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1. A spinor of weight j and rank r is a quantity that transforms accord-
ing to the r-th power of an irreducible representation of weight j of the full
orthogonal group W of transformations of three-dimensional Euclidean space
(1). The representation of half-integral weight, which is two-valued, coincides
with a representation of the universal covering group of W, which is single-
valued. A quantity transforming according to this representation is a spinor of
the corresponding weight.

We shall say that a spinor of weight j and rank r admits a symmetry group
G C W, whose representation is realized by some collection of matrices of the
representation of weight j of the group W, if for each of these matrices the
equalities

Qi — 01 b Al
Altr = apt apn A (1)
hold.
Consider a spinor function A(By, ..., B,,), which is a spinor of weight j and rank
r and depends on n spinors of weights j,...,J, and ranks ry,...,r,. Let the

spinor By, of weight j, and rank r;, (k = 1,...,n) admit the symmetry group Gy;
then the spinor function A(By, ..., B,,) will admit the symmetry group G, which
is the intersection of the symmetry groups of the arguments Gy, ...,G,,. This
follows from the fact that the components of the function are functions of the
components of the arguments, which admit the symmetry group G; therefore
the components of A(By,..., B,,) also admit the same symmetry group.

This allows us to write the general form of the function, if all invariant lin-
early independent spinors of weight j and rank r with respect to the group G,

Jis .oy, are known:
A=Y "k,J, (2)
p=1
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where the scalar coefficients k,, are functions of the joint scalar invariants of the
arguments.

2. Consider the representation of weight 1/2. Knowing the matrices of this
representation, one can find, by the method of averaging over the group, spinors
of various ranks invariant with respect to subgroups of the group W, but one
can also, by requiring the invariance of certain spinors, obtain from equations (1)
the matrix elements a; of the representation of subgroups of the full orthogonal
group W. It is obvious that any invariant spinor with respect to some group of
transformations is a function of spinors specifying this group in the indicated
way, and therefore is obtained, by means of the operations of spinor algebra,
from its arguments as a spinor function.

The number m in formula (2) is determined, as is known from the theory of
Y7 where r is the

characters (1), by averaging over the group the function (a!
exponent. For odd r, m = 0, since under averaging, along with the terms

the term (—a,;")" enters, i.e., there are no improper invariants among spinors of
rank 2k —1 (k=1,2,...).

Let the spinors e, e, form a covariant canonical basis; then the fundamental
spinor has the form:

G =g'ee; =ejey —egey.

The requirement of its invariance selects, from the set of 4-parameter matrices,

matrices with determinant equal to 1, i.e. we obtain a representation of the
groups 0o/oo - m, 00/00.

Below, when considering subgroups of the group W, the invariance of G will be
assumed.

The requirement of invariance of the spinor e, e3e; +eqe3e, gives a representation
of the groups m-co : m, oo : 2, co-m, and the invariance of e, e,—a representation
of the groups oo : m, oo.

Similarly, invariance of e?, ejey gives a representation of the groups
1, 2; e ey, ej—of the groups m, 2, 2:m; el +e3, ejeie; +eqyedes—of the groups
2-m, 2:2, m-2:m; ejey, eS—of the groups 3; €$ —e$, e ede; +eyeie,—of the
groups 3 : 2; eje,, e12—of the groups 6, 6, 3:m, 6 : m; e e3e; +eqeies, €8 +e
—of the groups 3 - m; elegel + 626?62, 6%2 +f§2—of the groups 6-m, 6-m, 6:
2, m-3:m, m-6:m; e e,, ei—ofthe groups 4, 4, 4 : m; e e3e; +eyetey, ef+e5
—of the groups 4-m, 4:2, 4-m, m -4 : m (all prismatic groups are obtained
in the same way).
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The condition of invariance of the spinor efe,—e; €3, where ~ denotes summation
over all isomers, gives

—4 —4
ool =508 =56 |al? + 3 |B]? =1,

_ 5
—6a°B+65 a=0.

Solving this system under the condition |a|? 4+ |3]? = 1, we obtain either

or

or

i.e. a representation of the groups 6/2, 3/2.

Since there is a relation between the “natural” basis of the vector representation
(weight 1) and the spinor canonical basis (weight 1/2) (1)

1 2 2 1 2 2 1
e, = e] —€5), e, = e;+e y €, = €165 + €e5e s
x \/5( 1 2) Yy \/5( 1 2) \/§< 1%2 2 1)

the tensors defining the vector representation of the group (?), written in the
spinor canonical basis, will be invariant with respect to the spinor representa-
tion, which facilitates the finding of invariants; the tensors O;, and Y}, defining
respectively the groups —6/4 and 3/10, have the form:

Oh:6i+6;‘;+e§,

Yy, = 2/25 [2(5€5 + ele2 + e2e2 4 5€l) + (ele, + ele2e, + e, yte, )+

+(3ede? + e2e2e? + 3ete?) + (e2ed + eZed) 4 13€).

3. Let us write the general form of some spinor functions (2).

sovietrxiv.org/items/ru-196501.67762 Machine Translation


https://sovietrxiv.org/items/ru-196501.67762

Groups 00/00 - m, 00/00 : Ao = klg‘w, AP — klgo‘ﬂgw + kQQMg'@‘S.
Groups 0o :m, co: A% ey = kye ey + kyegey, Aaﬂ“f‘seaeﬂewe(; =
= kyelel + kyejeqe eq + kejede; + kyesetey + kyeqeqeqe; + kgedel.

Groups m-oo:m, 00:2, oo-m: A = A% (c0/00), A‘X'BV‘Seaeﬁeveé =

= ky(efed +e3ef) + ka(eeseren + eqeqener) + ks(erede; + esefes).
Groups 1,2: the most general form.
Groups m, 2, 2 : m:
AP = A"‘ﬁ(oo), A‘Xﬂweaeﬁewetg = kle‘ll + kgeg—i—
+ A"BW‘S(oo)eaeﬁeveé.
Groups 2-m, 2:2, m-2:m:

A8 = A% (00 /00), Aaﬂ756a656765 = ky(ef +ed) + A2 (00 - m)e,ege. es.

Group 3:
AYB = A% (0), AXBY = AP (o),

Group 3 - m:

AP = Aaﬁ(oo/oo), AP — AO‘BV‘S(OO -m).
Groups 6, 6, 3 : m, 6 : m:

AP = A%B(0), AXBY = AP (o),

Group 3 : 2:

AP = A% (00 /00), AYBY = AaBY (o0 . ).
Groups 6-m, 6-m, 6:2, m-3:m, m-6:m:

A% = 4 (50/o0),
AYBY = ABY (o0 . ).

Groups 4, 4, 4 : m:

AP = A%B(o0),  ACPY = AP (o).
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Groups 4-m, 4-m, m-4:m, 4:2:
AP = Aaﬁ(oo/oo), AeBrd
= A (00 - m).

Groups 6/2, 3/2:

AP = A% (00 /00), AP0 = A2 (00 [o0),

AoPr0ebe ege ese e = A1 (00 /00) + kglefey — e€3).

Groups 3/4, 6/4, 3/4:

AP = A% (00 /00), AP = A2 (00 [o0),
ACBIOE = AP0 (o0 fo0),  ASSIOEN = AGBYIED (00 [oG) + Ky OXPTIEEN.
Groups 3/10, 3/5:

AP = A% (00 /00), AXBY = A28 (o0 /00),
AcBvoel — Aaﬁv&&(oo/oo>, AeBvéeind — Aocﬁw%im?(OO/OO)7 AcByéendiz

_ Aaﬁ’y&s{nﬁiw(oo/oo)’ Aaﬁvésfnﬂixku — A(Xﬁ’yésfﬂﬂixku(oo/oo>+

+ k13gy};xﬁ'y5€§m9ia:)\p, )
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