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HYDROMECHANICS
M. T. BEKULOV

A LINEARIZED PROBLEM ON THE FLOW
OF AN INCOMPRESSIBLE FLUID WITH JET
SEPARATION PAST A PERMEABLE WEDGE

(Presented by Academician L. I. Sedov, 4 XII 1964)

Below we shall assume that the velocity, normal to the faces of the wedge, of the
seepage of the fluid through the wedge is proportional to the pressure difference
on the two sides of the wedge:

Up = k(p _poo>7 (1)

where k is the seepage coefficient, which we regard as small (see Fig. 1). The
region occupied by the moving fluid is mapped onto the upper half of the aux-
iliary u-plane (Imu > 0) in such a way that the points A and B correspond on
the u-plane to the values uy = —1, ug = 1, while infinitely distant points in the
z- and u-planes pass into one another (see Fig. 2). In the u-plane the rays AC’
and BC are streamlines, while along the segment AB sinks are continuously
distributed, their strengths being determined as functions of the distribution of
the velocity v,, on the wedge. The complex potential of the fictitious flow in the
u-plane will be

1

W=~ [ g g ae, &)

where ¢(§) characterizes the strength of the sink at the point £. If ¢ is the
velocity potential, ¢ the stream function, n the direction along the normal to
the faces of the wedge, and [ the direction along the wedge, then we may write

_Op 0y _Oydu

T on T 0l oudl
But 0¢/0u = q(u), v; = dp/dl, where v; is the magnitude of the fluid velocity
along the wedge. Hence

(w) = 2% 3)

v, dn’
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Fig. 1

Figure 1: Fig. 1

Fig. 1

The quantity g(u) is small. Therefore, in determining g(u) from (3), we retain
small quantities of order k, i.e. we take dg/dn and v; from the Kirchhoff flow
past an impermeable wedge, and v,, from (1). The solution of the problem of
flow past a wedge according to Kirchhoff can be brought to the form

wy = Nu?, — =—=V_eXT

2(1-x)
v
dz - <1+V1—u2> '

Hence

2(1-x)
(1‘) | )
du FANL+V1I—u?

Using Bernoulli’ s integral and neglecting terms of order higher than k, we
transform (1) to the form

d
_£:2NU, ’Ul:V

0= L (V2 —of). )

From (3), (4), and (5) we obtain

7'(§) = kpVoN¢ (6)

¢ —2(1-x) ¢ 2(1-x)
<1+ \/1—§2> a <1+ \/1_52> };

from (2) and (6)

— =2Nu

du 0 u2 — &2

Introduce the functions

_odaw v o Qu)
Q=In v In v — 4, flu) = — (8)
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Fig. 2: diagram of the u-axis with points C’, A, 0, B, C' marked at —oo, —1, 0,
+1, +o0.

Figure 2: Fig. 2: diagram of the u-axis with points C’, A, 0, B, C marked at
—o0, —1, 0, +1, +o0.

On the free streamlines V' = V_, therefore for 1 < v < —1, mV/V =
0, Re f(u) = 0. On the segment —1 < u < 1

Re f(u) = —0(u)/V1 —u?.

Determining, by means of Schwarz’ s formula, f(u) in the upper half-plane from
its real part specified on the real axis, we find

il A Vit N 9
o v ©)

From Figs. 1 and 2 it is seen that

O(u) =m/2 —mx +7(u),  ctgy(u) =v,/v. (10)
Fig. 2
From (4), (5), (8), (9), and (10) we find:

—eimX

w 2(1-x)
—_— _— X
Vodz <1+\/1—u2>

£dg

< 11— kpV. V1 —u? /1 (5/(1 + \/@))72“7” _ (5/(1 I W»Q(lﬂc)
g 0 V1—€ (u? —¢2)

(11)

Formulas (7) and (11) give the general solution of the problem.
For the vector OB, from the basic equalities (7) and (11) we find

1
—_— dz dedW
B= | 2%4u=
© /Odu " / aw du

or

OB = — (12)

2(1—x)
oN 1 <1+\/1—u2> X{ kpV,,
w| = 14 ooy
Y

i
V€™ u
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. / L€/ 4+ VT=@) 2070 — (6/(1 4 T— )20 (VI— a2 — /T &) sdf} du
b VI—€ (- ‘

Using the formula

vz 4
X:_ZL;O/ dz=",

where the asterisk means that the given quantity is expressed in terms of n
by the formula n = 1/u and by equalities (7) and (11), we find the drag of a
symmetric permeable wedge with an arbitrary aperture angle in the form

2kpV, y
7r

X =mpV N {4(1 —x)?+ (13)

. /1 [(6/(1+ /1= £2)7207% — (¢/(1 + /1= €2))20] [\/1 = € = 2(1 — y)] £ d¢
0 V1—=&2 .

Using (12) and (13), one can calculate the drag coefficient of a symmetric per-
meable wedge with an arbitrary aperture angle.

Let us consider some special cases.

1. If £ = 0, then, by (7), (11), (12), and (13), we obtain the solution of the
problem for an impermeable symmetric wedge.

2. For £ # 0 and x = 1/2 we obtain the solution of the problem for a
permeable symmetric plate

2X 2m kpV

= = 8t — 72 —12)|.
Ca pVZH 4+ 7r(4—|—7'r)(7T m )

It is seen from this that for arbitrarily small k, (¢, )i_o < ¢,. At first glance
this seems impossible; however, it becomes understandable if one considers the
general picture of the flow.

From (11), setting x = 1/2, we obtain

d ) k 1— k
LL— g Ve gy Lo RV 1—u2].
V. dz 14+v1— w2 ™ 14+u u

Hence
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v,  kpV V1—u?

Ve 14VI—wu2’
v, 2
Oy o ReVeVIowr hu s,
Voo 14+V1—u?2 a(14+vV1—u?) 1l-u
v /1 — 9,2 _
Y Y FpVoo vl —u 1 1—u for —1<u<0O.

= =+ n s
Vo 1+vV1—u?2 w(1+V1—u?) 1+4+u

From these formulas it is seen that the velocity of the perturbed flow on the plate
is always directed opposite to the velocity of the main stream. Therefore the
velocity of the fluid at the permeable plate decreases; accordingly, by Bernoulli’
s integral, the pressure increases, and hence the drag coefficient also—

increases. At the same time, the velocity component normal to the plate is a
small quantity of the second order, which we neglect.

3. For k# 0 and x = 1/4, from (12) and (13) we obtain

. N N
OB = — (17,68 + 25,01kpV.) + i (17,68 + 25.01kpV, ),

oo oo

X = 7mpV N(2,25 — 9,71kpV..).
Hence
¢, = X/Y5pVZ2 -2 Im OB = 0,40 — 2,29kpV,

i.e., permeability decreases the drag coeflicient of a symmetric wedge with open-
ing angle 7/2 and situated in the flow with its base forward.

4. For k # 0 and x = 3/4, from (12) and (13) we obtain

__ N N
OB = (123 + LT4kpVo) + i (123 + 1LT4kpVo. ),

X = mpV, N (0,25 + 1,24kpV,).

Hence

¢, = 0,63 + 2,26kpV,_,
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i.e., permeability increases the drag coefficient of a symmetric wedge with open-
ing angle 7/2 and situated in the flow with its tip forward.

In conclusion, the author expresses sincere gratitude to Academician L. I. Se-
dov, under whose supervision the present work was written, and to Prof. M. I.
Gurevich for valuable suggestions and for reviewing the work.
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