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ONLY UNARY PREDICATE VARIABLES

(Presented by Academician P. S. Novikov, 9 I 1965)

It is known that, in the class of formulas containing only unary predicate vari-
ables, the derivability problem is algorithmically decidable in the classical pred-
icate calculus without function symbols. The main purpose of the present
communication is to prove, by constructive means, the undecidability of the
derivability problem in the constructive, minimal, and positive predicate calculi
without function symbols* for the class of formulas containing only one unary
predicate variable. In the present communication the terminology and results
of paper (1) are used.

1. Let P and P’ be arbitrary unary predicate variables, and R an arbitrary
binary predicate variable. Then Theorems 1-5 hold.

Theorem 1. The class of absolute sequents containing the predicate variable
R, and containing no other predicate variables and no positive occurrences of
the sign V, is a decision class for C', K, M, and A.

Theorem 2. The class of sequents containing the predicate variable P, and
containing no other predicate variables, no sign —, and no positive occurrences
of the quantifier V, is a decision class for K, M, and A.

Theorem 3. The class of sequents containing the predicate variable P, and
containing no other predicate variables, no occurrences of the sign D, and no
positive occurrences of the sign V and of the quantifier V, is a decision class for
K and M.

Theorem 4. The class of positive sequents containing the predicate variables
P and P’, and containing no other predicate variables, is a decision class for
K, M, and A.
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Theorem 5. The class of quasipositive sequents containing the predicate vari-
able P, and containing no other predicate variables, is a decision class for K
and M.

2. We outline the proofs of these theorems. In paper (1) it is shown that the
class of absolute sequents of the form

QM = 3xq .z, (P (xq, oo, 2, &Py (24, ..., ), (1)

where () is a prefix and M is a disjunction of conjunctions of elementary formulas
containing no predicate variables distinct from P, and P,, is a decision class for
C,K,M, and A.

* These calculi will be denoted respectively by K, M, and A, and the classical
predicate calculus without function symbols by C.

We shall construct algorithms ¢, ¢y, @3, ¢4, and @5 such that, whatever the
absolute sequent S of the form (1):

1) the algorithm ¢, transforms S into an absolute sequent containing the
predicate variable R and containing no positive occurrences of the sign V;

2) the algorithm ¢, transforms S into a sequent containing the predicate
variable P and containing no occurrences of the sign — and no positive
occurrences of the quantifier V;

3) the algorithm ¢4 transforms S into a sequent containing the variable P
and containing no occurrences of O and no positive occurrences of V or of
the quantifier V;

4) the algorithm ¢, transforms S into a positive sequent containing the pred-
icate variables P and P’;

5) the algorithm ¢ transforms S into a quasi-positive sequent containing the
predicate variable P;

6) the sequent S is derivable in C if and only if the sequent ¢, (.S) is derivable
in C;

7) whatever ¢ may be (1 <4 < 5), the sequent S is derivable in K if and only
if the sequent ,(.5) is derivable in K;

8) whatever ¢ may be (1 < i < 5), the sequent S is derivable in M if and
only if the sequent ,(S) is derivable in M,

9) whatever ¢ may be (i = 1,4), the sequent S is derivable in A if and only
if the sequent ¢, (S) is derivable in A.

Let S be a sequent of the form (1). The result of applying the algorithm ¢, to
the sequent S shall be taken (by definition) to be the sequent obtained from S
by replacing each occurrence of an elementary formula of the form P (y,,...,y,,)
(k=1,2) by the formula
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n+k

Jog oy (i&l R, ;1) & R(agipq1,00) & Z_‘gl(R(aivyi) & R(ai+1ayi))> )
(2)
where o, ..., @, ;1 are pairwise distinct individual variables.

The result of applying the algorithm ¢, to the sequent S shall be taken (by
definition) to be the sequent obtained from ¢, (S) as a result of replacing each
occurrence of a subformula of the form R(z,y) by the formula

Fap ((Ply) > P(x)) D (P(a) V P(B))). 3)

The result of applying the algorithm ¢4 to the sequent S shall be taken to be
the sequent obtained from ¢, (S) as a result of replacing each occurrence of an
elementary formula of the form R(z,y) by the formula

Jayagasf 8553 (551_‘ (P(Bi> & 55 P(O‘j))> &

J=1

& (P<a1> & P@) & & P<@>) & —(Play) & P(3y) & P(B,) & P(x) & P(y).
@

The result of applying the algorithm ¢, to S shall be taken to be the result of
replacing in ¢, (S) each occurrence of a subformula of the form R(x,y) by the
formula

Joyaga By By By Yy (P () VL), (5)

where by 2l is denoted the formula

(ig?; (P(ﬁi)v v P@))) & (P(al)\/P(x)\/ v P(@)) &

J=1

& (P(ag) V P(By) V P(By) V P(x)V P(y)) .
The result of applying the algorithm ¢5 to S will be taken to be the result of

replacing in ¢, (S) each occurrence of a subformula of the form R(x,y) by the
formula

Jay g By Be B3V (== P(y) V 2L). (6)
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Since a sequent S is derivable in K if and only if it is derivable in C, M, and
A*, in order to complete the proof of Theorems 1-5 it remains only to show
that from the derivability of the sequent ¢,;(S) (1 < ¢ < 5) in K there follows
the derivability of S in this calculus. To prove the latter assertion it is enough
to note that, for each ¢ (i = 1,...,5), a derivation of the sequent ¢,(S) in the
constructive calculus Gy (see (?)) can, using the results of (%), be transformed
into a derivation of the same sequent in which all formulas in the axioms have
the form (i + 1).

3. If B is a sequent, then by {B} we shall denote the formula image of the
sequent B. Let P be an arbitrary unary predicate variable. Then the
following Theorems 6 and 7 hold:

Theorem 6. The class of formulas of the form ({B} V ={B}), where B is a
quasi-positive sequent containing the predicate variable P and containing no
other predicate variables, is a reduction class for K and M.

Theorem 7. The class of formulas of the form (——{B} D {B}), where B is
a quasi-positive sequent containing the predicate variable P and containing no
other predicate variables, is a reduction class for K and M.

Corollary 1. There is no algorithm recognizing the formulas derivable in K
among the formulas derivable in C.

Corollary 2. There is no algorithm recognizing the formulas derivable in K
among the formulas whose double negation is derivable in K.

Theorems 6 and 7 follow from the following lemma.

Lemma. Whatever the sequent S of the form (1) may be, the formu-
las —~{p5(S)}, —{e5(9)}, —{@4(S)}, and —{p;(S)} are derivable in the
constructive predicate calculus.
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* See Theorem 1 of the paper (1).
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