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MATHEMATICS

F. L. VARPAKHOVSKII

ON THE UNREALIZABILITY OF THE DIS-
JUNCTION OF UNREALIZABLE FORMULAS
OF PROPOSITIONAL LOGIC

(Presented by Academician P. S. Novikov, November 14, 1964)

The notion of realizability of logical-arithmetical formulas was introduced by
Kleene (12). On the basis of this notion one defines the class of realizable
formulas of propositional logic. Namely: a formula of propositional logic is con-
sidered realizable if every formula obtained from it by substituting formulas of
arithmetic for propositional variables is realizable. It is known that all formulas
derivable in Heyting’ s intuitionistic calculus are realizable (*); Rose constructed
the first example of a realizable formula not derivable in Heyting’ s calculus (*).

For Heyting’ s calculus the following assertion holds: if the formula 2(; V 2, is
derivable, then at least one of the formulas 2(;,%(, is derivable. In connection
with Rose’ s result, the question arises whether the analogous assertion is true
for realizable formulas, i.e., whether the realizability of the formula 2A; V 2,
implies the realizability of at least one of the formulas 2(;,%l,. It turns out that

the question posed in this (classical) form is answered in the affirmative.

We introduce the following notation. The expression 2(a,, ..., a, ) (abbreviated
A(a;)) denotes a formula of propositional logic that contains no propositional
variables other than aq,...,a,. Capital Latin letters with or without indices
denote formulas of arithmetic. An expression of the form A(z4,...,z,,) denotes
a formula of arithmetic that contains no free variables other than x4, ..., z,,. The

result of substituting the arithmetic formulas A, for the propositional variables
a; in the formula A(a;) is written in the form A(A4;). The expression

krA(A;(zq, o)) (@(Xqy ooy ) )PA(A; (21, -y 2,,))

means that the number k (the general-recursive function ¢(z4, ..., x,,)) realizes
the formula 2A(A;(zq,...,,,)).

rm

Definition. A set of formulas of arithmetic {A, ..., 4, } is called a refutation
of the formula 2((a,, ..., a,,) of propositional logic, and the formula (a4, ..., a,,)
is called refutable, if the formula 2A(A,, ..., A,,) is unrealizable.

Theorem. The disjunction of refutable formulas is refutable.
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Let us briefly consider the construction used and the course of the proof of the
theorem.

1. Let the formulas 2, (a;), A5 (a,;) be refutable and let {A;;}, {4} be their
refutations. We may assume that the formulas of the set {A,,} contain
freely no more than one variable, the same one for all formulas A,;, and
analogously for the set {A,;}. We may further assume that the free vari-
ables of the sets {41, } and {A,,; } are distinct from one another; let these be
the variables z;, 5. By the definition of refutation, for the sets {Ay;(z1)},
{A,,(x4)} and arbitrary general-recursive g and h

=g(zy) 7 A (A (1)), (1)

—h(xy) 7 A (Ag; (7)) (2)

2. A formula R(z) is constructed which expresses, in the logical-arithmetical
language, the following meaningful predicate: “z is the Goédel number of a
partial-recursive function ¢ of one variable and ¢(x) = 0.” It is proved that for
all z the truth of the indicated predicate is equivalent to the realizability of
R(z).

3. As a refutation of the formula 2, (a;) V 25(a;) one takes the set

{Ay(z)) & ~R(x) V Ay(xy) & —R(x)}
(abbreviated as {M;(z,,x,x5)}), where the variable x is chosen distinct from
the variables z,, x,.

4. Suppose now that the formula A, (M;) V 2,(M;) is realizable, i.e., for some
general-recursive function f

f(x17x7x2) r 2l'1<]\4i(‘%'175c7x2>) v QL2(MZ'('T17$7'T2))' (3)

From the definition of realizability of disjunction (1) it follows that

f(mh x, 1'2) = 2]00(931aﬂiv'JUz)?,fl(f’h’90;I2>7

and both functions f,, f; are general-recursive.

5. Two partial-recursive functions p,(a) (py(a)) are constructed having the
following properties: if a realizes the formula 2, (M,(x,,z,z,)) (the formula
Ay (M, (zq,2,24))) and the formula R(z) is realizable (unrealizable), then
p1(a) (py(a)) is defined and realizes the formula 2A;(A;;(z;)) (the formula
Ay (Ay;(25))). In constructing the functions p;(a), py(a), one uses a well-known
consequence of Nelson’ s theorem, according to which, for every formula 2(a;)
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of propositional logic derivable in Heyting’ s calculus, one can indicate a
number k such that k r A(A;) for any A; (1).

6. Next, let
(Exg) (1) folzy, ¥(2y, 24), 5) = 0, (4)
where 1(x,2,) is a primitive-recursive function such that, for arbitrary fixed

xy,xh, Yy, a%) gives the Godel number of the general-recursive function
fo(x}, m,2%) of one variable (1). If 23 is chosen in accordance with (4) so that

(x1)folz1, (2, 25),25) =0,

then, as is proved, the function

P1 (fl(xlv w(xl,x§)7w§))

is general-recursive and realizes 2, (A,;(z,)), in contradiction with (1). There-
fore from (1), (2), (3) it follows that

“(Exy) (1) fo(z1, 9 (21, 25), 75) = 0. (5)

7. Condition (5) is transformed into the condition

(29) (Exq) fo(my, (21, 25),75) = 1. (57)

From (5") it follows that the function

X(zo) = M%(fo(%ﬂ/)(xl,%),%) = 1)

is general-recursive. In this case, as is not difficult to prove, the function

Pz(fl (x(22), ¥(x(22), o), xz))

is general-recursive and realizes 25 (A,;(z,)). The contradiction obtained proves
the theorem.

In passing from (5) to (5”) the Leningrad principle is used.
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