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MATHEMATICS
Yu. E. BOYARINTSEV

ON THE CONVERGENCE OF DIFFERENCE
SCHEMES FOR THE WAVE EQUATION
WITH VARIABLE COEFFICIENTS
(Presented by Academician L. V. Kantorovich on 19 IV 1965)

For the equation

𝜕2𝑢
𝜕𝑡2 = 𝜕

𝜕𝑥𝜘(𝑥, 𝑡)𝜕𝑢
𝜕𝑥, (1)

where

0 < 𝜘0 ⩽ 𝜘(𝑥, 𝑡) ⩽ 𝜒 < ∞, 𝜘′
𝑡(𝑥, 𝑡) ⩽ 𝐿 < ∞, 0 ⩽ 𝑡 ⩽ 𝑇 < ∞,

𝜘0, 𝐿, 𝑇 , 𝜒 are constants, we pose the mixed Cauchy problem:

𝑢(𝑥, 0) = 𝐿(𝑥), 𝑢′
𝑡(𝑥, 0) = 𝜓(𝑥), 𝑢(0, 𝑡) = 𝑢(1, 𝑡) = 0. (2)

We shall require of the functions 𝜘(𝑥, 𝑡), 𝐿, 𝜓 such smoothness as would ensure
the continuity of the solution of problem (1)—(2), with continuous derivatives
up to and including the fourth order.

Let the difference problem corresponding to problem (1)—(2) be

(𝐸 + 𝛼1𝐵𝑛+1)𝑢𝑛+1 + (−2𝐸 + 𝛼0𝐵𝑛)𝑢𝑛 + (𝐸 + 𝛼−1𝐵𝑛−1)𝑢𝑛−1 = 0, (3)

where 𝐸 is the 𝑁 -dimensional identity matrix;

𝐵𝑛 = ∥−𝛿𝑗
𝑖−1𝑟𝑛

𝑖−1 + 𝛿𝑗
𝑖 (𝑟𝑛

𝑖−1 + 𝑟𝑛
𝑖 ) − 𝛿𝑗

𝑖+1𝑟𝑛
𝑖 ∥𝑁

1
;

𝛿𝑗
𝑖 is the Kronecker symbol;
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𝑟𝑛
𝑖 =

𝜘𝑛
𝑖+1/2𝜏2

ℎ2 ; (𝑁 + 1)ℎ = 1; 𝑖 = 1, 2, … , 𝑁;

1
∑

𝑠=−1
𝛼𝑠 = 1; 𝛼𝑠 ⩾ 0; 𝜘𝑛

𝑖+1/2 = 𝜘((𝑖 + 1/2)ℎ, 𝑛𝜏);

𝜏 is the time step, 𝑢𝑛 is an 𝑁 -dimensional column vector (𝑢𝑛
𝑖 ); 𝜏/ℎ = const;

𝑢0
𝑖 = 𝐿(𝑖ℎ), 𝑢1

𝑖 − 𝑢0
𝑖 = 𝜏𝜓(𝑖ℎ), 0 ⩽ 𝑛𝜏 ⩽ 𝑇 . (4)

The boundary conditions are taken into account by the matrix 𝐵𝑛 and the
vector 𝑢𝑛:

𝑢𝑛
0 = 𝑢𝑛

𝑁+1 = 0.

Problem (1) with arbitrary 𝜘(𝑥, 𝑡) was studied by the method of a priori esti-
mates (1−3) and, for 𝜘 = 𝜘1(𝑥)𝜘2(𝑡), by the method of separation of variables
(4,5). In the present note, as in (6), the question of convergence is solved by
a direct algebraic method, which in the case of nonseparable variables includes
noncommutative analysis.

Definition. The difference scheme (3) is called correct if, for the root-mean-
square norms of the solutions of the equation

(𝐸 + 𝛼1𝐵𝑛)𝑋2 + (−2𝐸 + 𝛼0𝐵𝑛)𝑋 + (𝐸 + 𝛼−1𝐵𝑛) = 0

the inequalities

‖𝑋‖ ⩽ 1 + 𝑐𝜏

hold, where the constant 𝑐 > 0 is independent of 𝜏 and 𝑛.

Introduce the notation:

𝑧 = 4(𝛼2
0 − 4𝛼1𝛼−1)−1, 𝑅 = sup

𝑥,𝑡

𝜏2

ℎ2 {𝜒(𝑥, 𝑡)}.

Denote by 𝐷 the interval (0, 4𝑅 + 𝜀), where 𝜀 is any positive number.

Theorem 1 (convergence criterion). Let 𝑧 ∈ 𝐷. Then the stability of
scheme (3) implies convergence of the solution of problem (3)—(4) to the solution
of problem (1)—(2) in 𝐿2.
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Let 𝜒1(𝑥, 𝑡) ≥ 𝜒2(𝑥, 𝑡) > 0. Consider two difference schemes of type (3), respec-
tively with 𝜒(𝑥, 𝑡) = 𝜒1(𝑥, 𝑡) and 𝜒(𝑥, 𝑡) = 𝜒2(𝑥, 𝑡).
Theorem 2 (comparison theorem). If scheme (3) is stable for 𝜒(𝑥, 𝑡) =
𝜒1(𝑥, 𝑡), then it is also stable for 𝜒(𝑥, 𝑡) = 𝜒2(𝑥, 𝑡). If scheme (3) is unstable
for 𝜒(𝑥, 𝑡) = 𝜒2(𝑥, 𝑡), then it is also unstable for 𝜒(𝑥, 𝑡) = 𝜒1(𝑥, 𝑡).
Corollary (local stability criterion). Let

𝑀 = sup
𝑥,𝑡

{𝜒(𝑥, 𝑡)}.

Scheme (3) is stable if it is stable for 𝜒(𝑥, 𝑡) = 𝑀 .

The method of investigation carries over directly to boundary-value problems
of the second and third kind for the multidimensional wave equation

𝜕2𝑢
𝜕𝑡2 =

𝑚
∑
𝑖=1

𝜕
𝜕𝑥𝑖

𝜒(𝑥, 𝑡) 𝜕𝑢
𝜕𝑥𝑖

,

and also to equations of the type

𝜕2𝑢
𝜕𝑡2 =

𝑚
∑
𝑖=1

𝐾𝑖

∑
𝑗=1

(−1)𝑗−1 𝜕𝑗

𝜕𝑥𝑗
𝑖
𝜒𝑗(𝑥, 𝑡)𝜕𝑗𝑢

𝜕𝑥𝑗
𝑖
.

In all these cases, comparison theorems and local stability criteria have been
established.

The author expresses his gratitude to N. N. Yanenko for his attention to this
work.
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