kp(f;blw"7bp;517"'7ﬂp) = (10)

& dz
/ Kl pvﬂ (;;blv"'abp—l;/Bla"'a/Bp—l) 7 (p:277n71>

z

4. Let w(t,x; f) be the solution of the problem

Ow/ot = Xw, wl,—g = f(2), (11)

and let u(t, x;by,...,b,_1; f) be the solution of problem (3")—(4) for ¢ = 0. The
formula

n—1 51 b -1
w(t,z; f) = / / H w(n /&y g t@ibys o by g f) dEy o dE, g,
(12)

holds; here it is assumed that the linear operator X is interchangeable with
integration with respect to &;,...,&,,_; in the right-hand side of (12).

Concerning formula (12), there is a statement analogous to that made in Sec.
3.5 with respect to formula (8).
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5. Some applications of the preceding results.
51. Let X =V,, V, = 9"/0z} + - 4+ 0"/0z}, and let f(x) be an
analytic function (n > 2). Put

n

1 ) .
s{f} = vy f(xq +tage?am™im . x + ta,,e2n M) (13)
Iyl =1

m—

* Thus we arrive, for equation (3"), at a generalization of one of the recurrence
relations of Darboux—Weinstein ('?); the second generalization has the form

Cit' " Du(t, z;by, ..., b, 1, ¢ f) =ult,x;0; +1,...,b, 1 +1,¢;(X —¢)f),

C,=n""1b,...b, ;.

where a; = (771,j-~-77n71,j>2/n (j =1,...,m), and ny1,...,7,, are the polar
coordinates of a point of the sphere Sy ,, (k = 1,...,n — 1) of radius 1 with
center at the origin. For m > 1 consider the following averaging (14) (with

weight) of the function f(x):

tan=g [ [

1,m n—1,m

n—1
S{f} H (nj,l nj,m)<2]7n>/n dsl,m dsnfl,m;
j=1

(14)

<

s )
S+

wm 18 the region of the sphere Sy ,, for which n, ; > 0 (j = 1,...,m), and
dS}, ,,, is the surface element of the sphere S ..

It can be shown that V,, (¢, z; f) satisfies the equation
t""5(0+m—n)...(60+(n—1)m—n)V, =V,V, (15)
and the initial conditions (4)*. Consequently,
V. (t,x; f) = u(t,z;m/n, ..., (n—1)m/n,0; f). (16)

Thus, using (14), (16) for m > 1, we can, by formulas (7), (9) (see item 3.2),
write the solution of problem (3)—(4), X = V,,, explicitly (in the class of analytic
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initial data) for arbitrary by, ..., b,,_;, c. Similarly also for m = 1; here it suffices
to rely on the solution of problem (4) for the equation D™u = 0"u/dz}, namely:

1 —1 1
u(taiz o 0 ) = @t ot St el (17)

where €4, ..., €,, are the roots of the n-th degree of 1.

5.2. Using formula (12) and taking into account (16) (and, for m = 1, (17)), we
can also write the solution of problem (11) for X = V,, in explicit form (in the
class of analytic initial data).

5.3. If we assume that the operator X is the operator of multiplication by the
number A, then

u(t, z3by5 s by 565 f) = 0 Fy_y (by, oy byg; (E/0) (A —0)) f(2)

and formula (7) turns into the “integral addition theorem”for the hypergeometric
function o F,,_;(by,...,b,_1;t), namely:

0Fn_1(by 4+ By by g + By g5ty + 1) =

1 1
:An/o /0 Oanl(bla"'abnfl;gl"'gnfltl)Oanl(ﬂlv"'aanl;(l_51)"'

n—1
=g ) [] & A -t agr. (18)
i=1

Relation (18), as well as the relations obtained from formulas (8), (9), (12)
under the assumption about the operator X made in item 5.3, being found
independently, can be regarded as a heuristic source of formulas (7), (8), (9),
(12); see in this connection (1°).

Received
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