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PHYSICS

D. A. SLAVNOV, A. D. SUKHANOV

ON THE BORCHERS CLASS FOR INTER-
ACTING FIELDS
(Presented by Academician N. N. Bogolyubov, March 19, 1965)

1. Consider the theory of one neutral scalar field. Suppose that 𝐴𝑖𝑛(𝑥) and
𝐴𝑜𝑢𝑡(𝑥) are two complete sets of asymptotic-field operators, related to each
other by means of the unitary operator 𝑆

𝐴𝑜𝑢𝑡(𝑥) = 𝑆+𝐴𝑖𝑛(𝑥)𝑆. (1)

Assume that there exists an operator 𝑗(𝑥) such that

𝐴𝑜𝑢𝑡(𝑥) = 𝐴𝑖𝑛(𝑥) − ∫ 𝑑𝑢 𝐷(𝑥 − 𝑢)𝑗(𝑢). (2)

Then by the operator of the interpolating field corresponding to the 𝑆-matrix
defined by (1), we shall mean an operator 𝐴(𝑥) of the form

𝐴(𝑥) = 𝐴𝑖𝑛(𝑥) − ∫ 𝑑𝑢 𝐷𝑟𝑒𝑡(𝑥 − 𝑢)𝑗(𝑢). (3)

It is said that two interpolating fields 𝐴(𝑥) and 𝐵(𝑥) correspond to a causal
𝑆-matrix and belong to one equivalence class (1) (the Borchers class) if they are
mutually local,

[𝐴(𝑥), 𝐵(𝑦)] = 0 for 𝑥 ∼ 𝑦, (4)

at least one of them is local,

[𝐴(𝑥), 𝐴(𝑦)] = 0 for 𝑥 ∼ 𝑦 (5)

and complete and, moreover,

𝐵𝑖𝑛(𝑥) = 𝐴𝑖𝑛(𝑥) = 𝜑(𝑥).
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Sometimes (1) an 𝑆-matrix is called causal if there corresponds to it at least
one field satisfying (5). However, such a requirement, in all probability, is not
sufficient for defining the concept of causality (see, for example, (2,3)). In this
connection we shall assume the validity of the stronger condition of causality
proposed by N. N. Bogolyubov (4):

𝛿
𝛿𝜑(𝑦) (𝑆+ 𝛿𝑆

𝛿𝜑(𝑥)) = 0 for 𝑥 ≲ 𝑦. (6)

In the theory of free fields Epstein (5) established that the most general expres-
sion for a field equivalent to the field 𝐴(𝑥) = 𝐴𝑖𝑛(𝑥) has the form

𝜒(𝑥) =
𝑛

∑
𝑚=1

𝑃𝑚(𝐾𝑥) ∶ 𝐴𝑚
𝑖𝑛(𝑥) ∶, (7)

where 𝑛 is an arbitrarily large but finite number, 𝑃𝑚(𝐾𝑥) are finite polynomials
in 𝐾𝑥 with arbitrary real coefficients, and 𝑃1(0) = 1, so that

𝜒𝑖𝑛(𝑥) = 𝐴𝑖𝑛(𝑥). (8)

As for the theory of interacting fields, as Streater and Wightman noted (6), the
most general expression for a field belonging to the same equivalence class as the
field 𝐴(𝑥) probably has a form analogous to (7). Here, however, the question
arises: how is one to define the local function of the fields 𝐴(𝑥) in the theory of
interacting fields?

2. To define the local function of the fields 𝐴(𝑥), we shall use the concept,
introduced by B. V. Medvedev (7), of the“quasinormal”product of Heisen-
berg fields

𝑁𝑄(𝐴(𝑥1) … 𝐴(𝑥𝑛)) ≡ 𝑆+𝑇𝑊 (𝑁𝑛(𝑥1, … , 𝑥𝑛)𝑆), (9)

where

𝑁𝑛(𝑥1, … , 𝑥𝑛) ≡∶ 𝜑(𝑥1) … 𝜑(𝑥𝑛) ∶ . (10)

The Wick 𝑇 -product used in (9) is defined as follows (7,8). The 𝑆-matrix must
be represented in the form

𝑆 =
∞

∑
𝑛=0

1
𝑛! ∫ 𝑑𝑦1 … 𝑑𝑦𝑛Φ𝑛(𝑦1, … , 𝑦𝑛) ∶ 𝜑(𝑦1) … 𝜑(𝑦𝑛) ∶, (11)

after which the chronological ordering of the fields 𝜑(𝑥𝑖) and 𝜑(𝑦𝑗) under the
integral sign is to be carried out.
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Let us now rewrite the expression 𝑇𝑊 (𝑁𝑛𝑆) in a form more convenient for us:

𝑇𝑊 (𝑁𝑛(𝑥1, … , 𝑥𝑛)𝑆) = 𝑇𝑊 (𝑁𝑛−1(𝑥1, … , 𝑥𝑛−1)𝑆)𝜑(𝑥𝑛)+

+ 𝑖
𝑛−1
∑
𝑘=1

𝐷−(𝑥𝑘 − 𝑥𝑛) 𝑇𝑊 (𝑁𝑛−2(𝑥1, … , 𝑥𝑘−1, 𝑥𝑘+1, … , 𝑥𝑛−1)𝑆)−

− 𝑖 ∫ 𝑑𝑢 𝐷𝑟𝑒𝑡(𝑥𝑛 − 𝑢) 𝑇𝑊 (𝑁𝑛−1(𝑥1, … , 𝑥𝑛−1) 𝛿𝑆
𝛿𝜑(𝑢)) .

(12)

Let us note here that the recurrence formula (12) may from the outset be taken
as the definition of the operator 𝑇𝑊 .

3. Consider the expression

𝐴(𝑥) = 𝑆+𝑇𝑊 (𝜑(𝑥)𝑆). (13)

In the case of a causal (in the sense of (6)) 𝑆-matrix, the field 𝐴(𝑥) of the form
(13) is an interpolating local field. Indeed, it follows from (12) that

𝐴(𝑥) = 𝜑(𝑥) − 𝑖 ∫ 𝑑𝑢 𝐷𝑟𝑒𝑡(𝑥 − 𝑢)𝑆+ 𝛿𝑆
𝛿𝜑(𝑢) , (14)

i.e., the field 𝐴(𝑥) of the form (13) is representable in the form (3) with

𝑗0(𝑥) = 𝑖𝑆+ 𝛿𝑆
𝛿𝜑(𝑥) . (14a)

The locality of such a field, proceeding from (6), was proved by us in (9).
Suppose that the field 𝐴(𝑥) of the form (13) is complete, and let us attempt,
by generalizing formula (13), to obtain the most general expression for a field
𝐵(𝑥) belonging to the Borchers class of the field 𝐴(𝑥). In the case 𝑆 = 1 such
a generalization is obvious (5): one need only replace 𝜑(𝑥) by 𝜒(𝑥) of the form
(7). We shall prove that, also in the case of interacting fields, the operator 𝐵 of
the form

𝐵(𝑥) = 𝑆+𝑇𝑊 (𝜒(𝑥)𝑆) (15)

is a field belonging to the Borchers class of the field 𝐴(𝑥).
First of all we shall prove that the fields 𝐴(𝑥) and 𝐵(𝑥) are mutually local. For
this it is sufficient to show that the operator

𝐶𝑛(𝑥) = 𝑆+𝑇𝑊 (𝑁𝑛(𝑥)𝑆), (16)
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obtained from (9) when all the arguments coincide, is local with respect to 𝐴(𝑥)
(in the sense of (4)). We shall carry out the proof by induction. The case 𝑛 = 1,
when 𝐶𝑛(𝑥) = 𝐴(𝑥), was considered in (9).

We now consider the case of arbitrary 𝑛. It is necessary to prove that

𝑅(𝑥, 𝑦) ≡ [𝐶𝑛(𝑥), 𝐴(𝑦)] = 0 for 𝑥 ∼ 𝑦. (17)

Using (12), for 𝐶𝑛(𝑥) we have the expression

𝐶𝑛(𝑥) = 𝑆+{𝑇𝑊 (∶ 𝜑𝑛−1(𝑥) ∶ 𝑆)𝜑(𝑡) + 𝑖(𝑛 − 1)𝐷−(𝑥 − 𝑡)𝑇𝑊 (∶ 𝜑𝑛−2(𝑥) ∶ 𝑆)}𝑡=𝑥

− 𝑖 ∫ 𝑑𝑢 𝐷𝑟𝑒𝑡(𝑥 − 𝑢)𝑆+𝑇𝑊 (∶ 𝜑𝑛−1(𝑥) ∶ 𝛿𝑆
𝛿𝜑(𝑢)) . (18)

To prove (17), consider two auxiliary relations (assuming everywhere 𝑥 ∼ 𝑦).
Namely,

[𝑆+𝑇𝑊 (∶ 𝜑𝑛−1(𝑥) ∶ 𝛿𝑆
𝛿𝜑(𝑢)) , 𝐴(𝑦)] =

= −𝑖[𝑗0(𝑢), 𝐴(𝑦)]𝐶𝑛−1(𝑥) − [𝐶𝑛−1(𝑥), 𝛿𝐴(𝑦)/𝛿𝜑(𝑢)]; (19)

[{𝐶𝑛−1(𝑥)𝜑(𝑡) + 𝑖(𝑛 − 1)𝐷−(𝑥 − 𝑡)𝐶𝑛−2(𝑥)}, 𝐴(𝑦)] =

= −𝑖𝐶𝑛−1(𝑥) ∫ 𝑑𝑢 𝐷(𝑡 − 𝑢)𝛿𝐴(𝑦)/𝛿𝜑(𝑢). (20)

Taking (19) and (20) into account, for 𝑥 ∼ 𝑦 we have

𝑅(𝑥, 𝑦) = 𝑖 ∫ 𝑑𝑢 {𝐷𝑟𝑒𝑡(𝑥 − 𝑢) [𝐶𝑛−1(𝑥), 𝛿𝐴(𝑦)
𝛿𝜑(𝑢) ] − 𝐷(𝑥 − 𝑢)𝐶𝑛−1(𝑥)𝛿𝐴(𝑦)

𝛿𝜑(𝑢) − 𝑖𝐷𝑟𝑒𝑡(𝑥 − 𝑢)[𝑗0(𝑢), 𝐴(𝑦)]𝐶𝑛−1(𝑥)} .
(21)

In the last term of (21) we make a substitution taking (14) into account. Then

𝑅(𝑥, 𝑦) = 𝑖 ∫ 𝑑𝑢 𝐷𝑎𝑑𝑣(𝑥 − 𝑢) [𝐶𝑛−1(𝑥), 𝛿𝐴(𝑦)
𝛿𝜑(𝑢) ] . (22)

Varying (3) and taking (6) into account, it is not difficult to obtain

𝛿𝐴(𝑥)/𝛿𝜑(𝑦) = 0 for 𝑥 ≲ 𝑦. (23)

Hence, taking into account the properties of the function 𝐷𝑎𝑑𝑣, it follows that
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𝑅(𝑥, 𝑦) = 0 for 𝑥 ∼ 𝑦. (24)

Since the field 𝐵(𝑥) of the form (15) is a finite sum of 𝐶𝑛(𝑥) of the form (16),
multiplied by polynomials 𝑃𝑛(𝐾𝑥), it is thereby proved that

[𝐵(𝑥), 𝐴(𝑦)] = 0 for 𝑥 ∼ 𝑦. (25)

Using (12), for the field 𝐵(𝑥) we obtain the expression

𝐵(𝑥) = 𝜒(𝑥) +
𝑛

∑
𝑚=1

𝑃𝑚(𝐾𝑥)
𝑚

∑
𝑘=1

(−𝑖)𝑘𝑚!
(𝑚 − 𝑘)!𝑘! ∫ 𝑑𝑢1 … 𝑑𝑢𝑘× (26)

×𝐷𝑟𝑒𝑡(𝑥 − 𝑢1) … 𝐷𝑟𝑒𝑡(𝑥 − 𝑢𝑘) 𝑆+ 𝛿𝑘𝑆
𝛿𝜑(𝑢1) … 𝛿𝜑(𝑢𝑘) ∶ 𝜑𝑚−𝑘(𝑥) ∶ .

It follows from this that 𝐵𝑖𝑛(𝑥) = 𝜒𝑖𝑛(𝑥), and taking (8) into account,

𝐵𝑖𝑛(𝑥) = 𝐴𝑖𝑛(𝑥). (27)

Thus, from (25) and (27), by Borchers’theorem (1), it follows that the field
𝐵(𝑥) is an interpolating field belonging to the same equivalence class as the
field 𝐴(𝑥).

4. Let us note that formula (26) can be given another form if one uses the
formula

(−𝑖)𝑛𝑆+ 𝛿𝑛𝑆
𝛿𝜑(𝑥1) … 𝛿𝜑(𝑥𝑛) = 𝐾𝑥1

… 𝐾𝑥𝑛
𝑁𝑄(𝐴(𝑥1) … 𝐴(𝑥𝑛)). (28)

obtained in (7), and take into account that in many interesting theories, which in-
clude all renormalizable theories, the 𝑁𝑄-product coincides with the Φ-product
of fields 𝐴(𝑥) introduced by Lehmann. Namely:

𝐵(𝑥) =
𝑛

∑
𝑚=1

𝑃𝑚(𝐾𝑥) {∶ 𝜑𝑚(𝑥) ∶ +
𝑚

∑
𝑘=1

𝑚!
𝑘!(𝑚 − 𝑘)! ∫ 𝑑𝑢1 … 𝑑𝑢𝑘× (29)

×𝐷𝑟𝑒𝑡(𝑥 − 𝑢1) … 𝐷𝑟𝑒𝑡(𝑥 − 𝑢𝑘)𝐾𝑢1
… 𝐾𝑢𝑘

Φ(𝐴(𝑢1) … 𝐴(𝑢𝑘)) ∶ 𝜑𝑚−𝑘(𝑥) ∶} .

This formula is interesting because with its aid the field 𝐵(𝑥) can be expressed
only through the fields 𝐴(𝑥) and 𝜑(𝑥).
Here it is appropriate to note that above we constructed the Borchers class for
the field 𝐴(𝑥), to which there corresponds the current 𝑗0(𝑥), defined by (14a).
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However, in fact we used only two of its properties: a) the causality condition
(formula (6)) and b) the integrability condition (4,7 ) of the form

𝛿𝑗(𝑥)/𝛿𝜑(𝑦) − 𝛿𝑗(𝑦)/𝛿𝜑(𝑥) − 𝑖[𝑗(𝑦), 𝑗(𝑥)] = 0. (30)

Thus, for any field 𝐴(𝑥) defined by formula (3), in which the current 𝑗(𝑥) satisfies
these two conditions, one can construct by formula (29) a field 𝐵(𝑥) belonging
to the Borchers class for the field 𝐴(𝑥).
Further, by Borchers’theorem (1), it follows from (25) that the field 𝐵(𝑥) itself
is local, i.e.,

[𝐵(𝑥), 𝐵(𝑦)] = 0 for 𝑥 ∼ 𝑦. (31)

Since the current 𝑗(𝑥) must be a local function of 𝐴(𝑥), it is very likely that the
expression for it should be sought (8) in the form (15), or

𝐵(𝑥) =
𝑛

∑
𝑚=1

𝑃𝑚(𝐾𝑥)𝑁𝑄(𝐴𝑚(𝑥)), (15a)

especially since, as follows from the preceding, the field 𝐵(𝑥) possesses not only
the property of locality itself, but also the property of causality (in the sense of
(6)). In this connection it is of interest whether, having defined the current by an
expression of the type (15) or (29) and having somehow fixed the product, one
can construct an equation for the field 𝐴(𝑥) that has a nontrivial solution. Also
remaining unsolved is the question whether the very plausible general expression
proposed by us for the field 𝐵(𝑥) exhausts the entire equivalence class for the
field 𝐴(𝑥).
In conclusion, we express our gratitude to B. V. Medvedev and I. T. Todorov
for a useful discussion.
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