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Abstract
Full Text
PHAN ĐÌNH DIỆU

METRIZABILITY, NORMABILITY, AND
MULTINORMABILITY OF CONSTRUCTIVE
LOCALLY CONVEX SPACES
(Presented by Academician P. S. Novikov, 21 I 1965)

1. In the present note we use the terms and notation introduced in (1,3,4).
Judgments are understood in the sense of constructive interpretation (3).
Let: a) 𝐴𝑚 and 𝐴𝑛 be alphabets; b) 𝔓 be a one-parameter formula in
a variable 𝛼 of sort 𝑡𝑚; c) 𝔈 be a two-parameter formula in variables 𝛽
and 𝛾 of sort 𝑡𝑚; d) ℑ be a normal one-parameter formula in a variable
𝛿 of sort 𝑡𝑛; e) ℜ be a three-parameter formula in variables 𝜉 of sort 𝑡𝑛
and 𝜂, 𝜉 of sort 𝑡𝑚. Suppose that the sets 𝔓 and ℑ are nonempty. We
agree to denote: by 𝜃 and 𝜄 subordinate sort letters, whose characteristic
formulas are respectively 𝔓 and ℑ; by 𝜃1, 𝜃2, … variables of sort 𝜃; by
𝜄1, 𝜄2, … variables of sort 𝜄. Introduce the notation:

(𝑇 = 𝑈) ⟺ 𝐹 𝛽,𝛾
𝑇 ,𝑈 [𝔈]; ℜ(𝑉 , 𝑇 , 𝑈) ⟺ 𝐹 𝜉,𝜂,𝜉

𝑉 ,𝑇 ,𝑈 [ℜ],

where 𝑇 and 𝑈 are arbitrary terms of sort 𝜃; 𝑉 is an arbitrary term of sort 𝜄.
The list

𝐴𝑚, 𝔓, 𝔈, 𝐴𝑛, ℑ, ℜ (1)

will be called a constructive uniform space if the following conditions are
satisfied:

I 1. ∀𝜃1(𝜃1 = 𝜃1).
I 2. ∀𝜃1𝜃2𝜃3(𝜃1 = 𝜃2 & 𝜃1 = 𝜃3 ⊃ 𝜃2 = 𝜃3).
IV 1. ∀𝜄1𝜃1𝜃2(𝜃1 = 𝜃2 ⊃ ℜ(𝜄1, 𝜃1, 𝜃2)).
IV 2. ∀𝜄1𝜄2∃𝜄3∀𝜃1𝜃2(ℜ(𝜄3, 𝜃1, 𝜃2) ⊃ ℜ(𝜄1, 𝜃1, 𝜃2) & ℜ(𝜄2, 𝜃1, 𝜃2)).
IV 3. ∀𝜄1∃𝜄2∀𝜃1𝜃2𝜃3(ℜ(𝜄2, 𝜃1, 𝜃2) & ℜ(𝜄2, 𝜃2, 𝜃3) ⊃ ℜ(𝜄1, 𝜃1, 𝜃3)).
IV 4. ∀𝜄1∃𝜄2∀𝜃1𝜃2(ℜ(𝜄2, 𝜃2, 𝜃1) ⊃ ℜ(𝜄1, 𝜃1, 𝜃2)).
IV 5. ∀𝜄1𝜃1𝜃2𝜃3𝜃4(𝜃1 = 𝜃3 & 𝜃2 = 𝜃4 & ℜ(𝜄1, 𝜃1, 𝜃2) ⊃ ℜ(𝜄1, 𝜃3, 𝜃4)).
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Words of type 𝜃 are called points of the space (1); for each word 𝜄1 of type 𝜄 the
formula ℜ(𝜄1, 𝜃1, 𝜃2) determines a set of pairs of points of the space (1), which
we shall call an entourage with index 𝜄1. The list (𝐴𝑛, ℑ, ℜ), satisfying IV1–
IV5, is called a uniform structure of the space. The list (𝐴𝑚, 𝔓, 𝔈), satisfying
I1–I2, is called a set with an equality relation. Thus a uniform space is a
set with an equality relation on which a uniform structure is defined.

Let (𝐴𝑛, ℑ, ℜ) and (𝐴𝑛, ̃ℑ, ℜ̃) be uniform structures defined on the set
(𝐴𝑚, 𝔓, 𝔈). We shall say that the structure (𝐴𝑛, ℑ, ℜ) majorizes the structure
(𝐴𝑛, ̃ℑ, ℜ̃) if

∀ ̃𝜄1∃𝜄1∀𝜃1𝜃2(ℜ(𝜄1, 𝜃1, 𝜃2) ⊃ ℜ̃( ̃𝜄1, 𝜃1, 𝜃2)),

where ̃𝜄1 is a variable for words of the set ̃ℑ. Two structures are called equiva-
lent if each of them majorizes the other.

A uniform space (1) (or its uniform structure) is called 𝑇 -separable if

∀𝜃1𝜃2(¬(𝜃1 = 𝜃2) ⊃ ∃𝜄1¬ℜ(𝜄1, 𝜃, 𝜃2)); (T)

it is called 𝑇 ′-separable if

∀𝜃1𝜃2(∀𝑙1ℜ(𝑙1, 𝜃1, 𝜃2) ⊃ 𝜃1 = 𝜃2). (T’)

Theorem 1. There exists a constructive uniform space which is 𝑇 ′-separable
but not 𝑇 -separable.

This theorem is a consequence of Theorem 3 from (8).
We shall say that the space (1) (or its uniform structure) has an enumerable
fundamental system of neighborhoods if the set ℑ is algorithmically enu-
merable.

Let 𝜌 be a metric (respectively, semimetric) function in the set 𝔓 (see (4), § 9)
such that

∀𝜃1𝜃2(𝜃1 = 𝜃2 ≡ 𝜌(𝜃1□𝜃2) = 0). (2)

Then the list (0, ℑ, ℜ), where ℑ is the set of natural numbers and the formula
ℜ is defined so that for any 𝑖, 𝜃1, 𝜃2

ℜ(𝑖, 𝜃1, 𝜃2) ≡ (𝜌(𝜃1□𝜃2) < 2−𝑖),

forms a uniform structure on the set (𝐴𝑚, 𝔓, 𝔈), which we shall call the uniform
structure corresponding to the metric (respectively, semimetric) function 𝜌.
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The uniform space (1) (or its uniform structure) is called metrizable (respec-
tively, semimetrizable) if in the set 𝔓 there is a potentially realizable metric
(respectively, semimetric) function 𝜌 satisfying (2) and such that the uniform
structure corresponding to 𝜌 is equivalent to the structure (𝐴𝑚, ℑ, ℜ) of the
space (1).

Theorem 2. If the uniform space (1) is metrizable (semimetrizable), then it is
separable both in the sense of (T) and in the sense of (T′), and its uniform struc-
ture is equivalent to a uniform structure that has an enumerable fundamental
system of neighborhoods.

Theorem 3. There exists a uniform space which is separable both in the sense
of (T) and in the sense of (T′), has an enumerable system of neighborhoods, but
is not metrizable (not even semimetrizable).

The proof of Theorem 3 is based on the theorem that there exists an algorithm Ω
of type (nn → n) such that the condition 𝔗𝑙(Ω(𝑘□𝑙) = 0) is not algorithmically
checkable (see, for example, (2) or (4)).

2. In (8) the concept of a constructive locally convex space was introduced.
In this paragraph and in the following paragraphs, the terms and notation
introduced in (8) are also used.

Let a constructive linear space be given

𝐴𝑚, 𝔓, 𝔈, +, ⋅, 𝔇. (3)

We shall say of an algorithm 𝑁 in 𝐴𝑐𝑎
𝑚 ∪ 3 that it is a norm (respectively, a

seminorm) in the space (3) if it is an algorithm of type (𝜃 → ) (respectively,
of type (𝜃 → )) and satisfies the following conditions:

V 1. ∀𝜃1(𝜃1 = 𝔇 ≡ 𝑁(𝜃1) = 0).
V 2. ∀𝑎𝜃1(𝑁(𝑎 ⋅ 𝜃1) = 𝑀(𝑎) ⋅ 𝑁(𝜃1)).
V 3. ∀𝜃1𝜃2(𝑁(𝜃1 + 𝜃2) ≤ 𝑁(𝜃1) + 𝑁(𝜃2)).

The list

𝐴𝑚, 𝔓, 𝔈, +, ⋅, 𝔇, 𝑁

will be called a constructive normed (respectively, seminormed) space if
(𝐴𝑚, 𝔓, 𝔈, +, ⋅, 𝔇) is a linear space and 𝑁 is a norm (respectively, a seminorm)
in it.

This definition is equivalent to the definition of N. A. Shanin (4).
Let 𝑁 be a norm (respectively, a seminorm) in the linear space (3). The list
(0, ℑ, 𝔇), where ℑ is the set of natural numbers and the for-
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the formula 𝔇, defined so that 𝔇(𝑖1, 𝜃1) ≡ 𝑁(𝜃1) < 2−𝑖, forms a locally convex
topology on the space (3), which we shall call the topology corresponding to
the norm (respectively, to the seminorm) 𝑁 . We shall say that the locally
convex space

𝐴𝑚, 𝔓, 𝔈, +, ⋅, 𝔇, 𝐴𝑛, 𝔗, 𝔇 (4)

(or its locally convex topology) is normable (respectively, seminormable) if
in the linear space

𝐴𝑚, 𝔓, 𝔈, +, ⋅, 𝔇 (5)

there is realizable a norm (respectively, seminorm) 𝑁 such that the topology
corresponding to 𝑁 is equivalent to the topology (𝐴𝑛, 𝔗, 𝔇) of the space (4).

Let 𝐴𝑙 be an alphabet; let 𝒜 be a normal one-parameter formula in a variable
of sort 𝑡𝑙, defining a nonempty set of words in 𝐴𝑙; let 𝑁 be an algorithm of
type (𝜘𝜃 → �) (respectively, of type (𝜘𝜃 → �)), where 𝜘 is a subordinate sort
letter whose characteristic formula is 𝒜. The list (𝐴𝑙, 𝒜, 𝑁) is called a multi-
norm (respectively, a multiseminorm) in the linear space (3), if the following
conditions are satisfied:

VI 1. ∀𝜘1𝜃1(𝜃1 = 𝔇 ⊃ 𝑁(𝜘1□𝜃1) = 0).
VI 2. ∀𝜘1𝜃1𝑎 (𝑁(𝜘1□𝑎 ⋅ 𝜃1) = 𝑀(𝑎) ⋅ 𝑁(𝜘1□𝜃1)).
VI 3. ∀𝜘1𝜃1𝜃2 (𝑁(𝜘1□𝜃1 + 𝜃2) ≤ 𝑁(𝜘1□𝜃1) + 𝑁(𝜘1□𝜃2)).
VI 4. ∀𝜘1𝜘2∃𝜘3∀𝜃1 (𝑁(𝜘3, 𝜃1) ≥ max(𝑁(𝜘1□𝜃1)□𝑁(𝜘2□𝜃1))).
The list

𝐴𝑚, 𝔓, 𝔈, +, ⋅, 𝔇, 𝐴𝑙, 𝒜, 𝑁

will be called a constructive multinormed (respectively, multisemi-
normed) space if (𝐴𝑚, 𝔓, 𝔈, +, ⋅, 𝔇) is a linear space and (𝐴𝑙, 𝒜, 𝑁) is a
multinorm (respectively, multiseminorm) in it.

Let (𝐴𝑙, 𝒜, 𝑁) be a multinorm (respectively, multiseminorm) in the linear space
(3). Denote 𝐴𝑛 ⇄ 𝐴𝑙 ∪ 0 ∪ {𝜏}. Denote by 𝔗 the set of words of the form 𝑛𝜏𝜘1,
where 𝑛 is a natural number and 𝜘1 is a word of type 𝜘. 𝔗 can be defined by a
normal formula. Next construct a formula 𝔇 such that

𝔇(𝑛𝜏𝜘1, 𝜃1) ≡ (𝑁(𝜘1□𝜃1) < 2−𝑛).

The list (𝐴∞, 𝔗, 𝔇) forms a locally convex topology on the space (3), which
we shall call the topology corresponding to the multinorm (respectively,
multiseminorm) (𝐴𝑙, 𝒜, 𝑁).
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We shall say that the locally convex space (4) (or its locally convex topology) is
multinormable (respectively, multiseminormable) if in the linear space (5)
there is realizable a multinorm (respectively, multiseminorm) (𝐴𝑙, 𝒜, 𝑁) such
that the topology corresponding to (𝐴𝑙, 𝒜, 𝑁) is equivalent to the topology
(𝐴𝑛, 𝔗, 𝔇) of the space (4).

The locally convex space (4) is called recursively normable if it is multi-
normable by a multinorm (𝐴𝑙, 𝒜, 𝑁), where 𝒜 is an algorithmically enumerable
set.

Theorem 4. There exists a locally convex space which is seminormable (mul-
tiseminormable), but is not normable (multinormable).

This theorem is proved with the aid of the theorem that there is no algorithm
transforming every 𝐹 -number into a duplex equal to it (5,6).

3. Let a locally convex space (4) be given. One can construct a formula ℜ
such that, for any words 𝑢1 of type 𝑢 and 𝜃1, 𝜃2 of type 𝜃,

ℜ(𝑢1, 𝜃1, 𝜃2) ≡ 𝔇(𝑢1, 𝜃1 − 𝜃2).

Then the list (𝐴𝑚, 𝔗, ℜ) is a uniform structure on the linear space (5). We shall
call this uniform structure

uniform structure of the locally convex space (4).

A locally convex space is called metrizable (respectively semimetrizable) if
its uniform structure is metrizable (respectively semimetrizable).

We shall say that a locally convex space (4) (or its topology) has a countable
fundamental system of neighborhoods of zero if the set 𝔖 is algorithmi-
cally enumerable.

Theorem 5. If a locally convex space 𝔐 is metrizable (semimetrizable), then
it is separable both in the sense (T) and in the sense (T′), and its topology is
equivalent to a topology that has a countable fundamental system of neighborhoods
of zero.

Theorem 6. If a locally convex space 𝔐 is countably normed, then it is
metrizable.

Theorem 7. There exists a locally convex space that is separable both in the
sense (T) and in the sense (T′), has a countable fundamental system of neigh-
borhoods of zero, but is not metrizable (not even semimetrizable).

Theorem 7 is a consequence of Theorem 3. The following question remains open:
is every metrizable space countably normed?

4. Let 𝔄 be a subset of the set 𝔓. The set 𝔄 is called bounded in the space
(4) if
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∀𝑙1∃𝑎(𝑎 > 0 & ∀𝜃1(𝜃1 ∈ 𝔄 ⊃ 𝔇(𝑙1, 𝑎 ⋅ 𝜃1))).

It is easy to see that if a locally convex space is normed (seminormed), then it
has a bounded convex neighborhood of zero.

Theorem 8. There exists a locally convex space that is separable both in the
sense (T) and in the sense (T′), has a bounded convex neighborhood of zero, but
is not normed (not even seminormed).

This theorem means that Kolmogorov’s theorem on normability of linear topo-
logical spaces7 in classical mathematics does not carry over to constructive math-
ematics.

5. Theorem 9. If a locally convex space 𝔐 is T′-separable, multinormed
(respectively multisemnormed), and has a bounded neighborhood of zero,
then it is normed (respectively seminormed).

From Theorems 8 and 9 it follows that

Theorem 10. There exists a locally convex space that is not multinormed (not
even multisemnormed).

An algorithm ℳ of type (𝑙𝜃 → ) is called a Minkowski functional for the
topology (𝐴𝑛, 𝔖, 𝔇) if the following conditions are satisfied:

∀𝑙1, 𝜃1∃𝑎(𝑎 > 0 & 𝔇(𝑙1, (1 ∶ 𝑎) ⋅ 𝜃1) ⊃ 𝑎 ≥ ℳ(𝑙1□𝜃1)),

∀𝑙1𝜃1𝑛∃𝑎(𝑎 > 0 & 𝔇(𝑙1, (1 ∶ 𝑎) ⋅ 𝜃1) & 𝑎 − ℳ(𝑙1□𝜃1) < 2−𝑛).

Theorem 11. If a Minkowski functional for the topology (𝐴𝑛, 𝔖, 𝔇) is poten-
tially realizable, then the space (4) is multinormed.

Theorem 12. For every multinormed space 𝔐 one can construct a locally
convex topology equivalent to the topology of 𝔐 and such that for it a Minkowski
functional is impossible.

In conclusion, the author expresses deep gratitude to A. A. Markov for super-
vising the work and for a number of valuable suggestions.

Moscow State University
named after M. V. Lomonosov

Received
5 I 1965
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