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Abstract
Full Text

I. Ts. Gokhberg, I. A. Feldman

On the Approximate Solution of Certain Classes
of Linear Equations
(Presented by Academician N. I. Muskhelishvili on 11 VII 1964)

In the present communication we establish the applicability of one projection
method (see [1]) to the linear equation 𝐴𝑥 = 𝑦, when the operator 𝐴, acting in
a Banach space, is representable in the form of a certain function of a linear iso-
metric operator [2]. This method can be justified in the case when the operator
𝐴 is invertible at least from one side. As applications, one obtains methods for
the approximate solution of one-dimensional singular integral equations on the
unit circle, Wiener—Hopf integral equations, their discrete analogues, and some
others.

1. Let Ω = Ω(𝔅) be the ring of all linear bounded operators acting in the
Banach space 𝔅. An isometric operator 𝑉 ∈ Ω will be called strictly
isometric if there exists an operator 𝑉 (−1) ∈ Ω such that 𝑉 (−1)𝑉 = 𝐼 ,
𝑉 𝑉 (−1) ≠ 𝐼 , and ‖𝑉 (−1)‖ = 1 (𝐼 is the identity operator in 𝔅).

We introduce the following notation: ℜ(𝑉 ) is the linear span of all operators
𝑉 (𝑗) (𝑗 = 0, ±1, …), where 𝑉 (𝑗) = 𝑉 𝑗 (𝑗 = −1, −2, …) and 𝑉 (𝑗) = (𝑉 (−1))−𝑗

(𝑗 = −1, −2, …); ℜ+(𝑉 ) and ℜ−(𝑉 ) are, respectively, the linear spans of the
operators 𝑉 𝑗 (𝑗 = 0, 1, …) and 𝑉 (𝑗) (𝑗 = 0, −1, …); ℜ(𝑉 ) is the closure (in the
norm of the ring Ω) of the linear manifold ℜ(𝑉 ).
To each operator 𝑅 = ∑ 𝛼𝑗𝑉 (𝑗) ∈ ℜ(𝑉 ) we assign the function

𝑅(𝜁) = ∑ 𝛼𝑗𝜁𝑗 (|𝜁| = 1).

This correspondence is linear and, moreover, for every 𝑅 ∈ ℜ(𝑉 ) the relation
(see [2])

max |𝑅(𝜁)| ≤ ‖𝑅‖ (|𝜁| = 1)

holds. The latter makes it possible to assign to each operator 𝐴 ∈ ℜ(𝑉 ) (𝐴 =
lim𝑅𝑛, 𝑅𝑛 ∈ ℜ(𝑉 ); 𝑛 = 1, 2, …) a function 𝐴(𝜁) = lim𝑅𝑛(𝜁), continuous on
the unit circle. In this case, by definition [2], the operator 𝐴 is a function 𝐴(𝜁)
of the operator 𝑉 : 𝐴 = 𝐴(𝑉 ).
The ring of functions 𝐴(𝜁) (|𝜁| = 1) corresponding to all operators 𝐴 ∈ ℜ(𝑉 )
will be denoted by ℜ(𝜁). For any Banach space 𝔅, the ring ℜ(𝜁) contains all
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functions representable by absolutely convergent Fourier series. If, however, 𝔅
is a Hilbert space, then ℜ(𝜁) coincides with the set of all continuous functions
𝑓(𝜁) on the unit circle, and

‖𝑓(𝑉 )‖ = max
|𝜁|=1

|𝑓(𝜁)|.

In the paper [2] it is established that, in order that an operator 𝐴 ∈ ℜ(𝑉 ) be
invertible at least on one side, it is necessary and sufficient that

𝐴(𝜁) ≠ 0 (|𝜁| = 1). (1)

If condition (1) is satisfied, then the operator 𝐴 will be invertible, invertible only
on the left, or invertible only on the right, depending on whether the number

𝜘(𝐴) = 1
2𝜋 [arg𝐴(𝑒𝑖𝜑)]𝜑=2𝜋

𝜑=0 (2)

is equal to zero, positive, or negative.

2. Let Λ be some unbounded set of positive numbers, and let 𝑃𝜏 (∈ Ω, 𝜏 ∈ Λ)
be an arbitrary family of projectors converging strongly to the identity
operator as 𝜏 → ∞.

If 𝐴 ∈ Ω and the operator 𝑃𝜏𝐴𝑃𝜏 is invertible in the subspace 𝑃𝜏𝔅, then by
(𝑃𝜏𝐴𝑃𝜏)−1 we shall denote the operator equal to the inverse of the operator
𝑃𝜏𝐴𝑃𝜏 on the subspace 𝑃𝜏𝔅 and equal to zero on the subspace (𝐼 − 𝑃𝜏)𝔅.

Lemma. Let 𝐴 (∈ Ω) be an invertible operator, and suppose that the operators
𝑃𝜏𝐴𝑃𝜏 , beginning with some 𝜏0, are invertible in 𝑃𝜏𝔅 and

sup
𝜏>𝜏0

‖(𝑃𝜏𝐴𝑃𝜏)−1‖ < ∞.

If the operator 𝑇 (∈ Ω) is completely continuous, and the operator 𝐶 = 𝐴+𝑇 is
invertible, then, beginning with some 𝜏 , the operators 𝑃𝜏𝐶𝑃𝜏 are invertible in
𝑃𝜏𝔅 and the operators (𝑃𝜏𝐶𝑃𝜏)−1 converge strongly as 𝜏 → ∞ to the operator
𝐶−1.

Suppose that 𝑉 is a strictly isometric operator with finite defect number
dim𝔅/𝑉 𝔅, satisfying the conditions 𝑃𝜏𝑉 𝑃𝜏 = 𝑃𝜏𝑉 , 𝑃𝜏𝑉 (−1)𝑃𝜏 = 𝑉 (−1)𝑃𝜏
(𝜏 ∈ Λ).
Theorem 1. Let condition (1) be fulfilled for the operator 𝐴 ∈ ℜ(𝑉 ). Then:

a) if 𝜘 = 𝜘(𝐴) = 0, then, beginning with some 𝜏 , the operators 𝑃𝜏𝐴𝑃𝜏
are invertible in 𝑃𝜏𝔅 and the operators (𝑃𝜏𝐴𝑃𝜏)−1 converge strongly as
𝜏 → ∞ to the operator 𝐴−1;
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b) if 𝜘 > 0, then, beginning with some 𝜏 , the operators 𝑃𝜏𝑉 (−𝜘)𝐴𝑃𝜏 are
invertible in 𝑃𝜏𝔅, and the operators (𝑃𝜏𝑉 (−𝜘)𝐴𝑃𝜏)−1𝑉 (−𝜘) converge
strongly as 𝜏 → ∞ to the left inverse of the operator 𝐴;

c) if 𝜘 < 0, then, beginning with some 𝜏 , the operators 𝑃𝜏𝐴𝑉 −𝜘𝑃𝜏 are
invertible in 𝑃𝜏𝔅, and the operators 𝑉 −𝜘(𝑃𝜏𝐴𝑉 −𝜘𝑃𝜏)−1 converge strongly
as 𝜏 → ∞ to the right inverse of the operator 𝐴.

3. With the aid of Theorem 1 it is easy to obtain an approximate method
for solving the Wiener—Hopf equation and its discrete analogue.

1∘. Denote by 𝐸 one of the Banach spaces 𝑙𝑝 (𝑝 ⩾ 1), 𝑐0, and by 𝑉 the strictly
isometric operator defined in 𝐸 by the equality

𝑉 {𝜉𝑗}∞
0 = {0, 𝜉0, 𝜉1, …}.

The left inverse of 𝑉 is the operator

𝑉 (−1){𝜉𝑗}∞
0 = {𝜉𝑗+1}∞

0 .

The equation 𝐴𝜉 = 𝜂, where 𝐴 ∈ ℜ(𝑉 ), 𝜉 = {𝜉𝑗}∞
0 , 𝜂 = {𝜂𝑗}∞

0 , in more detailed
notation has the form

∞
∑
𝑘=0

𝑎𝑗−𝑘𝜉𝑘 = 𝜂𝑗 (𝑗 = 0, 1, …), (3)

where the numbers 𝑎𝑗 are the Fourier coefficients of the function 𝐴(𝜁) ∈ ℜ(𝜁).
Putting

𝑃𝑛{𝜉𝑗}∞
0 = {𝜉0, 𝜉1, … , 𝜉𝑛, 0, 0, …} (𝑛 = 0, 1, …),

we obtain that, for example, the operator 𝑃𝑛𝐴𝑃 𝑛 is defined in the subspace
𝑃𝑛𝐸 by the matrix ‖𝑎𝑗−𝑘‖𝑛

𝑗,𝑘=0. Consequently, the approximate solution of the
infinite system reduces to the solution of a finite algebraic system. In the case
where 𝜘(𝐴) = 0, 𝐴(𝜁) expands into an absolutely convergent Fourier series and
𝐸 = 𝑙1, the latter result was obtained by G. Baxter [3].

2∘. Let 𝑘(𝑡) ∈ 𝐿1(−∞, ∞). As shown in [2], the operator 𝐴 determined by the
left-hand side of the Wiener—Hopf equation

𝜑(𝑡) − ∫
∞

0
𝑘(𝑡 − 𝑠)𝜑(𝑠) 𝑑𝑠 = 𝑓(𝑡) (0 < 𝑡 < ∞), (4)

considered in each of the spaces 𝐿𝑝(0, ∞), 𝐶0(0, ∞), is a function, in the sense
indicated above, of the operator*

𝑉 𝑓 = 𝑓(𝑡) − 2 ∫
𝑡

0
𝑒𝑠−𝑡𝑓(𝑠) 𝑑𝑠, 𝑉 (−1)𝑓 = 𝑓(𝑡) − 2 ∫

∞

𝑡
𝑒𝑡−𝑠𝑓(𝑠) 𝑑𝑠.
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* In the space 𝐿2(0, ∞) the operator 𝑉 is strictly isometric; in other spaces it
is, generally speaking, not such, but Theorem 1 is applicable in these cases as
well.

Putting (𝑃𝜏𝑓)(𝑡) = 𝑓(𝑡) (0 < 𝑡 < 𝜏) and (𝑃𝜏𝑓)(𝑡) = 0 (𝜏 ⩽ 𝑡 < ∞), we obtain
that

𝑃𝜏𝐴𝑃𝜏𝜑 = 𝜑(𝑡) − ∫
𝜏

0
𝑘(𝑡 − 𝑠)𝜑(𝑠) 𝑑𝑠 (0 ⩽ 𝑡 ⩽ 𝜏).

Thus, the approximate solution of equation (4) is reduced to the solution of a
Fredholm equation of the second kind. In the space 𝐿1(0, ∞) this result was
obtained by I. S. Chebotarev (4).
3∘. As one more application of Theorem 1, one can obtain the following propo-
sition.

Let 𝑎(𝜉) (|𝜉| = 1) be an arbitrary continuous function satisfying the conditions
𝑎(𝜉) ≠ 0 (|𝜉| = 1), 𝜒(𝑎) = 0, and let {𝑎𝑗}∞

−∞ be the Fourier coefficients of 𝑎(𝜉).
Then, beginning with some 𝑛, the determinants 𝐷𝑛(𝑎) = det ‖𝑎𝑗−𝑘‖𝑛

𝑗,𝑘=−𝑛 do not
vanish and

lim
𝑛→∞

𝐷𝑛(𝑎)
𝐷𝑛−1(𝑎) = exp{ 1

2𝜋 ∫
𝜋

−𝜋
log 𝑎(𝑒𝑖𝜃) 𝑑𝜃} .

For the case when the function 𝑎(𝜉) is nonnegative and the functions 𝑎(𝜉),
log 𝑎(𝜉) are absolutely integrable, this proposition was proved by Szegő. Under
the assumption that 𝑎(𝜉) and log 𝑎(𝜉) belong to the Wiener ring with weight, it
was proved by G. Baxter (3).

4. We now consider the case when 𝑉 ∈ Ω is an invertible isometric operator.
Suppose that in Ω there exists a projector 𝑄1(≠ 0, 𝐼) with respect to which
the operator 𝑉 has the following properties:

𝑄1𝑉 𝑄1 = 𝑉 𝑄1, 𝑄1𝑉 −1𝑄1 ≠ 𝑉 −1𝑄1, 𝑄2𝑉 −1𝑄2 = 𝑉 −1𝑄2 (𝑄2 = 𝐼−𝑄1).

As in the case of a strictly isometric operator, we introduce the rings 𝔄+(𝑉 ),
𝔄(𝑉 ), and 𝔄(𝑉 ). All the results of item 1, except for the last one, remain valid
also for the case considered here.

It is proved in (2) that the operator 𝐶 = 𝐴𝑄1 + 𝐵𝑄2 (𝐶 = 𝑄1𝐴 + 𝑄2𝐵), where
𝐴, 𝐵 ∈ 𝔄(𝑉 ), is invertible at least on one side if and only if

𝐴(𝜉) ≠ 0, 𝐵(𝜉) ≠ 0 (|𝜉| = 1). (5)
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If conditions (5) are fulfilled, then for 𝜒(𝐴) > 𝜒(𝐵) the operator 𝐶 is left-
invertible, for 𝜒(𝐴) < 𝜒(𝐵) the operator 𝐶 is right-invertible, and for 𝜒(𝐴) =
𝜒(𝐵) the operator 𝐶 is invertible.

Suppose also that: a) the defect number of the operator 𝑉 in the subspace
𝑄1𝔅 is finite; b) the projectors 𝑃𝜏 (𝜏 ∈ Λ) and 𝑄1 are permutable; and c) the
subspaces 𝑃𝜏𝑄1𝔅, (𝐼 − 𝑃𝜏𝑄1)𝔅, 𝑃𝜏𝑄2𝔅, (𝐼 − 𝑃𝜏𝑄2) (𝜏 ∈ Λ) are respectively
invariant with respect to the operators 𝑄1𝑉 −1, 𝑉 𝑄1, 𝑄2𝑉 , 𝑉 −1𝑄2. Then the
following holds.

Theorem 2. Let 𝔅 be a Banach space and let 𝐴, 𝐵 be operators from 𝔄(𝑉 )
satisfying conditions (5). Then, beginning with some 𝜏 , the operators

𝑃𝜏(𝑉 −𝜒1𝐴𝑄1 + 𝑉 −𝜒2𝐵𝑄2)𝑃𝜏 , where 𝜒1 = 𝜒(𝐴), 𝜒2 = 𝜒(𝐵),

are invertible, and the operators

[𝑃𝜏(𝑉 −𝜒1𝐴𝑄1 + 𝑉 −𝜒2𝐵𝑄2)𝑃𝜏 ]−1

tend strongly, as 𝜏 → ∞, to some operator 𝐷. If 𝜒 = 𝜒1 − 𝜒2 = 0, then the
operator 𝐷𝑉 −𝜒1 is the inverse of the operator 𝐴𝑄1 + 𝐵𝑄2; if 𝜒 > 0 (𝜒 < 0),
then the operator (𝑉 −𝜒𝑄1 + 𝑄2)𝐷𝑉 −𝜒1 is a left (right) inverse of the operator
𝐴𝑄1 + 𝐵𝑄2.

An analogous theorem holds for operators of the form 𝑄1𝐴 + 𝑄2𝐵 (𝐴, 𝐵 ∈
ℜ(𝑉 )).
Let us note that if 𝜘1 ≠ 0, then even in the case 𝐴 = 𝐵 the operators 𝑃𝜏(𝐴𝑄1 +
𝐵𝑄2)𝑃𝜏 = 𝑃𝜏𝐴𝑃𝜏 may be noninvertible in the subspace 𝑃𝜏𝔅 for all 𝜏 ∈ Λ.

5. As a first application of Theorem 2, we indicate a method for the approx-
imate solution of singular integral equations on the circle.

4∘. If we put (see (2)) 𝔅 = 𝐿𝑝(|𝜉| = 1) (1 < 𝑝 < ∞), (𝑉 𝑓)(𝜉) = 𝜉𝑓(𝜉) (𝑓 ∈ 𝐿𝑝),

(𝑄1𝑓)(𝜉) = 1
2𝑓(𝜉) + 1

2𝜋𝑖 ∫
|𝑧|=1

𝑓(𝑧)
𝑧 − 𝜉 𝑑𝑧, 𝑄2 = 𝐼 − 𝑄1,

then ℜ(𝑉 ) coincides with the ring of functions continuous on the unit circle,
and

((𝑎(𝜉)𝑄1 + 𝑏(𝜉)𝑄2)𝑓)(𝜉) = 𝑎(𝜉) + 𝑏(𝜉)
2 𝑓(𝜉) + 𝑎(𝜉) − 𝑏(𝜉)

2𝜋𝑖 ∫
|𝑧|=1

𝑓(𝑧)
𝑧 − 𝜉 𝑑𝑧.

The equation 𝑎(𝜉)𝑄1𝑓 + 𝑏(𝜉)𝑄2𝑓 = 𝑔, written in more detail, has the form
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∞
∑
𝑘=0

𝑎𝑗−𝑘𝑓𝑘 +
−1
∑

𝑘=−∞
𝑏𝑗−𝑘𝑓𝑘 = 𝑔𝑗 (𝑗 = 0, ±1, …),

where 𝑎𝑗, 𝑏𝑗, 𝑓𝑗, 𝑔𝑗 are the Fourier coefficients of the functions 𝑎(𝜉), 𝑏(𝜉), 𝑓(𝜉), 𝑔(𝜉).
It is easy to see that the projectors 𝑃𝑛 (𝑛 = 1, 2, …), defined by the equalities

𝑃𝑛𝑓 =
𝑛

∑
𝑗=−𝑛

𝑓𝑗𝜉𝑗,

satisfy all the necessary conditions, and the equation 𝑃𝑛(𝑎𝑄1 + 𝑏𝑄2)𝑃𝑛𝑓 = 𝑃𝑛𝑔
in the subspace 𝑃𝑛𝔅 has the form

𝑛
∑
𝑘=0

𝑎𝑗−𝑘𝑓𝑘 +
−1
∑

𝑘=−𝑛
𝑏𝑗−𝑘𝑓𝑘 = 𝑔𝑗 (𝑗 = 0, ±1, … , ±𝑛). (6)

Under some additional restrictions this result was essentially obtained by V. V.
Ivanov (5).

6. Theorem 2 makes it possible to obtain approximate methods for solving a
paired integral equation (see (2)), the equation transposed to it, and their
discrete analogues. In this way one obtains generalizations of results of I.
Ts. Gokhberg and V. G. Cheban (6) and of I. S. Chebotarev (4).

The authors express their gratitude to A. S. Markus for discussion of the results
of the present communication.
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