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Abstract
Full Text
Geophysics

L. A. Signeva, A. I. Felzenbaum

On the Theory of Tides in a Fluid with Friction
(Presented by Academician L. I. Sedov, 3 III 1965)

In calculating tides in sea and ocean basins, we encounter the need to take
into account the variability of the current velocity as a function of the vertical
coordinate. Of the two main causes responsible for this variability, in the present
article we shall take into account turbulent friction in seawater, which is the
result of vertical exchange of momentum. We note that this effect is most
significant in shallow seas, whereas in deep seas and oceans the other cause—the
inhomogeneity of seawater—is more important.

As in the work of G. Sverdrup (1), we shall take friction in seawater into account
by introducing into the equations of horizontal motion terms containing second
derivatives of the current velocity with respect to the vertical coordinate. At
the same time, we shall consider the general case in which the current velocity,
in addition to time and the vertical coordinate, depends on both horizontal
coordinates*.

We write the equations of motion in the form

𝜕𝑢
𝜕𝑡 − 𝐴𝜕2𝑢

𝜕𝑧2 − Ω𝑣 = 𝑔 𝜕𝜁0
𝜕𝑥 , 𝜕𝑣

𝜕𝑡 − 𝐴𝜕2𝑣
𝜕𝑧2 + Ω𝑢 = 𝑔 𝜕𝜁0

𝜕𝑦 ; (1)

𝜕𝑆𝑥
𝜕𝑥 + 𝜕𝑆𝑦

𝜕𝑦 = 𝜕𝜁
𝜕𝑡 , (2)

where 𝑢, 𝑣 are the horizontal components of the current velocity; 𝐴 is the kine-
matic coefficient of vertical exchange (assumed not to depend on the vertical
coordinate 𝑧, but it may depend on the horizontal coordinates 𝑥, 𝑦); 𝑔 is the
acceleration of gravity; Ω is the Coriolis parameter; 𝑡 is time. The components
of the total flux 𝑆𝑥, 𝑆𝑦 and the function 𝜁0 are determined by the formulas

𝑆𝑥 = ∫
𝐻

0
𝑢 𝑑𝑧, 𝑆𝑦 = ∫

𝐻

0
𝑣 𝑑𝑧; (3)

𝜁 = 𝜁0 + 𝑄/𝑔𝜌, (4)
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in which 𝑧 = 0 is the undisturbed sea surface; 𝑧 = 𝐻 is the bottom of the basin;
𝜁 is the level; 𝑄 is the potential of the tide-generating force; 𝜌 is the density of
seawater.

At the sea surface there is no wind, and at the bottom the current velocity
becomes zero:

𝐴 (𝜕𝑢
𝜕𝑧 )

𝑧=0
= 𝐴 (𝜕𝑣

𝜕𝑧 )
𝑧=0

= 0; (5)

(𝑢)𝑧=𝐻 = (𝑣)𝑧=𝐻 = (𝑤)𝑧=𝐻 = 0. (6)

In condition (6), 𝑤 is the vertical component of the current velocity. It does not
enter the equations of motion (1), (2), but can be determined from

* Sverdrup restricted himself to the case in which the velocity depends on only
one of them.

continuity equation in differential form, after the quantities 𝑢, 𝑣 have been found,
by the formula

𝑤 = ∫
𝐻

𝑧
(𝜕𝑢

𝜕𝑥 + 𝜕𝑣
𝜕𝑦 ) 𝑑𝑧, (7)

which follows from the continuity equation in differential form (2).

On the shoreline 𝐿 there is no through-flow and, consequently, the normal com-
ponent of the total flow is zero:

(𝑆𝑛)𝐿 = 𝑆𝑥 cos𝛼 + 𝑆𝑦 cos𝛽 = 0, (8)

where cos𝛼, cos𝛽 are the direction cosines of the normal 𝑛.
On the liquid boundary of the basin 𝐿′, either the water discharge or the level
must be prescribed. In the first case

(𝑆𝑛)𝐿′ = 𝑆𝑥 cos𝛼 + 𝑆𝑦 cos𝛽 = 𝑓(𝐿′), (9)

and in the second

(𝜉)𝐿′ = 𝐹(𝐿′), (10)

where it is assumed that the function 𝑓(𝐿′) or 𝐹(𝐿′) is known.
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Since the system of equations (1), (2), (4) is linear, the solution may be sought
for each harmonic separately. Introducing the quantity 𝜎𝑘 = 2𝜋𝑘/𝑇 (𝑇 is the
period) and omitting the index 𝑘, for the 𝑘-th harmonic we shall have:

𝑢 = 𝑢1 cos𝜎𝑡 + 𝑢2 sin𝜎𝑡 = Re [𝑢̄𝑒−𝑖𝜎𝑡],
𝑣 = 𝑣1 cos𝜎𝑡 + 𝑣2 sin𝜎𝑡 = Re [ ̄𝑣𝑒−𝑖𝜎𝑡]; (11)

𝜉 = 𝜉1 cos𝜎𝑡 + 𝜉2 sin𝜎𝑡 = Re [ ̄𝜉𝑒−𝑖𝜎𝑡],
𝜉𝑟 = 𝜉10 cos𝜎𝑡 + 𝜉20 sin𝜎𝑡 = Re [ ̄𝜉0𝑒−𝑖𝜎𝑡];

(12)

𝑄 = 𝑄1 cos𝜎𝑡 + 𝑄2 sin𝜎𝑡 = Re [𝑄̄𝑒−𝑖𝜎𝑡], (13)

where Re denotes the real part and

𝑢̄ = 𝑢1 + 𝑖𝑢2, ̄𝑣 = 𝑣1 + 𝑖𝑣2; (14)

̄𝜉 = 𝜉1 + 𝑖𝜉2, ̄𝜉0 = 𝜉10 + 𝑖𝜉20. (15)

Substituting expressions (11), (12), (13) into equations (1), (2), (4), we obtain

𝑖𝜎𝑢̄ + 𝐴(𝜕2𝑢̄/𝜕𝑧2) + Ω ̄𝑣 = −𝑔(𝜕 ̄𝜉0/𝜕𝑥),

𝑖𝜎 ̄𝑣 + 𝐴(𝜕2 ̄𝑣/𝜕𝑧2) − Ω𝑢̄ = −𝑔(𝜕 ̄𝜉0/𝜕𝑦); (16)

𝜕 ̄𝑆𝑥/𝜕𝑥 + 𝜕 ̄𝑆𝑦/𝜕𝑦 + 𝑖𝜎 ̄𝜉 = 0; (17)

̄𝜉 = ̄𝜉0 + 𝑄̄/𝑔𝜌, (18)

where

̄𝑆𝑥 = ∫
𝐻

0
𝑢̄ 𝑑𝑧, ̄𝑆𝑦 = ∫

𝐻

0
̄𝑣 𝑑𝑧. (19)

Introduce the quantities

𝜗 = 𝑢̄ + 𝑖 ̄𝑣, 𝑚 = 𝑢̄ − 𝑖 ̄𝑣; (20)
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𝒢 = − 𝑔
𝐴 (𝜕 ̄𝜉0

𝜕𝑥 + 𝑖𝜕 ̄𝜉0
𝜕𝑦 ) , 𝐺 = − 𝑔

𝐴 (𝜕 ̄𝜉0
𝜕𝑥 − 𝑖𝜕 ̄𝜉0

𝜕𝑦 ) . (21)

From equations (16)

𝜕2𝔳
𝜕𝑧2 − 𝑖(Ω − 𝜎)

𝐴 𝔳 = 𝒢; 𝜕2𝑚
𝜕𝑧2 + 𝑖(Ω + 𝜎)

𝐴 𝑚 = 𝐺, (22)

and from conditions (5), (6)

𝐴(𝜕𝔳/𝜕𝑧)𝑧=0 = 0; 𝐴(𝜕𝑚/𝜕𝑧)𝑧=0 = 0; (23)

(𝔳)𝑧=𝐻 = 0; (𝑚)𝑧=𝐻 = 0. (24)

Integrating equations (22) under conditions (23), (24), we obtain

𝔳 = − 𝒢
𝑗2 [ ch 𝑗𝑧

ch 𝑗𝐻 − 1] ; 𝑚 = 𝐺
𝑞2 [ ch 𝑞𝑧

ch 𝑞𝐻 − 1] , (25)

where

𝑗2 = 𝑖(Ω − 𝜎)/𝐴; 𝑞2 = −𝑖(Ω + 𝜎)/𝐴. (26)

Adding and subtracting the equalities (25), we obtain

𝑢̄ = − 𝒢
2𝑗2 [ ch 𝑗𝑧

ch 𝑗𝐻 − 1] + 𝐺
2𝑞2 [ ch 𝑞𝑧

ch 𝑞𝐻 − 1] ,

̄𝑣 = 𝒢
2𝑖𝑗2 [ ch 𝑗𝑧

ch 𝑗𝐻 − 1] − 𝐺
2𝑖𝑞2 [ ch 𝑞𝑧

ch 𝑞𝐻 − 1] .
(27)

Integrating expressions (27) with respect to 𝑧 from the undisturbed sea surface
𝑧 = 0 to the bottom 𝑧 = 𝐻, we obtain

𝑆𝑥 = 𝑟𝒢 + 𝑠𝐺, 𝑆𝑦 = 1
𝑖 (𝑟𝒢 − 𝑠𝐺), (28)

where the notations have been introduced

𝑟 = th 𝑗𝐻
2𝑗3 − 𝐻

2𝑗2 ; 𝑠 = th 𝑞𝐻
2𝑞3 − 𝐻

2𝑞2 . (29)

Substituting expressions (28) into equation (17) and taking relation (18) into
account, we obtain
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𝜕
𝜕𝑥(𝑟𝒢 + 𝑠𝐺) + 1

𝑖
𝜕
𝜕𝑦 (𝑟𝒢 − 𝑠𝐺) + 𝑖𝜎( ̄𝜁0 + 𝑄/𝑔𝜌) = 0. (30)

Substituting expressions (28) into condition (8), we obtain

(𝑟𝒢 + 𝑠𝐺) cos𝛼 + 1
𝑖 (𝑟𝒢 − 𝑠𝐺) cos𝛽 = 0. (31)

Let us now represent the functions 𝑓(𝐿′) and 𝐹(𝐿′) in the form

𝑓(𝐿′) = 𝑓1 cos𝜎𝑡 + 𝑓2 sin𝜎𝑡 = 𝑅[ ̄𝑓𝑒−𝑖𝜎𝑡]; (32)

𝐹(𝐿′) = 𝐹1 cos𝜎𝑡 + 𝐹2 sin𝜎𝑡 = 𝑅[𝐹𝑒−𝑖𝜎𝑡], (33)

where

̄𝑓 = 𝑓1 + 𝑖𝑓2; 𝐹 = 𝐹1 + 𝑖𝐹2. (34)

Substituting expressions (28) into condition (9) or (10), we obtain

(𝑟𝒢 + 𝑠𝐺) cos𝛼 + 1
𝑖 (𝑟𝒢 − 𝑠𝐺) cos𝛽 = ̄𝑓, (35)

or

( ̄𝜁0)𝐿′ = 𝐹 − 𝑄/𝑔𝜌. (36)

We have obtained the fundamental solution of the problem: by integrating equa-
tion (30) under the boundary conditions (31) and (35) or (36) by one method
or another,

we obtain the values of the function ̄𝜉0. After this, formulas (27) give the values
of 𝑢̄, ̄𝑣 at any horizon. The functions 𝑤̄ are computed by the formula

𝑤̄ = ∫
𝐻

𝑧
(𝜕𝑢̄/𝜕𝑥 + 𝜕 ̄𝑣/𝜕𝑦) 𝑑𝑧, (37)

which follows from relation (7). Finally, the function 𝜉 is computed by formula
(18).

In passing from the complex form to the real one, instead of one equation (30) we
shall have a system of two linear equations containing the functions 𝜕2𝜉10/𝜕𝑥2,
𝜕2𝜉20/𝜕𝑥2, 𝜕𝜉10/𝜕𝑥, 𝜕𝜉20/𝜕𝑥, 𝜕2𝜉10/𝜕𝑦2, 𝜕2𝜉20/𝜕𝑦2, 𝜕𝜉10/𝜕𝑦, 𝜕𝜉20/𝜕𝑦, 𝜉10, and
𝜉20.
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This system of equations, for an arbitrary basin contour, is comparatively easily
integrated by the grid method with the aid of a high-speed electronic computer.

In passing from the complex form to the real one, 𝑢1, 𝑢2, 𝑣1, 𝑣2 are obtained
in the form of linear functions of 𝜕𝜉10/𝜕𝑥, 𝜕𝜉20/𝜕𝑥, 𝜕𝜉10/𝜕𝑦, 𝜕𝜉20/𝜕𝑦, with
coefficients that always contain the parameter

𝑎 = √(Ω + 𝜎)/2𝐴, (38)

as well as the parameter

𝑎1 = √(Ω − 𝜎)/2𝐴 (39)

in the case when Ω > 𝜎, or the parameter

𝑎2 = √(𝜎 − Ω)/2𝐴 (40)

in the case when 𝜎 > Ω. The solution is also obtained in the special case when
𝜎 = Ω.

In conclusion, let us note that computations for a specific basin according to
the proposed scheme only slightly exceed in difficulty the calculation of tides by
the method of W. Hansen (3), developed for the case when the velocity of the
tidal current does not vary in the vertical direction.
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