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MATHEMATICS
E. G. D’ yakonov

ON THE APPLICATION OF SPECTRALLY
EQUIVALENT OPERATORS TO THE SOLU-
TION OF DIFFERENCE ANALOGUES OF
STRONGLY ELLIPTIC SYSTEMS

(Presented by Academician S. L. Sobolev on 11 XII 1964)
The present work is a continuation and strengthening of works (17).

1. Let Hj, be a finite-dimensional Hilbert space of vector-functions v =
(v1, g, ..., Uy ), defined on some set €, of mesh points in the space of
variables y, 2y, ..., x,, where h is a certain vector with positive compo-
nents, determining 2, and H;, uniquely. The scalar product in H,, of the
functions uy,, v, will be denoted by (u,v);,. By |h| we shall understand the
upper bound of the components of A.

Let B, L, be operators mapping H,, into H;, and let B,, be linear. We shall
say that the positive definite operator B, is spectrally equivalent to L; and
write By, ~ Ly, if there exist such numbers hy > 0,6; > d; > 0,0 > 0,65 >0
that

So(Bp(u—v),u—v), < (Lpy — Lpyyu—0)), < 01(Bp(u—v),u—0), (1)

52(Bh(u —v),u— U)h < (Bﬁl(Lhu - th)7 Ly, — th)h < 53(Bh(u —v),u— U)h

for any v, € Hy,, v, € H;, h < hy. The numbers 9, d;, d,, d53 will be called
equivalence estimates.

Introduce the notation: H(B,,) is the space with scalar product

(u7 U)Bh = (Bhu’ 'U)h;
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A* and AT are the operators adjoint to A, respectively in H,, and H(B},); A(A)
are the eigenvalues of A. Then, if L} = L, and (1) is fulfilled, then

M = B;'L, = M*

and A\(M) € [dy,0,]. Therefore it is expedient to replace the equation

Lyuy, = fp (2)

Mu, = B, ' f; (2)

and to seek uy,, for example, by the iterative method

,U}:L-"_l:gn(U;L-L’""v}?7va?7"'7Mv}?7Bglfh)7 (3)

where v} is the n-th approximation to w; g,, depends on the method.

Let, for the equation

§hwh =F, (4)

~

there exist an iterative method (we shall call it a T'(B)-method) that makes it
possible rather easily to obtain the relation

—~

wy, — yzn = Tm(wh - yiOL)? HTmH < 17 5)

where ¢,y are, respectively, the initial and final approximations in the T (E)—
method, and T, is a linear operator. Take

By, = Eh(E -T,)",

—
(=)
=

where Ev, = v;,. Then the solution of the equation B v, = Fj, will be

v, = B, Fy, =y,

~.

where y;" is the corresponding approximation in the T'(B)-method for (4)
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* This also applies to the case of a non-self-adjoint and nonlinear operator L;,.
for y) = 0. Therefore all Mv" and B! f, in (2') are easily found.

Lemma. If B, ~ L, with estimates 50,51,52,53 and T,, =T, |T,.| =q <1,
TmBh = .thzj,,n7 then

with estimates
6o =001—q), 6 =6(14q), 0,=0,(1—¢q) &5=7051+q)?%
if L, = L}, then 6, > 62, b, < 62.

We note that the idea of replacing (2) by (2”) for the case of differential operators
is contained in (7); for difference problems, operators B), of the form (6) were
used in (176).

2. We restrict ourselves to consideration of the method (3) corresponding to
the Richardson method for (2'):

Bhuﬁﬁ_l = Byuy — v (Lyuy — fn)- (7)
Here u}} is the n-th approximation to w,,, the solution of (2); ~,, is a parameter.

Theorem 1. Under condition (1), the solution of (2) exists, and if 7, = ~°,
where 7% corresponds to

inf  sup |1 — 29 +’y2f‘ =p<l1,
7>0  55<a<sy
89<E<S3

then
lun — ™G, < plun —upl, . (8)
Theorem 2. If B, ~ L,, L, = Lj,

o+ 1 }‘1
s , T

1
=5 [51—1—50—1—(51—60)005 =0,1,...,n,

then )
6 +600\]
fun =00, < |Tu ($52) | o=l
1 0

where

T, (\) = % [(A+ VR =1+ (A= VA2 —1)"].

n

Theorem 3. If B, is defined by (6), then {u] }, obtained by (7), coincides with
{vn} for 09 = u?, where {v7'} is constructed according to the rules: 1) from
known v} one computes

Fi? = Bhvn - ’Yn(LhUn - fh>5
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2) 9 in the T(B)-method for solving Bjv;, = F' is taken equal to vy, and

iterations are carried out by the T'(B)-method to obtain (5); 3) ym = vttt

3. Let in Q = {z = (z1,29,...,7,) : 0<z,<1; s=1,2,...,p} one seek the
solution of the system of equations

Z > (—DllD (aff (2)D%%) = fo(z), r=1,2,...,N, ()

=1 |a|<m,.
Iﬁ\éml

satisfying the boundary conditions
Do‘zl]F =0, |oj<m—1, 1=12,...,N, (10)

where z(z) = (21, 29, ..., 2y) is the desired solution:
P
a:(al’ab“"ap); Da:D?ng2“'Dgp; Ds:a/axsv ‘a|:Zasa

lalg = max a; B= (B, Bas3Bp); my=1; 1=1,2,..,N;

a®f =0, if|8>m,; (11)
N N

S > alee =8y > ™) >0, (12)
Lr=1 |a|=m, =1 |a|=m,

1Bl=m,;
for any real N-dimensional vectors
g(a) = ( ia)’ £;a>7 . 755\‘[)))'

On the grid x; = ih, where h = (hy, hg, ..., h,), hy = 1/N; is the step in z,
i = (iq,1g, ..., p) define

QO ={z;: m, <i,<Ng—m,, s=1,2,...,p}.

Then the difference analogue of problem (9), (10) will be the problem of finding

of finding the grid vector-function u;, = (uy, ts, ..., uy) satisfying the system

Lhuh—Z 3 (1A (@ Ay () = fo(x;) for z; € O,

=1 |a|<m,
|B]<m,

and the boundary conditions
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w(z;) =0, ifz,eQ, 1=1,2. N. (14)

Here A , A, are respectively the left and right differences with respect to z,,
Ao — AalAa2 . -Ag”, AB — Af1A§2 ~-~A§p.

In the space of grid functions wu;,, whose [-th component is defined on Q%, we
introduce the scalar product

N
(U, Up)p = Zhlhz'“hp Z uy(z;)vy(2;).
I=1

z,€Q4

Along with the operator L;, defined by formula (13), and L,u, =
(Luy, L2y, ..., LYV uy,), consider the operators By,, T,,, (m = (My, My, ..., My)):

Bhuh = (B}Lul,E%UQ, ...,EﬁfuN), T, = (T uy, T?uqy, ..., TNuy); (15)

p ks
Eﬁur =(—1)™ ZATTATTW, T u, = H (E"— T,;'(A27k)_1B2)ur; (16)
s=1 k=0

P
E'u, =u,, A}, = H [E7 +of (=)™ AT AT+t ET)] (A7)

The operator T, is connected with the iterative method T'(B) for solving the
equation B,w;, = Fj, by means of the iterations

AZ k( bl ylrc) = *Tk(Bhyr F,

T

), r=1,2,..,N, (18)

where 7, o, pg, are iteration parameters. Method (18) was proposed in
(2,3,9) and may be regarded as a natural generalization of the alternating-
direction methods (1°,'1). We shall use the known fact that, applying method
(18) with a suitable set of iteration parameters 77, O ko K koo k=0,1,...,M, —

1; M, =< |lnh,|, r=1,2,..., N, one can obtain |T"| = ¢, < 1, and hence

ITnll = a <1, (19)

where ¢, is an arbitrary number in (0;1), with the expenditure of only =
[Inh Ing’|

arithmetic operations, ¢ = maxgq,, ¢’ = ming,..
hyhg - h, T T
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Theorem 4. B, = B;, T,, =T%, B,T,, =T, B,, B, >0.

Theorem 5. If conditions (11), (12) are fulfilled, a?‘lﬁ () are bounded in Q,
af _

and a%0 are sufficiently large*, then B), ~ L;; if, moreover, a’f

L,=1L;.

= alr , then

Theorem 6. If the conditions of Theorem 5 are fulfilled, and u% is an initial
approximation to uy, the solution of (13), (14), then, carrying out iterations
by method (7) with the operator Bj, defined by formulas (6), (15)—(17), the
estimate

lup, —uill gy, < elup, —uillg, (20)

can be obtained with the expenditure of only < [Ine-Inh|/hyhy -+ b, arithmetic
operations; n < |Ing|.

* If, for example, all aflﬁ =0 for 1 < |a| +|8] < m, + my, then it is sufficient
that a2 > 0.

4. The proposed method is also successfully applied to other boundary con-
ditions. For brevity, we restrict ourselves to the self-adjoint problem 2:

p
—Y Dya,x)Dyz) +c(xu=f, 0<z,<1, s=12..p (21)

s=1

[—(=1)*sa,(z)D,z + bs(ac)z]zs:o; 1=0, s=1,2,...,p, (22)

where ag, ¢, b, are symmetric matrices of order N,

a;, >vE, b,>bE, v>0, b>0, c>dE, d>0, b*+d*>>0, (23)

FE is the identity matrix; 7, b, d are constants.

The difference analogue of problem 2 will be

Z (a,Agu(x;)) + cu(z;) = f(z;) for x; € Qy; (24)

Q\
|I|

[—(=1)*a,Au+byl(z;) =0 forx, €T, s=1,2,....p;  (25)

Q,={z;: 1<i,<N,—1,s=1,2,...,p, Ny=1/h,}; T,={z;: iy =0; Ng;
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A= Agi for x, <1, Aji = Ayii for z, = 1; T, = T,

In the space of u;, defined on €, we define the operator L, by formula (24),
where u = u,, for z; € ,, and on Iy, it is extended by the conditions (25); the
operator B, is specified by the formula

Ehuh = _(Ahah Ahﬂ?? e AhaN) + duh7 (26)

where A, 4, = Z§:1 A A, T = uy, for x; € Q, and on T'), 4 is extended
from the conditions

[—(—=1)" A i+ bii)(z;) =0 for z; €T, s=1,2,...,p.

S

Theorem 7. Suppose (23) is satisfied; ag, b,, ¢ are bounded in Q. Then

S$7 78
— * 53 7~* 53

where L,,, B;, are defined by (24)—(26).
Define the operator 7,,, by (15), (16), understanding by Aj, yu = A} ,u,

p
Az,k = Ah,k = H (E - Us7k(AsAs - Ms,kE)> .
s=1

If the conditions of Theorem 7 are satisfied, then the assertions of Theorems
4 and 6 also hold, with L,, B,,T,,, B;, understood in them as the operators
indicated in item 4 and with u; regarded as the solution of (24), (25).

5. It is useful to bear in mind that if the computation by (18) proceeds
with a cyclic repetition of 7,0, leading in one cycle to the estimate
IT"| = ¢, < 1, where ¢, does not depend on h, then such a transition
from one iteration cycle to a new cycle is equivalent to applying (7) with

Remarks. 1) Theorems 5 and 7 have also been obtained for more general
domains . 2) Nonhomogeneous boundary conditions (14), (22) do not cause
any essential changes in the indicated method. 3) The results of the work, as is
clear from Theorem 1, admit generalization also to the case of some nonlinear
strongly elliptic systems and systems of integro-differential equations.
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